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DECOMPOSABLE EXTENSIONS BETWEEN RANK 1 MODULES IN
GRASSMANNIAN CLUSTER CATEGORIES

DUSKO BOGDANIC AND IVAN-VANJA BOROJA

ABSTRACT. Rank 1 modules are the building blocks of the category CM(By ;)
of Cohen-Macaulay modules over a quotient By , of a preprojective algebra of
affine type A. Jensen, King and Su showed in [8] that the category CM(B ,,) pro-
vides an additive categorification of the cluster algebra structure on the coordi-
nate ring C[Gr(k,n)] of the Grassmannian variety of k-dimensional subspaces in
C". Rank 1 modules are indecomposable, they are known to be in bijection with
k-subsets of {1,2,...,n}, and their explicit construction has been given in [8].
In this paper, we give necessary and sufficient conditions for indecomposabil-
ity of an arbitrary rank 2 module in CM(By.,,) whose filtration layers are tightly
interlacing. We give an explicit construction of all rank 2 decomposable mod-
ules that appear as extensions between rank 1 modules corresponding to tightly
interlacing k-subsets / and J.

1. INTRODUCTION

A categorification of the cluster algebra structure on the homogeneous coordi-
nate ring C[Gr(k,n)] of the Grassmannian variety of k-dimensional subspaces in
C”" has been given by Geiss, Leclerc, and Schroer [6, 7] in terms of a subcate-
gory of the category of finite dimensional modules over the preprojective algebra
of type A,_1. Jensen, King, and Su [8] gave a new categorification of this cluster
structure using the maximal Cohen-Macaulay modules over the completion of an
algebra By, which is a quotient of the preprojective algebra of type A,_;. Rank
1 modules are the building blocks of the category CM(By,,) of Cohen-Macaulay
modules over a quotient By, of a preprojective algebra of affine type A,_;. Rank
1 modules are indecomposable, they are known to be in bijection with k-subsets
of [n] = {1,2,...,n}, and their explicit construction has been given in [8]. These
are the building blocks of the category as any module in CM(By,) can be filtered
by rank 1 modules (the filtration is noted in the profile of a module, [8, Corollary
6.7]). The number of rank 1 modules appearing in the filtration of a given module is
called the rank of that module. In [4], we explicitly constructed all indecomposable
rank 2 modules in tame cases.
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In this paper, we give necessary and sufficient conditions for indecomposabil-
ity of an arbitrary rank 2 module in CM(By,) whose filtration layers are tightly
interlacing. Moreover, we construct explicitly all rank 2 decomposable Cohen-
Macaulay By ,-modules that appear as middle terms in the short exact sequences
where the end terms are rank 1 modules corresponding to tightly interlacing sub-
sets. The central combinatorial notion throughout this paper is that of r-interlacing
(Definition 2.3). If I and J are k-subsets of {1,...,n}, then I and J are said to be r-
interlacing if there exist subsets {i1,i3,...,i2,—1} CI\J and {iz,i4,... 0o, } CJ\I
such that i} <ip <i3z < --- < i < ij (cyclically) and if there are not exist larger
subsets of / and of J with this property.

Denote by L; the rank 1 module corresponding to the k-subset /. By [8, Propo-
sition 5.6], Exty(Ly,L;) # 0 if and only if 7 and J are r-interlacing, where r > 2. In
particular, rank 1 modules are rigid, i.e., Exty(L;,L;) # O for every I. This means
that if / and J are 1-interlacing, then the only module appearing as the middle term
in short exact sequences with end terms L; and L; is the direct sum L; & L;. For this
reason, we will assume most of the time that / and J are r-interlacing with r > 2.
Note that, since the Grassmannian cluster category CM(By ) is a 2-CY category,
Extb(L;,Ly) = Exty(Ly,Ly), so we have the same arguments for the short exact se-
quences with L; as the left term and L; as the right term, and for the short exact
sequences with L as the left term and L; as the right term (cf. Theorem 3.7 in [1]).

