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THE CAUCHY PROBLEM FOR QUASILINEAR SYSTEMS OF
FUNCTIONAL DIFFERENTIAL EQUATIONS

G. A. GRIGORIAN

ABSTRACT. We use the contracting mapping principle to prove that under some
mild restrictions, the Cauchy problem for quasilinear systems of functional dif-
ferential equations with retarded arguments has a unique solution. As a con-
sequence of this result, we obtain that the Cauchy problem for linear systems
of functional differential equations with locally integrable coefficients and with
locally measurable retarded arguments has a unique solution. We show that sim-
ilar results can be obtained for the Cauchy co problem of quasilinear systems of
functional differential equations with advanced arguments.

1. INTRODUCTION

Let Fi(t,u11,...,u1n, ..., uy), k= 1,n be real-valued locally integrable in ¢
and continuous in uji,...,u,y functions on [fy,o0) x R™, and let oy (t),
k= T1,n, j=1,N be real-valued locally measurable functions on [tp,o2). Con-
sider the system of functional differential equations

(I);{(t) = Fk(t7¢1(all(t))7 cee 7¢1(a’1N(t))7 cee 7¢n(anl(t))a cee 7¢n(anN(t)))7 t > 1,
(1.1)
k= 1,n. Let r¢(t), k= 1,n be real-valued continuous functions on (—oo,1;]. By
a Cauchy problem for the system (1.1) we mean to find a real-valued continuous

vector function (¢;(z),...,9,(¢)) on R, which is absolutely continuous on [y, o),
and which satisfies (1.1) almost everywhere on [fy, o) and the initial conditions
Ox(t) = ri(t), t<to, k=T,n. (1.2)

Throughout this paper we will assume that the following conditions are satisfied:

(L) (the Lipshits’s condition)
n N

|Fk(t,1/£11,-.-,MnN)—Fk(t,V“,.-.,VnN)| ka(t)22|um]_vm]|7t ZIO,umjanj 6R7
m=1j=1

where f(t), k= 1,n are locally integrable functions on [f,0);
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(LI) (Iocal integrability)
for any locally measurable functions Wi1(7),..., Win(t),... ., Wn1(2),..., Wun(7)
on [t,0) the superpositions
Fk(t,\jlll(t),...,\jlnjv(t)), k=1,n
are locally integrable on [, c0);
(Ret) (the retorsion conditions)

o(t) <t, t>ty, k=1,n  j=1,N.

Remark 1.1. The condition (LI) is satisfied if in particular

M
Fi(tyunn,. . stny) = Y fim(0)@m(ir, - unn), 1> 100, un,... uny €R
m=1

where fiu(t), k=1
gkln(u117"'7unN)7 k

,n, m = 1,M are locally integrable functions on [fg,c0),
=1,n, m=1,M are continuous functions on R™".

Let Gi(t,u11,...,uin,- .., uuy), k= 1,n be real-valued locally integrable in ¢
and continuous in u1y,...,u,y functions on (—oo,To] x R™, and let Bi(t), k=
1,n, j=1,N be real-valued locally measurable functions on (—oo,To]. Consider
the system of functional differential equations

0 (1) = Ge(t,01(B11 (1)), -, 01 (Bin (1), 0u (Bt (1)) -, 0u(Bun (1)), 1 < 70,
(1.3)
k= 1,n. Let s(t), k= 1,n be real-valued continuous functions on (—eo,y]. By
a Cauchy co problem for the system (1.3) we mean to find a real-valued contin-
uous vector function (¢;(z),...,0,(z)) on R, which is absolutely continuous on
(—eo,Tp], and which satisfies (1.3) almost everywhere on (—oo, 7] and the terminal
conditions -
(I)k(t)zsk(t), t>1y, k=1,n. (1.4)
Throughout this paper we will assume that the following conditions are satisfied:
(L*) (the Lipshits’s condition)
n N

Gr(t,ury, -y uy)=Gr(t,vits - van )| S ()Y Y [t j=vimjl,1 > 10, thj, vinj € R,
m=1j=1

where hy(t), k= 1,n are locally integrable functions on (—oo,Ty];
(LI*) (local integrability)

for any locally measurable functions Wi1(7),..., Win(t),... ., Wn1(2),..., Wun(7)
on (—oo,Tp| the superpositions

Gk(t,\jln(t),...,wnjv(t)), kZl,l’l

are locally integrable on (—oo,T¢];
(Adv) (the advance conditions)

Brj(t) >t, t<v, k=1,n, j=I1,N.
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Functional differential equations and systems of such equations appear in var-
ious areas of natural science, such as in Economics (see, e.g. [1-6]), in proba-
bility theory (see, e.g., [7-9]), in Biology (see, e.g., the predator-prey model of
Volterra [11, p. 3], the model of circumnutation of plants [11, p.3], the model
of dynamics of individuals, infected by gonorrhea [11, p. 4]), in electrodynam-
ics [11, p. 7], so on. Therefore the qualitative study of functional differential
equations is very actual. For a qualitative study of the solutions of these equa-
tions and systems of such equations the main focus is on the study of the case
when the studying solution is continuable on the whole semi axis. Therefore, the
study of the Cauchy problem (1.1), (1.2) (the Cauchy co problem (1.3), (1.4)) is
very actual as well. Probably the Cauchy problem is studied systematically and
solved for linear systems of functional differential equations with coefficients from
wide classes of functions but with specified deviations of the argument of the form
t+&, E=const, k=1,2,... (see,e.g., [11, 12]) and for some particular classes
of equations with deviations of the argument from wide classes of functions (see,
e.g., [12-14]). However, probably, in most of cases the global existence of solutions
of studying equations and (or) systems of equations is only assumed, consequently
making this way their results conditional (see, e.g., [15-25]).

