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Marc Krasner 
 

great French mathematician of Jewish-Russian origin  
 

distinguished for many fundamental contributions in:   
Abstract Algebra – especially Abstract Galois's Theory,  

Number Theory, Ultrametric Analysis, Logique and Fundaments, 
Philosophy of Science, and History of Mathematics, 

as well as 
General Graded Structures (groups, rings, modules). 

 

In the memories from school days, especially 
of outstanding teacher of mathematics  

  

Adrian Feofanovich Tchivchinski, 
  

who was his teacher in the last three grades of elementary school,  
there are traces of Krasner’s definitive commitment to mathematics.  

 

Already at that time, as an 11-12-year-old boy,  
Krasner got a specific information on non-Euclidean geometry and  

tried to prove                                                                                                              
 

Euclid's fifth postulate. 
 

Almost since the very arrival to France in 1928, he was occupied with 
Fermat's Last Theorem. 

 

About the result he reached in connection with that problem:  
 

L. J. Mordell wrote to him„Your result is very striking“,  
and 

P. Ribenboim wrote in his book „a very powerfull result“ ...                                                                                                                                                         
„pointing to the fact that the first case  

Fermat's Theorem may very well be true.“ 1)  
 

Ribenboim devoted mathematical sonnet                                                                                                                                                                                                                                                                                                                                       
„Krasner Versus Fermat“ 

 

to Krasner's works about Fermat's Problem 
comparing them with a conquered fortresses that are charging the old warriors 

which, already tired of their efforts give up and do not come to the goal.  
 

„Not Krasner. Not knowing much of what was tried before,  
Krasner followed a new and original path.  
His note of 1934 is very ingenious and  

contains a definite contribution to the first case.“ 2) 
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Between 1934 and 1939 Krasner was occupied only with 
p-adic numbers (and algebraic numbers),  

 

and as of 1939 with 
 

general valued corps on a group of real valuations.  
 

It was not until the early sixties that he developed a serious interest for 
Krull's valuations and non-commutative valuations. 

 

Krasner extended  
the Hilbert – Hasse theory of ramification of Galois extensions  

of p-adic fields  
to the case of 

non-normal finite extensions of p-adic fields.  
 

In order to conveniently formulate the results,  
Krasner made use of  

the concept of a hypergroup. 
  

He focused his attention 
on primitive extensions of p-adic fields  

and searched the conditions 
for two Eisenstein equations to define the same extension. 

 

The need to exactly understand the situation led to a study of  
an ultrametric on space of polynomials  

and the discovery of what Krasner called 
„principe fondamental“, now known as Krasner's lemma. 

 

The same paper contains 
the arithmetical characterisations of meta-galoisian extensions  

and, in germ, calculations which eventually led to 
 

Krasner's most important result: 
explicit formulas for number of extensions of p-adic field,  

with 
given degree and different. 

 

The approximation of complete valued fields  
of prime characteristic by fields of characteristic zero  

as well as the work on  
units of p-adic fields 

belong also to the theory of p-adic fields. 
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Krasner’s interest in                                                                                                                                                 

the foundations of mathematics and logic                                                                                                                             

did not come to the fore only                                                                                                                        

in Abstract Galois Theory, which he built,                                                                                         

but also in his so-called definability.                                                                                            

„Generalizing Évariste Galois’ ideas, which he considers as the essence of logic                                                                                                                                 

Krasner attributed                                                                                                                                            

to logic and extended to infinitary languages.3)   

Graduations are old, as well as new, says Krasner in his work 
„Le vieux qui est noef“. 4) 

 

The first relatively, but not enough, general definition of graded groups  
limited on the Abelian graded group,  

was given  
by Bourbaki. 

 

Krasner, 
leaving aside his unnecessary restricted hypothesis of commutativity, 

brings us to  
Bourbaki-Krasner's definition. 

 

 In his monograph 
„Anneaux gradues generaux“ 5) 

Krasner shows 
that the graded group is characterised by both  

the underlying abstract group and the homogeneuos subset 
(or even only by the homogeneous subset) 

and introduces adequate notions of 
graded rings and modules 

together with their homogeneous subsets called 
„anneïdes“ and „moduloïdes“. 

 

The notion of graded homogeneuos field, called  
„corpoïd“ 

was also introduced by Marc Krasner, but much earlier (in 1940s ). 
 