The paper is organized as follows. In Section 2, we recall the definitions and key
results about Grassmannian cluster categories. In Section 3, we study the filtration
I|J, where I = {1,3,...,2r—1} and J = {2,4,...,2r}, in the case (r,2r). We
explain how the general case of a module with tight r-interlacing filtration layers
reduces to the case of the module with filtration / | J. For the filtration layers / and
J of a module with profile I | J, we construct all decomposable rank 2 modules that
are extensions of these rank 1 modules, i.e. we construct all decomposable modules
that appear as middle terms in short exact sequences with / and J as end terms. In
particular, we associate with every subset of peaks of the rim / a decomposable
rank 2 module that is extension of L; by L.

Our main results are Theorem 3.1 in which we give necessary and sufficient con-
ditions for a rank 2 module with filtration 7 | J to be indecomposable, and Theorem
3.2 in which we give an explicit construction of all rank 2 decomposable modules
that appear as extensions between rank 1 modules corresponding to / and J.

2. PRELIMINARIES

We follow closely the exposition from [1,2,4, 8] in order to introduce notation
and background results. Let I';, be the quiver of the boundary algebra, with vertices
1,2,...,nonacycle and arrows x; : i — 1 — i, y; : i — i — 1 (see Figure 1). We write
CM(B ) for the category of maximal Cohen-Macaulay modules for the completed
path algebra By, of I',, with relations xy — yx and x¥ —y"¥ (at every vertex). The



DECOMPOSABLE EXTENSIONS BETWEEN RANK | MODULES 299

centre of By, is Z := C|[t|], where t =} ; x;y;.
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FIGURE 1. The quiver I',, for n = 5.

The algebra By, coincides with the quotient of the completed path algebra of
the graph C (a circular graph with vertices Cy = Z,, set clockwise around a circle,
and with the set of edges, Cj, also labeled by Z,,, with edge i joining vertices i — 1
and i), i.e. the doubled quiver as above, by the closure of the ideal generated by the
relations above (we view the completed path algebra of the graph C as a topological
algebra via the m-adic topology, where m is the two-sided ideal generated by the
arrows of the quiver, see [5, Section 1]). The algebra By ,, that we will often denote
by B when there is no ambiguity, was introduced in [8, Section 3]. Observe that
By, is isomorphic to By, ,, so we will always assume that k < 3.

The (maximal) Cohen-Macaulay B-modules are precisely those which are free
as Z-modules. Such a module M is given by a representation {M; : i € Cy} of the
quiver with each M; a free Z-module of the same rank (which is the rank of M).

Definition 2.1 ( [8], Definition 3.5). For any By ,-module M and K the field of
fractions of Z, the rank of M, denoted by tk(M), is tk(M) = len(M ®zK).

Note that B®z K = M, (K), which is a simple algebra. It is easy to check that the
rank is additive on short exact sequences, that rk(M) = 0 for any finite-dimensional
B-module (because these are torsion over Z) and that, for any Cohen-Macaulay B-
module M and every idempotent ¢;, 1 < j < n, rkz(e;M) = rk(M), so that, in
particular, rkz (M) = nrk(M).

Definition 2.2 ( [8], Definition 5.1). For any k-subset I of Cy, we define a rank 1
By ,-module
L= (U, i € Co; xi,yi, i € Co)
as follows. For each vertex i € Cy, the set U; = C|[t]], e; acts as the identity on U;
and e;U; =0, for i # j. For each i € Cy, set
x;: Ui—1 = U; to be multiplication by 1 ifi € I, and by t if i € I,
vi: Ui = U;_1 to be multiplication by t ifi € I, and by 1 if i ¢ I.
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The module L; can be represented by a lattice diagram £; in which Uy, Uy, ..., U,
are represented by columns of vertices (dots) from left to right (with Uy and U, to
be identified), going down infinitely. The vertices in each column correspond to the
natural monomial C-basis of C[t]. The column corresponding to U, is displaced
half a step vertically downwards (resp., upwards) in relation to U; if i+ 1 € I (resp.,
i+ 1 &), and the actions of x; and y; are shown as diagonal arrows. Note that the
k-subset I can then be read off as the set of labels on the arrows pointing down
to the right which are exposed to the top of the diagram. For example, the lattice
diagram Ly 45y in the case k = 3, n = 8, is shown in Figure 2.