In this way we show that the Cauchy problem (1.1), (1.2) (as well as the Cauchy
co problem (1.3), (1.4)) under some mild restrictions has a unique solution, which
weakens (to some extent) the conditionality of some results, in which the global
existence of solutions of studying equations and systems of equations is only as-
sumed.

2. AUXILIARY PROPOSITIONS

Letfy <t <t <ooandlety;(¢),...,y,(t) be real-valued continuous functions
on (—oo,hp]. Denote by ACy, ., [t1,1] the set of all real-valued continuous vec-
tor functions x(¢) = (x;(t),...,x,(t)) on (—eo, ;] such that x(¢) is absolutely con-
tinuous on [r1,5,] and x (1) = Wi(t), ¢ <1, k= T,n. Obviously, ACy, ., [t1,0)]

n
is a closed (full) metric space with the distance p(x,7) = Y. n[lax] X (1) — v (2)]
k=1t€|t1,2
between its elements x(t) = (x1(¢),...,x,(¢)), ¥(t) = (y1(¢),...,yn(t)). For any
x(t) = (x(t),...,xa (1)) €ACY, ,[11,102] set

x(t), t<n
1, x)(t) =
By 29) 1) {<<le ..... vtz Uy oo ) (©)); 1€ 11,12,
where (I, ...y, %) (t) = Wi(t)+

+tj‘Fk(’C,X1 (0611(’6)),. .. ,xl(Oth(’C)),. .. ,x,,(oc,,l(’c)),.. . ,xn(OLnN(T)))d’C, re [tl,tz],

k = 1,n. Obviously under the restrictions (LI) and (Ret), the operator Ly, ..ot
is a mapping from ACY,, , [t1, ] into itself.
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Theorem 2.1. Let the conditions (L), (LI) and (Ret) be satisfied. If
n

N Y [ filv)dt < 1, then Iy,
k=11

Proof. Tt follows from (L) and (LI) that for every x(z) = (x1(7),...,x,(¢)), y(z)
(1), ,3a(2)) EACY, [tl,tg] the following chain of relations is valid.

,,,,, i1 1 IS @ contracting mapping in ACy,

Py, yutr 2% Dy s 1Y) = max
1te[t1,t2

/ Fu(t,1 (001 (7)), - 0 (G () ) dT—
—/Fk(T,yl(om(r)),...,y,,(oc,,N( 1))dt

B S ; l17t2]/
{ Y Z [ (0 (7)) — ¥ (0l (T)) }dt< ) / fi()dD(x,y), 2.1

m=1 j=

where D(x,y) = max Z Z X (0 j(T)) — Ym (O j(T))]. From (Ret) it follows

el ] m=1j=1

that D(x,y) < Np(x,y). This together with (2.1) implies that

Py, i %y yuty 12Y) <N Z ffk( )dtp(x,y). Therefore, if

mrpd
2
N Y [ fi(t)dt < 1, then Ly, v, s is @ contracting mapping in ACY, vy, [t1,12].

The theorem is proved. O

Let —oo < 1) <1 < 7Tp and let %1 (),..., X, (¢) be real-valued continuous func-
tions on [fy,+eo). Denote by ACy" . [f1,12] the set of all real-valued continuous
vector functions x(1) = (x(¢),...,x,(f)) on [f],e0) such that x(¢) is absolutely con-
tinuous on [t1,%,] and xx(t) = yx(2), t > tr, k= 1,n. ObViously, ACys o [t

is a closed (full) metric space with the distance p(x,t) = Z n[lax] X (1) — ye(2)]
k=1t€|t1,2

between its elements x(z) = (x1(¢),...,x,(2)), y(t) = (y1(2),...,ya(t)). For any
x(t) = (x1(t),...,xa (1)) €ACY: _,[h, 1] set

.....