Marc Krasner with his pupils  
developed: 

i ) a homogeneous theory of commutative graded rings  
from the Noetherian point of view – Marcel Chadayras,6)  

ii ) the homogeneous theory of generally non-commutative regular rings, 



9 

 

 from the Artinian point of view – Emanuel Halberstadt,7)  and 
iii ) jointly with me introduced  

paragraded structures (groups, rings, modules)  
developing thus the theory which generalizes the corresponding  

Bourbaki-Krasner's graded structures  
and has in each of the three cases: 

groups, rings, and modules 
the property of closure  

with respect to the direct product and the direct sum 
in the sense that the support of the homogeneous part of this product is 

Cartesian restricted product, resp. Cartesian product of the homogeneous part 
of components. 

The characterisation axioms of paragraded groups give a way  
to three study methods of this groups which are in principle equivalent: 

non-homogeneous, semihomogeneous, and homogeneous. 
 

To summarize and choose  
from so many different scientific discussions and results,  

and problems that Krasner pointed out, 
 as well as his other overall work 
cannot be done by an individual, 

but it should be done by a whole troupe of individuals  
from different scientific fileds. 

 

I’ll finish my Verse to Krasner with a dedication with which 
Alain Connes 8 )   

began his work: 
 

„To the memory of Marc Krasner  
in recognition of his foresightedness.“ 

 

Mirjana Vuković 
 
 
___________________________________ 
1 )  P. Ribenboim., 13 Lectures on Fermat's Last Theorem, Springer Verlag, New-York, 1979. 
2 )  P. Ribenboim.,Krasner Versus Fermat, Elefteria (Athens) Sept. 1985, 108-115 and Queen's University,Ontario, Canada, 1985. 
3 )  M. Guillaume, Revue d’histoire des sciences, Mathematical Logic in France between the Two World Wars, Vol. 62, 2009/1. 
4 )  M. Krasner, Le vieux qui est noef, Revue Romaine de Mat pure et appliquées, T. XXVII, 443–472 . 
5 )  M. Krasner, Anneaux gradués généraux, Colloque d'algèbre, Rennes (1980), p. 209–308. 
6 )   M. Chadeyras, Essai d'une théorie noethérienne homogène pour les anneaux commutatifs dont la graduation est aussi générale que génpossible, Bull. 
Soc. math. France, Mémoire n° 22, 1970, 143 p. 
7 )   E. Halberstadt,Théorie artinienne homogène des anneaux gradués non commutatifs a grades réguliers, Université ,,Pierre et Marie Curie’’ Paris, 1970                                                                                                                                                                                    
8 )   M. Krasner & M. Vuković, Structures paragraduées (groups, anneaux modules), Queen's paperss in pure and applied Mathe- Mamatics, Queen's 

Univesity, ONT. Canada, No. 77, (1987), 163 p.                                                                                                                                      

 9 )   Member of French Academy of Sciences and Recipient of Fields Medal.  

 

http://searchworks.stanford.edu/view/87805
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A NOTE ON RADICALS OF PARAGRADED RINGS 

 

 Emil Ilić-Georgijević 
Faculty of Civil Engineering, University of Sarajevo                                                                                     

 

Mirjana Vuković                                                                                                                                    

Academy of Sciences and Arts of Bosnia and Herzegovina 

 

 

Abstract 

 

In this talk we present some results from the radical theory of paragraded rings, structures 

introduced by Krasner and Vuković [M. Krasner, M. Vuković, Queen's Papers, Ontario, 1987] (see 

also [M. Vuković, Institute Fourier, Grenoble, 2001]). We also examine properties of some concrete 

radicals, the Baer and the Jacobson radicals of a paragraded ring and their paragraded versions. In 

particular, we prove that the paragraded Baer radical of a paragraded ring coincides with the largest 

homogeneous ideal which is contained in the classical Baer radical of a paragraded ring. Similar 

results are obtained for the Jacobson radical but, following Halberstadt’s results on graded rings, we 

also establish a relation between the paragraded Jacobson radical and the Jacobson radical of a ring 

which corresponds to an idempotent, under assumptions that the underlying paragraded ring is 

regular and that each element of its paragrading set is either idempotent or nilpotent of degree two 

with respect to minimal multiplication. Namely, under these assumptions, the Jacobson radical of a 

ring corresponding to a nonzero idempotent coincides with the intersection of the paragraded 

Jacobson radical of a paragraded ring and the aforementioned ring corresponding to an idempotent. 

Finally, some examples of paragraded rings which are also graded are known [M. Krasner, M. 

Vuković, Queen's Papers, Ontario, 1987], but here we present some examples of paragraded rings 

which are not graded. 
 