FIGURE 2. Lattice diagram of the module L; 4 5}

We see from Figure 2 that the module L; is determined by its upper boundary,
denoted by the thick lines, which we refer to as the rim of the module L; (this is
why we call the k-subset [ the rim of L;). Throughout this paper we will identify a
rank 1 module L; with its rim. Moreover, most of the time we will omit the arrows
in the rim of L; and represent it as an undirected graph.

We say that i is a peak of the rim 7 if i ¢ I and i+ 1 € I. In the above example,
the peaks of I = {1,4,5} are 3 and 8. We say that i is a valley of the rim [ if i € [
and i+ 1 ¢ 1. In the above example, the valleys of / = {1,4,5} are 1 and 5.

Proposition 2.1 ([8], Proposition 5.2). Every rank 1 Cohen-Macaulay By, ,-module
is isomorphic to Ly for some unique k-subset I of Cy.

Every B-module has a canonical endomorphism given by multiplication by ¢ €
Z. For L; this corresponds to shifting £; one step downwards. Since Z is cen-
tral, Homg(M,N) is a Z-module for arbitrary B-modules M and N. If M,N are
free Z-modules, then so is Homg(M,N). In particular, for any two rank 1 Cohen-
Macaulay B-modules L; and L;, Homg(L;,Ly) is a free module of rank 1 over
Z = C[[t]], generated by the canonical map given by placing the lattice of L; inside
the lattice of L; as far up as possible so that no part of the rim of L; is strictly above
the rim of L; [8, Section 6].
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Definition 2.3 (r-interlacing). Let I and J be two k-subsets of {1,...,n}. The sets I
and J are said to be r-interlacing if there exist subsets {i,is,...,ir,—1} CI\J and
{ia,ia,... iy} CTJI\I suchthatiy <ip <iz<---<ip <ij (cyclically) and if there
are not exist larger subsets of I and of J with this property. We say that I and J are
tightly r-interlacing if they are r-interlacing and |INJ| =k —r.

Definition 2.4. A B-module is rigid if Exty(M,M) = 0.

If I and J are r-interlacing k-subsets, where r < 2, then Ext};(Ll,Lj) =0, in
particular, rank 1 modules are rigid (see [8, Proposition 5.6]).

Every indecomposable M of rank n in CM(B) has a filtration with factors L;,,
Ly,,...,L;, of rank 1. This filtration is noted in its profile, pr(M) =1, | L, | ... | I, [8,
Corollary 6.7]. In the case of a rank 2 module M with filtration L; | L; (i.e. with
profile 7 | J), we picture this module by drawing the rim J below the rim 7, in such
a way that J is placed as far up as possible so that no part of the rim J is strictly
above the rim /. We refer to this picture of M as its lattice diagram. Note that there
is at least one point where the rims / and J meet (see Figure 3).

FIGURE 3. The lattice diagram of a module with filtration
Lissay [ Lass)-

The two rims in the lattice diagram of a rank 2 module M form a number of
regions between the points where the two rims meet but differ in direction before
and/or after meeting. We call these regions the boxes formed by the rims or by
the profile. The term box is a combinatorial tool which is very useful in finding
conditions for indecomposability. However, let us point out that the module M
might be a direct sum in which case the lattice diagram is really a pair of lattice
diagrams of rank 1 modules. We still view the corresponding diagram as forming
boxes. If I and J are r-interlacing, then they form exactly r-boxes if and only if they
are tightly r-interlacing. A lattice diagram with three boxes is shown in Figure 4.
Moreover, the filtration layers of a module M give a poset structure. If M is a
rank 2 module with | boxes, with r; < r, the poset structure associated with M is
1" | 2, see Figure 4. The poset consists of a tree with one vertex of degree r; and r
leaves, it has dimension 1 at the leaves and dimension 2 at central vertex (we also
refer to this as a dimension lattice). For background on the poset associated with
an indecomposable module or its profile, we refer to [8, Section 6] and [3, Section
2].
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FIGURE 4. The profile of a module with 4-interlacing layers
forming three boxes with poset 13 | 2. The dashed line shows the
rim of L; with arrows x;, i € I, indicated. The solid line below is
the rim of L;, with arrows x;, i € J, indicated.

A partial answer to the question of indecomposability of a rank 2 module in
terms of its poset is given in the following proposition.

