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ON DECOMPOSITION OF THE DIRICHLET KERNEL ON VILENKIN
GROUPS

AMIL PECENKOVIC

ABSTRACT. We give a useful decomposition of the Dirichlet kernel on Vilenkin
groups.

1. INTRODUCTION

The Dirichlet kernel is an important concept in harmonic analysis on Vilenkin
groups. Indeed, it is well known (see [1]) that for a function f € L'(G) we have

Su(f,x) = /G Fx— ) Dy(u)du(u), x € G, (1.1)

where G is a Vilenkin group, u is the normalized Haar measure on G, D, is the
Dirichlet kernel on G, and S,,(f,x) is the n—th partial sum of the Fourier-Vilenkin
series of the function f. So, (1.1) shows that the properties of the Dirichlet ker-
nel affect the properties of the sequence (S,(f,x));_,. But, one of the main ques-
tions in harmonic analysis on Vilenkin groups is whether (S,(f,x));_, converges
in some sense to f (and under which conditions on f).

Some properties of the Dirichlet kernel on the dyadic group are given in [5], [9],
and on Vilenkin groups are given in [1], [3], [8], [10]. In [4] the author introduced
the Dirichlet kernel of the Vilenkin-like orthonormal system, which is a general-
ization of the Vilenkin system. In [7] we studied the Dirichlet kernel on the group
of 2-adic integers (which is an example of a Vilenkin group).

2. PRELIMINARIES

Let us denote with N the set of nonnegative integers.
For a positive integer n define

Z,:=1{0,1,....,n—1}.

We shall endow Z,, with the discrete topology as well with the operation of addition
modulo n.
Let (m;)7, be a sequence of positive integers which satisfies m; > 2,Vi € N.

Define o0
G :=[1%m:
i=0
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We shall endow G with the product topology and with the component-wise ad-
dition.

Then (see [1]) G is a Vilenkin group.

In particular, if m; = 2 for all i € N, we call G the dyadic group.

Define the sequence of integers (M;);”, by

M()IZ I,Mi+1 = m,--M,-,iZO. (21)
It is known (see [1]) that each n € N can be expressed as
n= ni-Mi,niG{O,l,...,mi—l} 2.2)
i=0
in a unique way. We’ll call (2.2) the representation of n.
Define
Ip:=G,I,:={(x))=p € G|xog="++=x,—1 =0}. (2.3)
Then {I,|n € N} is a family of both open and closed sets which satisfies
Lh2o2hLh2...I,D.... (2.4)
It is known (see [1], [6]) that there is a unique Haar measure u on G such that
u(G) =1.
For k € N define 2ming
re(x) i=e " x=(x)iy €G. (2.5)

For n € N define -
W, (x) == Hrzk(x),x €aG.
k=0

It is known (see [1]) that (y,):_ is an orthonormal system on G, i.e. it satisfies
VOV ) du(x) = Sy € N

where §,,, is the Kronecker symbol. The system (y,);_, is called a Vilenkin
system.
The Dirichlet kernel is defined by

n—1
Dy := (x) =0,D,(x) := ;}wi(x),n > 1.

It is known (see [1], [2]) that for each n € N

Mm 6 Inv
Dy, (x) :{ 0 igl. (2.6)
It is also known (see [2]) that
o mkfl
Dn(x) :\lln(x) <ZDMI¢(X) Z rks(x)> ,XGG,HEN, (27)
k=0 S=myj—ny

where n = Y ;" o ni - My is the representation of n.
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The sequence (e;)77, of elements in G is defined as
e = (6]'7,');0:0,l' S N,

where §;; denotes the Kronecker symbol.
The characteristic function of the set A will be denoted with x4.
The support of a function f : G — C will be defined by

supp(f) :=={x€ G: f(x) #0}.

3. RESULTS

For j € N define -
yj= ) Ji-ei
i=0
where j =Y ji- M; is the representation of j.

Lemma 3.1. Let j € N. Suppose
J= Y JiMiji €{0,1,....m— 1}
i=0

is the representation of j. Then:
i) For each positive integer k
J<My—1&y;=jo-eo+ji-er+...+ jio1-e€x1.

it) For each positive integer k, the function
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(2.8)

3.1)

(3.2)

fkl{0,1,...,Mk—1}—){(10-€o+...06k_1'€k_1 ZOL,'E{0,1,...,mi—1},i:0,k— 1}

defined by
k—1 oo
fild) =Y Ji-ei¥j=} jiMi €{0,1,... .M —1}
i=0 i=0

is bijective.
Notice that (3.3) is equivalent to fi(j) =y;,j =0,M; — 1.

iii) For each positive integer k
Mi—1

G= W (yj+1L).
=0

iv) Foreachk,je N
yj € Ik & j=0(mod My).
In particular,
Vj € I\lkr1 & j = 0(mod My) N j # 0 (mod My1).