Some references 

[1] E. Halberstadt, Théorie artinienne homogène des anneaux gradués a grades non commutatifs 

régréguliers, Ph.D. thesis, University Piere and Marie Curie, Paris, 1971.                                                                                                                     

[2] E. Ilić-Georgijević, M. Vuković, The Wedderburn–Artin Theorem for paragraded rings, Fu   

     Fundam. Prikl. Mat., 19 (6) (2014), 125–139.                                                                                                                                                               

[3] M. Krasner, M. Vuković, Structures paragraduées  (groupes, anneaux, modules),  Queen’s Papers 

in  in Pure and Applied Mathematics, No. 77, Queen’s University, Kingston, Ontario, Canada, 1987 

[4] M. Vuković, Graded and paragraded structures, Preprint Joseph Fourier, 2001. 

[5] M. Vuković, E. Ilić-Georgijević, Paragraded rings and their ideals, Fundam. Prikl. Mat., 17 (4) 

(20(2012), 83–93, J. Math. Sci., New York 191, No. 5 (2013), 654–660. 

 

__________________________________ 

2010 Mathematics Subject Classification: 16W50, 16N20, 16N60, 16N80.                                    

Key words and phrases: paragraded ring, radical and paragraded radical, Bear radical, Jacobson radical. 

 



19 

 

A NOTE ON GENERAL PARAGRADED RADICALS OF 
PARAGRADED RINGS 

 

Emil Ilić-Georgijević 
Faculty of Civil Engineering, University of Sarajevo                                                                                           

 

Mirjana Vuković                                                                                                                                   

Academy of Sciences and Arts of Bosnia and Herzegovina 

 

 

Abstract 

 

In this talk we study the general paragraded radical theory of paragraded rings, structures introduced 

by Krasner and Vuković [M. Krasner, M. Vuković, Queen's Papers, Ontario, 1987] (see also [M. 

Vuković, Institute Fourier, Grenoble, 2001]). It is well known that the ADS-Theorem (Anderson – 

Divinski – Suliński Theorem) overcomes the problem of the relation “being an ideal“ not being 

transitive for associative rings. We prove a version of the ADS-Theorem for associative paragraded 

rings, that is, we prove that for any paragraded radical α (in the sense of Kurosh and Amitsur) and 

any associative paragraded ring R, if I is a homogeneous ideal of R, then α(I) is a homogeneous ideal 

of R. Also, the characterization of a paragraded normal radical is given. We also study special 

paragraded radicals of paragraded rings. It is known that any special radical of a ring can be described 

by an appropriate class of modules over that ring [V.A. Andrunakievich, Y.A. Ryabuhin, Moscow, 

1979]. Our aim is to show that all special paragraded radicals of paragraded rings can be described by 

an appropriate class of their paragraded modules. This is already done for graded rings [Balaba, 

Buletinul Academiei de Stiinte a Republicii Moldova. Matematica, 2004]. We define the general class 

of paragraded modules which satisfies certain properties and define the paragraded radical of a 

paragraded ring as the intersection of annihilators of paragraded modules over that ring which 

belongs to the general class. The class of special paragraded radicals of paragraded rings is defined 

and it is proved that the largest special class of paragraded rings coincides with the class of all 

paragraded prime rings. If we observe a class which is a subclass of the special class of paragraded 

irreducible modules, then we prove that the corresponding paragraded radical coincides with the 

largest homogeneous ideal contained in the corresponding classical radical. 
 

Some references                                                                                                                                        

[1] E. Ilić-Georgijević, M. Vuković, The Wedderburn–Artin Theorem for paragraded rings, Fundam. Prikl.   

MaMat., 19 (6) (2014), 125–139.                                                                                                                                                                            

[2] M. Krasner, M. Vuković, Structures paragraduées (groupes, anneaux, modules), Queen’s Papers in Pure an   

     and Applied Mathematics, No. 77, Queen’s University, Kingston, Ontario, Canada 1987. 

[3] M. Vuković, E. Ilić-Georgijević, Paragraded rings and their ideals, Fundam. Prikl. Mat., 17 (4) (2012), 83–     

   393,, J. Math. Sci., New York 191, No. 5 (2013), 654–660.  

 

_________________________________ 

2010 Mathematics Subject Classification: 16W50, 16N80. 

Key words and phrases: paragraded rings and modules, special and normal paragraded radical. 
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TOWERS OF SEMISIMPLE ALGEBRAS, THEIR GRAPHS AND JONES INDEX 

Vlastimil Dlab 

Carleton University, Ottawa, Canada 

 

Abstract: A pair of finite dimensional semisimple algebras A B  defines recursively (using the Jones 

fundamental construction of [ J ]) a tower of algebras 

0 1 1 2t t tA A A A A      , 

where 0  A A , 
1  A B

 
and 2 1End( )

tt t AA A   for 1t  . 