Proposition 2.2 ( [2], Remark 3.2). Let M € CM(By,,) be an indecomposable
module with profile I | J. Then I and J are r-interlacing and their poset is 1" | 2,
where r > r; > 3.

This result tells us that when dealing with rank 2 indecomposable modules, we
can assume that the poset of such a module is of the form 1" | 2, for r; > 3.

Throughout the paper, our strategy to prove that a module is indecomposable is
to show that its endomorphism ring does not have non-trivial idempotent elements.
When we deal with a decomposable rank 2 module, in order to determine the sum-
mands of this module, we construct a non-trivial idempotent in its endomorphism
ring, and then find corresponding eigenvectors at each vertex of the quiver and
check the action of the morphisms x; on these eigenvectors.

3. TIGHT r-INTERLACING

In this section we construct all rank 2 decomposable modules with the profile
I'|J in the case when [ and J are tightly r-interlacing k-subsets, i.e., when |I'\ J| =
|7\ 1| = r and non-common elements of / and J interlace.

We are interested in the modules M that are decomposable and appear as the
middle term in a short exact sequence of the form:

0—Lj—M—L;—0.

In [4], we defined a rank 2 module M(Z,J) with filtration L; | L; in a similar
way as rank 1 modules are defined in CM(By,). We recall the construction here.
Let V; := Cl[|t|]] @ C][¢]], i = 1,...,n. The module M(/,J) has V; at each vertex
1,2,...,n of [,. In order to have a module structure, for every i we need to define
xi: Vi1 — Viand y;: V; — V;_ in such a way that x;y; = -id and X = y”*k.
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Since L; is a submodule of a rank 2 module M(/,J), and L; is the quotient, if
we extend the basis of L; to the basis of the module M(/,J), then with respect to
that basis all the matrices x;, y; must be upper triangular with diagonal entries from
the set {1,7}. More precisely, the diagonal of x; (resp. y;) is (1,¢) (resp. (¢,1)) if
ieJ\1, itis (z,1) (resp. (1,¢))ifi € I\ J, (¢,t) (resp. (1,1))if i€ I°NJ¢, and (1,1)
(resp. (t,1)) if i € INJ. The only entries in all these matrices that are left to be
determined are the ones in the upper right corner.

Let us assume that we deal with the profile {1,3,...,2r—1}|{2,4,...,2r} in
the case (r,2r). In the general case, all arguments are the same. Denote by b; the
upper right corner element of x;. From x;y; =t - id, we have that the upper right
corner element of y; is —b;. From the relation Xk = y”_k it follows that 1-2;1 b; =0.
Ifn=06,1={1,3,5} and J = {2,4,6}, then our module M(/,J) is

1 bg
o )

t bl 1 bz t b 3 1 b4 t b 5
0 1 0 1t 0 1 0 ¢ 0 1
Vo Vi %3 V3 \ Vs Vo

FHEDED N E D

FIGURE 5. A module with filtration {1,3,5} | {2,4,6}.

The question is how to determine the b;’s so that the module M(/,J) is decom-
posable. In [4], we dealt with the tame cases (3,9) and (4,8), and more generally,
the 3-interlacing case, and we constructed all such modules and given criteria, in
terms of divisibility by ¢ of the sums b; 4 b; 1| (Where i is odd), for the constructed
module to be indecomposable. Moreover, in the case of a decomposable module,
we determined the summands of such a module. In this paper we construct all
decomposable modules in the general case of tight r-interlacing. We first consider
the case (r,2r) and show how the general case reduces to this case.

Assume first that M(Z,J) is decomposable and that L; is a direct summand of
M(Z,J). Then there exists a retraction u = (u;)?_, such that y; 0 0; = id, where
(6;)7_, is the natural injection of L; into M(Z,J). Using the same basis as before,
we can assume that g; = [1 o;]. From the commutativity relations we have id o
Ui = pir1 oxiyq for i odd, and 7 -id o u; = i1 o x;y1 for i even. It follows that
o; = bjr1 +to;1 for i odd, and to; = b1 + ;11 for i even. From this we have

t(Oin — OLzH_z) =byir1 +byiip, for i=0,...,r—1.