W
_ [, t=n,
(St et 22%) (£) Z{ (Jrogs oot 2 J@)s s gy st 12%) (7)), 1 € [11,12],
Wl‘;ere (‘]k,Xl7---7XnJl sz) (t) = xk(t2)+
+[Gk(r,x1(ﬁll(r)),...,xl(BlN(‘C)),...,x,,(Bnl(‘C)),-.-,Xn(BnN(T)))dra 1€ [0,

k = 1,n. Obviously under the restrictions (LI*) and (Adv) the operator Dot 2
is a mapping from ACy; [t1,1;] into itself. By analogy to the proof of Theorem
2.1 we can prove the following theorem.
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Theorem 2.2. Let the conditions (L*), (LI*) and (Adv) be satisfied. If
n
N Y [h(t)dt < 1, then Jy, . y,u 1 IS a contracting mapping in ACY: . [t1,12].
k=11

3. MAIN RESULTS.

By a solution of the system (1.1) on [t;,7;) (fo <1 < t, < o) we mean a real-
valued continuous vector function (¢;(¢),...,9,(¢)) on (—eo,;), which is abso-
lutely continuous on [t;,#,) and satisfies (1.1) almost everywhere on [;,1,).

Definition 3.1. An interval [ty,T) (to < T < o) is called the maximum existence
interval for a solution ®(t) of the system (1.1), if ®(t) exists on [ty, T ) and cannot
be continued to the right from T as a solution of (1.1).

Theorem 3.1. Let the conditions (L), (LI) and (Ret) be satisfied. Then the Cauchy
problem (1.1), (1.2) has a unique solution.

Proof. Since fi(t), k= 1,n are locally integrable chose #; > fy so close to 1

that n n
NZ/fk(t)d1< 1.
=

Then by Theorem 2.1 it follows from (L), (LI) and (Ret) that the operator I, . ,. 11
is a contracting mapping in AC}, , [to,71]. Therefore, according to the contract-
ing mapping principle, the operator I,, . ;. has a unique fixed point ®(¢) =
(01(2),..,0a(t)) in AC}, _, [to,t1], which is a solution of the system (1.1) on
[to,t1), satisfying the initial conditions (1) = ri(t), t <to, k= 1,n. It follows
from here that ®(r) has a maximum existence interval. Let [fy,T') be that interval.
We will show that

T = co. (3.1)
Suppose
T < oo, (3.2)
Chose € > 0 so small that
" T+¢
NY / fi(t)dr < 1.
k=17

Then by Theorem 2.1 it follows from (L), (LI) and (Ret) that Iy, . ¢, 7 7+e 18
a contracting mapping in AC, . [T —¢,T +¢g], and, according to the contracting
mapping principle, has a unique fixed point ®(¢) = (¢; (¢),...,0,(¢)) in AC) T —
€, T + €|, which is a solution of the system (1.1) on [T —€,T + ¢€), satisfying the
initial conditions - L

Ox(t) =Ok(t), t<T—¢, k=1,n.
This means (since ®(¢) is the unique) that ®(r) coincides with ®(r) on (—eo,T]
and is a continuation of ®(z) on (—eo,T + €] as a solution of the system (1.1) on
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[to, T + €), which contradicts (3.2). The obtained contradiction proves (3.1). So, to
complete the proof of the theorem it remains to show the uniqueness of ®(z). Sup-
pose there exists another solution W¥(7) = (v (2),...,y,(t)) to the problem (1.1),
(1.2), different from ®(z) . Then there exist fp < T} < T5 < oo such that

() =YW(r), t<Ty, ®(t)#¥(), t € (T1,0). (3.3)
Without loss of generality we may assume that
)
n
NY /fk(‘c)d‘t <1.
k=17,

Then by virtue of Theorem 2.1 and the contracting mapping principle the operator
Iy, ...,.7;.7, has the unique fixed point (vi(z),...,v,(t)) in AC}, . [Ti,T»], which
is a unique solution of the system (1.1) on [T}, 7> ), satisfying the initial conditions

vk(t) :(I)k(t), t<Ti, k=1,n.

We obtain a contradiction with (3.3). The obtained contradiction completes the
proof of the theorem.

Letajm(t), bi(t), k,j=1,n, m=1,N be real-valued locally integrable func-
tions on [fy, o). Consider the linear system of functional differential equations

n N
() =Y, Y arjm@)0j(0m(0)) +bi(t),  1>19, k=T,n. (3.4)

j=lm=1

This system is a particular case of (1.1), for which the conditions (L) and (LI) are
satisfied. Then from Theorem 3.1 we immediately obtain

Corollary 3.1. Let (Ret) be satisfied. Then the Cauchy problem (3.4), (1.2) has a
unique solution.

Using Theorem 2.2 instead of Theorem 2.1 by analogy to the proof of Theorem
3.1 we can prove the following theorem.

Theorem 3.2. Let the conditions (L*), (LI*) and (Adv) be satisfied. Then the
Cauchy co problem (1.3), (1.4) has a unique solution.

Let cxjm(t), di(t), k,j=1,n, m=1,N be real-valued locally integrable func-
tions on (—eo,Tp]. Consider the linear system of functional differential equations

n N
0 () =Y Y cim®)0;(Bjm(1) +di(t), <10, k=T,n. (3:5)

j=lm=1
This system is a particular case of (1.3), for which the conditions (L*) and (LI*) are
satisfied. Then from Theorem 3.2 we immediately obtain the following corollary.

Corollary 3.2. Let (Adv) be satisfied. Then the Cauchy co problem (3.5), (1.4) has
a unique solution.
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