Such towers and their inductive limits have been objects of study in the theory of 
*C algebras, and the 

respective methods and results were well recorded in [GHJ]. In particular, the Jones index  :B A
 
of A  in 

B defines the growth rate  

                                                

1

0[ : ] sup [ ]lim ( ) t
t

t

B A rank A A


 ∣ . 

Based on [DR1] the paper [DR2] revealed that a significant part of the theory is purely algebraic, showed close 
connections to the study of graded hereditary algebras and pointed out, in particular, the way the Jones index 

 :B A
 
is related to the eigenvalues of the Coxeter transformation defined by the respective valued graph. 

This provided an explanation of the ''mysteries'' of the ''discrete'' values of 
2[ : ] 4 3B A cos for n

n


 

   

[the case of Dynkin graphs – finite representation type] and the value   :   4B A   [the case of extended 

Dynkin graphs  –  tame representation type].  In all other cases [wild representation type] 

                                                 
*[ : ]B A  ,  where  

* *

*

1
2 


                                                                                                               

with the largest root 
* of the equation 

                                                        
1 1 2 1n n nx x x x       .                                                                                                                       

Exploiting these ideas, the set of the values of  :B A  can be described. In particular, the Jones index can 

attain any real value 

2 5 4.2360 lim ,n
n

r  


      where 
1

2n n

n

 


    

with the largest root n  of the equation  

                                                   
1 1 2 1n n nx x x x       ,                                                                                                                                                    

is the Jones index  :B A of a suitable pair. 

References 

[DR1]  V. Dlab and C. M. Ringel, Indecomposable representations of graphs and algebras, Mem. Amer.  

            Math. Soc. 173 (1976). 

[DR2]  V. Dlab and C. M. Ringel, Towers of semi-simple algebras, J. Funct. Anal. 102 (1991), 35-46. 

[GHJ]  F. M. Goodman, P. de la Harpe and V. F. R. Jones, Coxeter graphs and towers of algebras,  

            Springer-Verlag, Berlin – New York, 1989. 

[J]        V.F.R. Jones, Index for subfactors, Invent. Math. 72(1983), 1 – 25. 

__________________________________ 

2010 Mathematics Subject Classification: 16G20, 16G60, 46L35. 
Key words and phrases: Pairs of semisimple algebras, towers of semisimple algebras, Jones index 



21 

 

TENSOR ALGEBRAS AND THEIR REPRESENTATIONS 
 

Nadiya Gubareni 
Institute of Mathematics, Częstochowa University of Technology 

Częstochowa, Poland 

 

Abstract 
 
This talk presents the results in the representation theory of some kind of species which are 
generalizations of species as introduced by P. Gabriel in 1972. Quivers and species play a key role in 
the representation theory of associative algebras and rings. First K-species of finite representation 
type in a special case were characterized by P. Gabrial.  Later his result was extended by V. Dlab and 
C. M. Ringel to the case of an arbitrary K-species and valued quivers. We consider (D,O)-species 
which  are a particular example of general species as introduced by Yu. A. Drozd in 1980. They are 
closely connected with tensor algebras of bimodules TB(V), where B is a direct sum of prime 
hereditary Noetherian semiperfect rings and V is a (B,B)-bimodule. The representations of (D,O)-
species and corresponding tensor algebras of bimodules are considered.  
 

Matrix problems, i.e. the problems of reducing a family of matrices by some family of admissible 
transformations, arise in many problems of representation theory. The general definition of a matrix 
problem over a field was first given by A. V. Roiter and then this definition was generalized by Yu. 
A. Drozd to the case of a ring. We show in what way one can reduce the representations of (D,O)-
species to some flat mixed matrix problems over discrete valuation rings and their skew fields of 
fractions and consider some of such main matrix problems.     
 

Following to R. B. Warfield, Jr. a ring A is of bounded representation type if there is an upper bound 
on the number of generators required for indecomposable finitely presented right A-modules. We 
study (D,O)-species of bounded representation type and give the classification theorem of such 
(D,O)-species in terms of diagrams which are similar to Dynkin diagrams.   
 

The connection of special kinds of (D,O)-species and corresponding tensor algebras with right 
hereditary semiperfect and semidistributive rings is considered. We describe right hereditary 
semiperfect and semidistributive rings of bounded representation type.   
 