Thus, if L; is a direct summand of M(Z,J), then ¢|b; + b;, for i odd, and we
can easily find o, i = 1,...,n, satisfying previous equations. If only one of these
divisibility conditions is not met, then L; is not a direct summand of M(/,J). Note
that if L, is not a summand of M(Z,J), it does not mean that M is indecomposable
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(cf. Theorem 3.12 in [2]). We will study the structure of the module M(7,J) in
terms of the divisibility conditions the sums b; + b; | satisfy.

Let us now consider the general case, that is, let M((Z,J) be the module as defined
above, when [ and J are tightly r-interlacing. Write I\ J as {iy,...,i,} and J\ I as
{j1s--sjrpsothat 1 <iy < jy <ip < jo <+ <ir < jr <n. Define

t b 1 b; 1 —b; t —b;
x"':<0 11>’ x,~,=<0 z]'>’ yi1:<0 z'>’ yﬁ:(o 1”>’

forl =1,2,...,r (see previous figure for n = 6). Fori € I°NJ¢, we set x; = ((t) (t)>
1 t

and y; = (O (1)> ForieINJ, we set x; = <(1) (1)) and y; = <0 (t)> Also, we

assume that Y}, b; = 0. Note that for i € (I°NJ) U (INJ) we define the matrices
x; and y; to be diagonal, i.e. we assume that the upper right corner of x; and y; is
0if i e (I°NJ°)U(INJ). This is because if it were not 0, then by a suitable base
change of the V;, by changing the second basis element, we obtain a scalar matrix.
By construction, xy = yx and x* = y"~* at all vertices, and M(1,J) is free over the
centre of By ,. Hence, the following proposition holds.

Proposition 3.1. The module M(I,J) as constructed above is in CM(By ).

As in the case of the profile {1,3,...,2r—1} | {2,4,...,2r}, L, is a direct sum-
mand of M(Z,J) if and only if ¢ | b;, 4 bj,, for all . In order to determine the struc-
ture of the module M(Z,J) when these divisibility conditions are not fulfilled (i.e.,
at least one of the sums b;, + b}, is not divisible by #), we determine the structure of
an endomorphism of this module. The following proposition is a generalization of
Proposition 3.3 in [4].

For the rest of the paper, if /v = w, for a positive integer d, then ~?w denotes v.

Proposition 3.2. For n > 6, let 1,J be tightly r-interlacing, 1\J = {iy,...,i,},
and JI\NT = {j1,...,Jr}, where 1 < i} < j1 <ip < jo < - <i < j,<n Let
B =Y. |(bi, +bj,). If o= (9:)"_, € End(M(1,J)), then

a b
('Pjr:(c d> )

._(a—i-(Bz_l—i—b,-l)tlc tb+(d—a)(Bl_1+b,-l)—(Bl_1+bi,)2t1c> G.1)
Pi= e d— (Bi_1+b;)t" e P
._<a+Blt_lc b+t_1((d—a)Bl—Blzt_1c)>
i c d—Bit ¢ ’

Qi = @i, forie (I°NJ)UINJ),
where | =1,2,....,r—1, witha,b,c,d € C||t|], and
t|c, t|(d—a)B —Bit 'c. (3.2)
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Proof. Let @ = (¢y,...,¢,) be an endomorphism of M(/,J), where each @; is an
element of M,(C[|t|]) (matrices over the centre). We use commutativity relations
Xi+19; = Qi+1Xxi+1. That Xi, Q. = @i, x;, follows directly from Xiy Xij—1" " Xj,+19j, =
©;, X, X;,—1--Xj,+1. Recall that x;, _y,...,xj 4 are scalar matrices so they cancel

out. If ¢, = <Z Z) and ¢;, = <§ Z) thent|c,e=a+bit e, f=tb+(d—

a)by — b%flc, g= t~ ¢, and h = d — byt~ 'c. The rest is shown in the same way.