Proof.

(3.3)

(3.4)

(3.5)

i) If j <Mj — 1, then obviously j; = 0 fori > k. Conversely, if y; = jo-eo+...+

Jk—1-€k—1, we get
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J—ZJLM<Z i— DM, = Z i — M) =M —1,

where we used (2.1).
ii) The function f; is well defined because of (3.1) and (3.2). Obviously, f is
bijective.
iii) Using (2.3) we get
mp—1 my_1—1

G= H‘J H‘J (0g-eo+---+0—1-ex—1+1I). (3.6)

olp=0 o—1=0

Now, (3.4) follows from (3.6) and claim ii) of this Lemma.
iv) If y; € I, then (2.3) implies jo = --- = ji—1 = 0. Therefore,

]—Z], i =0 (mod My,).

Conversely, if j =0 (mod Mk) then

ZJ!MI Z.]l i=j=0 n”lOde).

But, since
0< ZJ,M <Z i— )M =M; — 1,
we get jo=---= jr_1 = 0. Therefore, (3.5) holds. U
Lemma 3.2. For each n,k € N
my—1my1—1 Mppp—1
DM,, - Mn ) Z Z e Z Xsoey,-‘rsle,,H+...+sken+k+ln+k+17 (37)
s0=0 s;=0 s=0

where the supports of characteristic functions appearing on the right side of (3.7)
are pairwise disjoint.
Proof. By applying (2.3) and (2.8) we get

my,—1my41—1 Myp—1

I, = L‘U L‘U L‘U (S0en +S1€nt1+ ..+ Sknik + Liis1) (3.8)
s0=0 s;=0 sp=0
for all n,k € N.
Therefore, using (2.6) we have

my—1mpy1—1 My —1

Dy, =My X1, =My - Z Z Z Ksoen+s1€ns1+ctSeenikHhnrist -
s0=0 s1=0 sp=0

Disjointness of supports of the functions appearing on the right side of (3.7) follows
from (3.8). O
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Lemma 3.3. For each n,l,k € N and each x € G

, My g1 —1
DMH(X)'}’"(X): Z aj(nvl7k)'DMn+k+1(x_yj)7
j=0
where aj(n,l,k),j=0,M, ;.1 — 1 are constants.

Proof. Using Lemma 3.2 we get

my—1my1—1 Mppp—1
! !
DMn (x)rn (X) =M, Z Z e Z T'n (X)X30€n+s1en+1+---+Sk€n+k+1n+k+1 ()C),
s0=0 s;=0 s=0
3.9
for each x € G and each n,[,k € N.
By applying (2.5) we have
2misgl
rﬁz (x) * Ksoen+...tsxenrithyis (x) =€ " Asoent..tskeniktlpiit (x) (3.10)

for all x € G.
Besides, using (2.6) we get

Ksoen+...tSkenrithos1 (X) = DMn+k+l (x - (S()en +ot Sken+k)) (3 1 1)

Mn+k+l

forall x € G and all 5; € {0,1,...,m,,; —1},i = 0,k.
Now, combining (3.9), (3.10) and (3.11) gives us

21sql
mn_lmn+l_1 mn+k71 Mn .e mn

Dy,@rx)=Y Y - )

s0=0 51=0 5x=0 Myiki1

Myt (x— (soen+ ...+ skensk))-

Finally, this and claim i) of Lemma 3.1 gives us the claim of this Lemma. U

Theorem 3.1. Let n be a positive integer and
n= nklel + ... —I—nklel

be the representation of n, where 0 < ki, k; < k;j for i < j, and ny, € {1,... ,my, —
1},i=1,1. Then

My, —1
Dy (x) = Y, (x) < an,j - D, (x—yj)> ,x € G, (3.12)
=0

J

where ay ;, j = 1,My, — 1 are constants, and ay is a function on G. Moreover, we
have:

i) If j # 0 (mod My, ), then a, j = 0,

ii) If j =0 (modMy,), j # 0 (modMy,,,) for some p € {1,...,1—1}, then

=l gy 1 2misa

1 My, "
amj = M_k Z nkiMki + Mk[ Z e’tr )
1§
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i (mod M, . o
where a = w In particular, if j = 0(mod My, 1), then
4
1 P

Qi = ——) nMg
n.j Mkl ; i i)

iif)
my, —1 2mivy, s

an() ——anMk-i- Z e " X €I,

s=my, —ny,

Proof. From (2.7) we have

i my;—1
Diy(x) = Yu(x) (;DMk,.(X)- )3 ri,(X))-

s:mki - nkl.