__________________________________ 

2010 Mathematics Subject Classification: 16G20, 16G60, 16P40, 16D70, 16D90. 

Key words and phrases: tensor algebra of a bimodule, species, (D,O)-species, hereditary rings, 

semiperfect rings, semidistributive rings, species of bounded representation type, rings of bounded 

representation type, mixed matrix problems, discrete valuation rings. 
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ELEMENTARY EQUIVALENCE OF LINEAR GROUPS OVER 
GRADED RINGS WITH FINITE NUMBER  

OF CENTRAL IDEMPOTENTS 
 

Elena I. Bunina 
 

Alexander V. Mikhalev 
M. V. Lomonosov Moscow State University, High Algebra Department 

Moscow, Russia 

 
 

Abstract 
 
In this talk we prove the criterion of elementary equivalence of linear groups over graded rings with 
finite number of central idempotents from the 0-component, when grading is partially included in 
the group language. 
 

The main result of this paper is the following theorem: 
 
Theorem.  Let  G be a commutative group,  
 

R = gG Rg,       S = g∈G Sg 

 

be associative graded rings with 1, Mn(R), Mm(S) be the corresponding graded matrix rings, n ≥ 4, m ≥ 4. Suppose 

that also both rings R, S contain only finite number of central idempotents from the components R0 and S0, 

respectively.  
 

Then elementary equivalence of the groups GLn(R) and GLm(S) in the language respecting grading is equivalent to the 

existence of central idempotents  e  and  f  of the rings  Mn(R) and  Mm(S) respectively, e ∈ Mn(R)0 ,  f ∈ Mm(S)0 , 

such that  
 

e Mn(R) ≡gr  f Mm(S),      (1 − e) Mn(R) ≡gr  (1 – f ) Mm(S)
op

 

 
as graded rings. 
 
__________________________________ 

2010 Mathematics Subject Classification: 03C68, 20H25. 

Key words and phrases: linear groups, automorphisms, elementary equivalence, Chevalley groups, graded 

rings. 
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ON CODIMENSION GROWTH OF GRADED PI-ALGEBRAS 
 

Dušan Pagon 
University of Maribor, Department of Mathematics and Computer Sciences 

Maribor, Slovenia 
 

 
Abstract 
 
Color Lie superalgebras are a natural graded generalisation of  Lie algebras and Lie superalgebras 
which play an important role in various areas of  mathematics and physics. We study some numerical 
invariants of  polynomial identities of  finite dimensional simple color Lie superalgebras over an 
algebraically closed field of  characteristic 0. 
 

Two finite dimensional simple Lie algebras over an algebraically closed field are isomorphic if and 
only if they satisfy the same polynomial identities (A. Koshkulei, Y. Razmyslov, 1983). As an 
alternative approach to the characterization of finite dimensional simple Lie algebras by their 
identities, some numerical invariants of the algebra identities can be used. We associate with a finite 
dimensional Lie algebra L a sequence of integers cn (L), called the n-th codimensions of L. It appears 

that cn (L)  (dim L)n+1 and these quantities grow asymptotically like kn, for some nonnegative integer 
k less than dim L + 1 (A. Giambruno, M. Zaicev, 1999). Moreover, k = dim L if and only if the 
algebra L is simple. 
 

We build a family of simple color Lie superalgebras { Lb = F [V4 ] x Q } with the following property. 
For each algebra Lb there exist a positive constant M and an integer k such that for all positive 

integers n the inequality Mnk (dim Lb )
n  cn (Lb) holds. This lower bound of codimension growth is a 

key to the proof of the existence of the so called PI-exponent for such simple color Lie algebras. As 
all algebras L from the above family are V4 - graded, it also makes sense to study only their graded 
identities. 
 

Theorem. Let F be an algebraically closed field of characteristic 0 and Lb = F [V4 ] x Q  be a color Lie 
superalgebra, where Q is a finite dimensional simple Lie algebra (with a trivial grading) over F and b 
is an arbitrary skew-symmetric bicharacter. Then the graded PI-exponent of algebra Lb exists and 
equals 4 dim Lb. 
 

__________________________________ 
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PARAGRADED STRUCTURES INSPIRED BY  

MATHEMATICAL LOGIC 

 

Mirna Džamonja 
University of East Anglia 

Norwich, United Kingdom 

 

 

Abstract 

 

A graded structure in algebra, for example a group or a vector space, is given by a filtration of the 

structure into an infinite direct sum using the integers, the natural numbers or a cyclic group as a 

support. This kind of filtration is very useful but it is not preserved by products. In their joint works 

(1986-1987) Krasner and Vuković introduced a generalisation of the concept of graduation into 

paragraduation. The main difference is that the index set of the filtration is now allowed to have an 

arbitrary order as a support, and, as long as certain axioms are respected, this construction preserves 

the Cartesian product. 
 