(l‘ b1>
Xjrt1 Xjr42 Xij—1 0 1
Vi, Vi+1 o Vii—1 Vi
Yjr+1 Yir+2 Yip-1 1 _bl
(pjr (le
(l‘ b1>
Xjrt1 Xjr42 Xij -1 0 1
Vi, Vi+1 e Vii—1 Vi,
Yjr+1 Yir+2 Yip—1 1 _bl

The only thing left to note is that if i € (I°NJ°)U(INJ), then x; is a scalar matrix
(either identity or ¢ times identity), so from x;Q;—; = @Q;x;, we have ¢;_; = ¢;. U

By Remark 3.4 in [4], if ¢ is the morphism from the previous proposition, then
it is sufficient to prove for a single index i that @; is idempotent in order to prove
that @ is idempotent. Also, note that in our computations, for i € (I°NJ°)U(INJ),
X; is a scalar matrix, it commutes with every other matrix and it cancels out in
Xi®i—1 = @;x;, so it can be left out.

We now give necessary and sufficient conditions for the module M(Z,J) to be
indecomposable.

Theorem 3.1. Let M(1,J) be as in the previous proposition. The module M(I,J)
is indecomposable if and only if there exist indices iy and ij, where g < 1, such that
t | biS —I—bjS,fOI”g <s<l, Z‘J[b,'g —I—bjg, Z‘Jfb,', +bj1’ andtfb,-g —I—bjg +bi1 —I—bj,.

Proof. As in the proof of the previous proposition, it is sufficient to consider the
case (k,n) = (r,2r) of tight r-interlacing where I = {1,3,5,...,2r— 1} and J =
{2,4,6,...,2r}. Let i, ,ij,,...,i, be all odd indices i (in cyclic ordering) such that
b; + b; 11 is not divisible by ¢ (note that i, + 1 = ji,). We assume that there is at
least one such index because if 7 | b; + b;; for all odd i, then M(1,J) X L;®L,.
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Let ¢ = (¢;)"-, € End(M(Z,J)) be an idempotent homomorphism and assume

that @, = (ccl fl) Again, denote by B,, the sum ?:1 (bizg +b i ). The divisibility

conditions (3.2) from the previous proposition reduce to
t|cand t|(d—a)Bi—Bt 'c, i=1,2,...,5—1. (3.3)
Without loss of generality we assume that  { B,. Relations (3.3) imply that
| d—a—Bjt 'c and ¢ | d—a—By 'c.

Thus, it must hold that 7 | (b;, +b;, )t !¢, and since ¢ 1 bi, +bj,,, it must be that
t |t~ !¢, and subsequently that | d — a.

From the fact that @, is idempotent and ¢ | ¢ it follows that | a—a* and t | d — d>.
Also, from (p?r = @, it follows that either a =d or a+d = 1. If a =d, then
b =c =0 (otherwise a =d = % and % = bc, which is not possible as c is divisible
by t), and a =d = 1 or a = d = 0 giving us the trivial idempotents. If a+d =1,
then 7 | a or ¢ | d. Taking into account that ¢ | d — a, we conclude that ¢ | a and
t | d. This implies that 1 = a+d is divisible by 7, which is not true. Thus, the
only idempotent homomorphisms of M(7,J) are the trivial ones. Hence, M(1,J) is
indecomposable.

Assume now that 7 | by, +bj, + bingrl +b Jigr for every g < 5. Then the divisi-
bility conditions (3.3) for the endomorphism ¢ reduce to a single condition

t ’ d—a— (bill —i—bjll)t_lc.

In order to find a non-trivial idempotent ¢, we only need to find elements a, b,
¢, and d in such a way that 7 | c and ¢ | d —a — (b, + ), )t~ 'c. Recall that if
a = d, then we only obtain the trivial idempotents because ¢ | ¢. So it must be
a+d =1 if we want to find a non-trivial idempotent. If we choose a =1,d =0,
thent | 1+ (b, +0j, )t~'c. Thus, we can define ¢ = —t(bj, +bj, )", and b=0
: 2 : o 1 O>
since a —a” = bc and ¢ # 0, to get the idempotent @; = <_t(bill 4 bjzl 1 0)
Since this is a non-trivial idempotent, the module M(/,J) is decomposable. [J

Remark 3.1. From the previous theorem, keeping the notation from the case (k,n) =
(r,2r), it follows that if M(Z,J) is a decomposable module, then since Y7 ; b; =0
there is an even number of odd i such that ¢ { b; + b; . If there was not were an odd
number of odd i such that 7 1 b; + b; 1, then for two consecutive /; and I, it would
hold that 7 1 b,-,l + bizl +1+ b,-,2 + bi12+1. Our aim is to determine all such decompos-
able modules, so for the rest of the paper we assume that there is an even number
of odd indices i, such that " b,-lg + bilg_i,_l and ¢ | bi,g + bi,g+1 + bingrl + bilg+1+1 for
every g.