Applying Lemma 3.3 to each of the functions Dy (x) - 73 (x), i € {1,...,1— 1},

s € {my, —ny,,...,my, — 1} gives us for eachx € G
-1 mki—l Mkl—l
Y Du,(x)- Y, ri(x) =bo-Duy (x—yo)+ Y, @nj-Du (x—y)),
i=1 S=My; =Ny, j=1
where by, ay, j, j =1,M;, —1 ,Mj, — 1 are constants. Therefore,
1 mkl. —1 Mkl —1
Y Dy, (x) Y, (%) =ano(x)-Dag (x—yo) + Y anp-Day (x—Yp),
i=1 s=my; —ny, p=1

(3.13)
for all x € G, where a,, ;, j = 1,M}, — 1 are constants.
On the other hand, using (2.6) and the fact that y; + I}, is closed we conclude
that the support of the function Dy, (x —y;) satisfies

supp(DMkl ( _yj)) =Yyj +Ik17j € {0, 1, - ,Mk,}. (314)
Besides, using claim iii) of Lemma 3.1 we have
My, —1

G= ) (yj+1). (3.15)
j=0

Let’s take j € {1,2,...,M;, — 1} arbitrary and fix it. If we put x = y; into (3.13)
and take into account (3.14) and (3.15), we get

)
anj-My =Y Dy, (vj)- Y, () (3.16)

i=1 S=Mj; —N;

Now, we consider two cases:
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i) j#0(modMy,).
Then, using (2.4) and claim iv) of Lemma 3.1 gives us
yj Qlkl 2[](2... Qlkl-
This together with (2.6) implies

Dy, (yj) =+ =Du, (v;) =0. (3.17)

Now, combining (3.17) with (3.16) gives us a, ; = 0.
ii) j=0(modMy,),j# 0 (modMy,,,) forsome 1 < p<I—1.
Therefore, the representation of j is

j: Z ji'Miyji € {0717"'7mi_ 1}7VZ2 kp-
i=k,
J (mod My, +1)

Put a := ji,. Notice that a = - Using claim iv) of Lemma 3.1 we

94
conclude y; € I, y;j & I,,,- Applying (2.6) gives us

p+1°

DMk,- (yj) = Mkl.,Vl' c {1, . 7p}7DMk,- (yj) = O,VI S {p+ 1,.. . ,l} (318)
Combining (3.18) with (3.16) gives us

P my; —1
anj-My =Y M- Y (). (3.19)
i=1 S=my; —ng;

On the other hand, using (2.5) and the fact y; € I, we get

27ia

() = =ri, ;) =1, an,(vj) =e™.
This together with (3.19) gives us
p—1 k Mep =1 omisq
anj = 3, I’lkiMki + . e
M] l:ZI Mkl s—m§nkp

Now, let’s assume x € Ii,. Since yo = (0);>_, we have
xe€yo+I. (3.20)
From (3.20) and (3.15) we get
Xy +I, Vi€ {1,2,... M, —1}. (3.21)
Finally, (3.21), (3.13) and (3.14) imply

l my;—1
0"70()‘) My, = ZDMk,- (x) ’ Z rlii (x)
i=1 S:mkifnki
I—1 mklfl 27\:ixk1x

nkiMki+Mk, Z e " ,

i=1 s=my, —n,
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where we have used Dy, (x) = My,,i = 1,1, and
! 27\:ixk1x

rg(x)=-=ry  (x)=1Lr,(x)=e "™ (since x € I,). O

Remark 3.1. From (3.14) and (3.15) we see that (3.12) gives us a decomposition
of the Dirichlet kernel D,, into the sum of functions with disjoint supports.

Remark 3.2. We can define the function a, in an arbitrary way outside the set [, ,
because of (3.12) and the fact that DMkl vanishes outside the set I, .
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