In our talk we shall see how this concept has naturally arisen in the context of model theory and set 

theory, where the target structure is any first order theory and the underlying order is an ordinal. This 

kind of filtrations can be used to give natural invariants to structures, which in turn have been used 

to show that certain classes do not have an universal element under embedding. (The first use of the 

method goes to Kojman and Shelah in 1994 and the more recent one to the work of Džamonja in 

2014). The contribution of this talk is to realise that these results, discovered in a completely 

different subject of mathematics, can be seen as an instance of the Krasner-Vuković paragraduation. 
 

The paper associated with the talk discusses some other subjects as well, notably the notion of 
essentially same/different paragraduations which explores the situatuion when two paragraduations 
give the same limiting structure. It also studies the difference between a graduation and a 
paragraduation by showing that one paragraded structure, which has no natural graduation, can have 
many graded substructures, to the point that their number is not even decidable in ZFC. 
 
__________________________________ 
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SPACES OF ULTRADISTRIBUTIONS OF BEURLING TYPE 
OVER d

R   THROUGH LAGUERRE EXPANSIONS 
 

Smiljana Jakšić 
Faculty of Forestry, University of Belgrade,  

Belgrade, Serbia 
 

Stevan Pilipović 
Department of Mathematics, University of Novi Sad,  

Novi Sad, Serbia 
 

Bojan Prangoski 
Faculty of Mechanical Engineering, University St. Cyril and Methodius 

Skopje, Macedonia 
 
 
Abstract 
 

In this paper we define the spaces of ultradistributions of Beurling type over d
R  and their dual 

spaces. Characterization of the spaces is given by the Laguerre series expansions and the growth rate 
of the corresponding Fourier-Laguerre coefficients. As a consequence of these characterizations, we 
obtain a deep insight into their topological structure and we prove the Schwartz kernel theorems.  
 
__________________________________ 
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GRADED STRUCTURES AND DIFFERENTIAL OPERATORS ON 
NEARLY HOLOMORPHIC AND  

QUASI-MODULAR FORMS ON CLASSICAL GROUPS 
 

Alexei Pantchichkine 
Institute Fourier, University Grenoble Alpes 

Gières, France 
 
 
Abstract 
 
We wish to use graded structures studied by [M. Krasner, Rennes, 1980],  [M. Krasner, M. Vuković, 
Queen's Papers, Ontario, 1987], and [M. Vuković, Institut Fourier, Grenoble, 2001] on differential 
operators and quasi-modular forms on classical groups and show that these structures provide a tool 
to construct p-adic measures and p-adic L-functions on the corresponding non-archimedean weight 
spaces. 
 

An approach to constructions of automorphic L-functions on unitary groups and their p-adic 
analogues is presented. For an algebraic group G over a number field K these L functions are certain 
Euler products L(s, f, r, χ). In particular, our constructions cover the L-functions in the book by G. 
Shimura, [AMS, 2000] via the doubling method of Boecherer, Garrett, Piatetski-Shapiro and Rallis. 
 

A p-adic analogue of L(s, f, r, χ) is a p-adic analytic function Lp(s,  f, r, χ) of p-adic arguments s in Zp, χ 

mod p^r which interpolates algebraic numbers defined through the normalized critical values  
L(s,  f, r, χ) of the corresponding complex analytic L-function. 
 

We present a method using arithmetic nearly-holomorphic forms and general quasi-modular forms, 
related to algebraic automorphic forms. 
 

It gives a technique of constructing p-adic zeta-functions via general quasi-modular forms and their 
Fourier coefficients. 
 
__________________________________ 
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QUASIMODULAR SIEGEL MODULAR FORMS AS  
p-ADIC MODULAR FORMS 

 

Siegfried Böcherer 
Institute of Mathematics, University of Mannheim  

Mannheim, Germany 
                                                        
 
Abstract 
 
There is a sophisticated theory of nearly holomorphic Siegel modular forms by Shimura. Using 
previous results by Nagaoka and myself on Rankin-Cohen operators and theta-operators we will 
present a proof that quasimodular forms (defined as constant terms or as holomorphic part of a 
nearly holomorphic Siegel modular form) are always p-adic. 
 
__________________________________ 

2010 Mathematics Subject Classification: 11F33, 11F46, 11F60.  
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ORDER, TYPE AND COTYPE OF GROWTH FOR  
p-ADIC ENTIRE FUNCTIONS 

 

Alain Escassut 
 

Kamal Boussaf 
 

Abdelbaki Boutabaa 
 

Department of Mathematics, University Blaise Pascal  
Aubiere, France 

  
 
Abstract 
 
Let K be a complete ultrametric algebraically closed field and let A(K) be the K-algebra of entire 

functions on K. For an f ∈ A(K), similarly to complex analysis, one can define the order of growth as 

log log

log

( (| | ( )))
( ) limsup

r

f r
f

r




 . When   0, ,f    one can define the type of growth as 

( )

log(| | ( ))
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f
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f r
f

r




 . But here, we can also define the cotype of growth as 

( )

q( , )
( ) limsup

f
r

f r
f

r




  where    ,q f r  is the number of zeros of  f  in the disk of center 0 and radius 

r.  Many properties described here were first given in the Houston Journal, but new inequalities 
linking the order, type and cotype are given in this paper: we show that 

        ( )f f f e f f      . Moreover, if   or   is a veritable limit, then 

     f f f     and this relation is conjectured in the general case. Many other properties are 

examined concerning , ,    for f and '.f  Particularly, we show that if an entire function f  has 

finite order, than 
2

'f

f
 takes every value infinitely many times. 
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Many of his papers use the pullback formula of Eisenstein series (as created by P. Garrett) as a main 
tool.  
 

His main scientific interest is the theory of Siegel modular forms, in particular its number theoretic 
aspects: relations to quadratic forms (theta series), Hecke operators, analytic and arithmetic 
properties of L-series, critical values of p-adic modular forms, congruence primes, equivariant 

differential operators, properties of Eisenstein series.  
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Professor Elena I. Bunina was born in 1976 in Moscow, Russia. She started her study in 1993 at the 
Department of Mathematics and Mechanics of Moscow State University – Lomonosov and at the 
Mathematical College of Independent Moscow University. In 1995 she also entered the Faculty of 
Algebra.   
 

In 1998 she graduated from the Moscow State University with the Gold Medal and Master thesis 
Elementary equivalence of unitary linear groups (supervisor: Prof. A.V. Mikhalev), as well as from the 
Independent Moscow University, Mathematical College.  
 

She studied and worked at Moscow State University – Lomonosov:     
- 1998-2001 - Ph.D. study at the Department of Algebra which she finished in 2001 with 

Ph.D. thesis Elementary equivalence of linear and algebraic groups (under supervision of  Professor 
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Professor Vlastimil Dlab was born in 1932 in the North-Bohemian village of Bzi, Czechoslovakia. In 
1956 he graduated from the Charles University in Prague (RNDr.). There he started his mathematical 
career in algebra and received CSc. (Candidate of Science) in 1959, and DSc. (Doctor of Science) in 
1966.  
 

For several years, he held a position at the University of Khartum. In 1965 he was invited to the 
Institute for Advanced Studies in Canberra where he stayed for three years. Returning from Australia 
to the Charles University where he was to be appointed Professor, the political situation in 
Czechoslovakia led him to accept an offer from Carleton University in Ottawa, Canada. He has been 
working there ever since, with numerous stays at other research centers and universities all around 
the world. 
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94). He served as Chairman of the Research Committee of the Canadian Mathematical Society (1973- 
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Professor Hospitus of the Normal University in Beijing and Charles University in Prague.                                
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Working as Maître-Assistant or Maître de Conference at the University of Bordeaux, he then 
examined the link between algebras defined by J. Tate, called affinoid algebras and algebras of 
analytic elements H(D): they were called Krasner-Tate algebras; they are very simple algebras, among 
the set of Krasner algebras H(D). That was his These de Doctorat d' Etat. 
 

Following works by Bernard Guennebaud, he then examined the continuous semi-multiplicative 
seminorms of Banach algebras on a complete ultrametric field. Particularly, for Krasner algebras 
H(D), they are characterized by circular filters. That study led him to many results of ultrametric 
holomorphic calculus, particularly regarding idempotents and the spectral semi-norm. It is also the 
basis of all Berkovich theory. 
 

Appointed Professor at the University Blaise Pascal of Clermont-Ferrand in 1987, he examined 
applications of the ultrametric Nevanlinna Theory in joint works with A. Boutabaa, defining the 
affinely rigid sets that were proven to be the Unique Range Sets for polynomials (with L. Haddad, A. 
Boutabaa) and finally Unique Range Sets for all entire functions in the ultrametric field, a 
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An ultrametric version of the Kakutani problem (Corona problem) was examined. Several successive 
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functions, small functions, exceptional values (with K. Boussaf, J Ojeda, and J-P. Bézivin).  
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Distribution in p-adic Analysis.  



37 

 

 

 
 

 

Prof. Dr. NADIYA GUBARENI 

Czestochowa University of Technology 
Faculty of Mechanical Engineering and 
Computer Science 
Częstochowa, Poland 
e-mail: nadiya.gubareni@yahoo.com

Education: 
1973:  M.Sc. in Mathematics, Kiev State University, Department of Mechanics and  

Mathematics, Kiev, Ukraine  
1979: Ph.D., Kiev State University, Department of Mechanics and Mathematics, Kiev, Ukraine    

(Thesis: Structure of semiperfect right hereditary and right Noetherian rings of bounded representation type) 
1998: D.Sc. (habilitation), Institute of Modeling Problems in Energy, Ukrainian Academy of  

Science, Kiev, Ukraine (Thesis: Elaboration of computational methods, algorithms and structures for 
solving the problems of computer tomography with limited number of projection data)  

 

Professional experience: 
1999 – present  Professor, Częstochowa University of Technology, Poland 
1995 – 1999      Associate Professor, Częstochowa University of Technology, Poland 
1973 – 1995      Senior Researcher, Leading Researcher, Institute of Modeling Problems in  

 Energy, Ukrainian Academy of Science, Kiev, Ukraine  
 

Research interests: Theory of non-commutative algebras, rings and modules over them; 
Mathematical methods and algorithms in computer tomography; Asynchronous methods and parallel 
algorithms. 
 

Publications:  Author and coauthor of about 80 articles, proceedings, book chapters, books and 
monographs, including: 

 Michiel Hazewinkel, Nadiya Gubareni, Algebras, Rings and Modules: Non-commutative Algebras and Rings, 
CRC Press, 2016, xiv+374p. 

 Michiel Hazewinkel, Nadiya Gubareni, V.V.Kirichenko, Algebras, Rings and Modules: Lie Algebras and 
Hopf Algebras, Mathematical Surveys and Monographs, vol.168, AMS, Providence, 2010, xii+411p.  

 Michiel Hazewinkel, Nadiya Gubareni, V.V.Kirichenko, Algebras, Rings and Modules, vol.II, Springer, 
2007, xii+400p.  

 Michiel Hazewinkel, Nadiya Gubareni, V.V.Kirichenko, Algebras, Rings and Modules, vol. I, Kluwer 
Academic Publishers, 2004, xii+380p.   

 N.M.Gubareni, Computational methods and algorithms of computer tomography with limited number of projection 
data, Kiev, Naukowa Dumka, 1997, 328p. (in Russian) 



38 

 

 

 

 

 

Assist. Prof. Dr. EMIL ILIĆ-
GEORGIJEVIĆ 

Faculty of Civil Engineering  
University of Sarajevo,  
Sarajevo, Bosnia and Herzegovina 
e-mail: emil.ilic.georgijevic@gmail.com

Assistant Professor Emil Ilić-Georgijević was born in Sarajevo, on July 28, 1983. In 2002, after 

graduating from the Grammar School Third Gymnasium in Sarajevo with the Pupil of the generation 

award, he became a student of the Department of Mathematics of the Faculty of Mathematics and 

Natural Sciences at the University of Sarajevo. In 2006, he graduated with average mark 10, which 

earned him a title of the most successful student of the generation at the University of Sarajevo along 

with the Golden Badge of the University of Sarajevo. In the same year, he became a postgraduate 

student of the Department of Mathematics and Informatics of the Faculty of Philosophy at the 

University of East Sarajevo, where he defended his Master and Ph.D. thesis in 2009 and 2011, 

respectively, under the supervision of Professor Mirjana Vuković, in the area of paragraded 

structures, structures that are introduced by Marc Krasner and Mirjana Vuković. His main research 

interest is in the field of associative rings with additional structure, and particularly in graded and 

paragraded rings. Since 2006 he has been working at the Faculty of Civil Engineering of the 

University of Sarajevo, starting as a Teaching Assistant and since 2012 as an Assistant Professor. 

 

 

 

 

 

 



39 

 

 

 
 
 
 
 
Prof. Dr. ALEXANDER V. MIKHALEV 
 
Moscow State University – Lomonosov 
High Algebra Department  
Moscow, Russia

 
Professor Alexander Vasilevich Mikhalev was born in 1940 in Briansk, Russia. He graduated from 
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