Corollary 3.1. Ifn < 6, there are no indecomposable rank 2 modules in CM(By , ).
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The rest of the paper is dedicated to the determination of the summands of the
module M(/,J) in the case when this module is decomposable. It is sufficient to
study the case of the filtration {1,3,...,2r—1}|{2,4,...,2r} whenk=randn =
2r. Then the general case of tight r-interlacing follows because the scalar matrices
can be ignored since they do not affect any of the computations we conduct.

Denote I ={1,3,...,2r—1} and J = {2,4,...,2r}. As before, assume that x; =
(6 li’) for odd i and x; = <(1) l?) for even i, and that Z?Ll b; = 0 so that we have
a module structure, which we again denote by M(Z,J).

The dimension lattice of a given module in CM(By ) is additive on short exact
sequences. If M(1,J)is the direct sum Ly @ Ly, then from the short exact sequence

0—L;—Lx®dLly —L;—0

follows that the dimension lattices of Ly and Ly add up to the sum of the dimension
lattice of L; and the dimension lattice of L;. In terms of the rims, one way to
combinatorially describe possible summands Ly and Ly is by the fact that the rim
of X has to be “taken out” from the lattice diagram of Ly & Ly in such a way that
the leftover part of the lattice diagram is the rim Y.

In terms of the peaks of the profile 7 | J, the rim X corresponds to a subset of
the set of the peaks of /, and the rim Y corresponds to the complement of this set
with respect to the set of peaks of /. To describe it in terms of the path we take in
the lattice diagram of I | J by travelling from left to right, we start from a peak of
I and move to the right (we either go up or down in each step). If we are at a peak
of I (resp. valley of J), then the next step has to be down (resp. up). If we are at a
peak of J, which is also a valley of /, then we have a choice of going up or down.
Eventually, to finish our trip, we have to return to the peak where we started off.
The rim X is determined by the set of peaks of / we passed through during our trip
(by abuse of notation we say that X passes through this set of peaks), and the rim
Y is determined by the peaks of I we did not pass through.

The first four pictures in Figure 6 correspond to the case when X passes through
a single peak of I (and Y passes through three peaks) when we travel from left to
right through the lattice diagram of I | J. The next three pictures correspond to the
case when X passes through two peaks of / (and Y passes through two peaks), and
the last picture corresponds to the case when X passes through all peaks of / and
Y passes through none. Obviously, there is symmetry in the argument so the case
when X passes through one peak and Y through three peaks is the same as the case
when X passes through three peaks and Y passes through one peak. In total, there
are 2"~ different cases.

Example 3.1. In the case r = 4, there are eight possible choices for X and Y in
such a way that the sum of the dimension lattices of X and Y is the sum of the
dimension lattices of Ly and Lj. They are given in Figure 6.
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(A) Lusser @ (B) Lipaey ©
Lipazg) L3578
o 1 2 3 4 5 6 7 8 o 1 2 3 4 5 6 7 8

(©) Lpasny © (D) Lijzan @
L3468 L2568
o 1 2 3 4 5 6 7T 8 0 1 2 3 4 5 6 7T 8

(B) L{l,3,4,6} D (F) L{1’274,’7} @

Lizs78) L3568
o 1 2 3 4 5 6 T 8 0 1 2 3 4 5 6 T 8

(6) Lijnsey @ (H) Lussn @
Li3a78) Lira6s8)

FIGURE 6. The pairs of profiles of decomposable extensions be-
tween L{1737577} and L{2747678} .

Note that we only classify decomposable modules that are extensions of L; by
Ly, not all possible extensions (cf. Remark 3.9 in [4]).

For a given set X, i.e., for a given subset of the set of peaks of /, and the cor-
responding Y, we give the divisibility conditions for the sums b; + b, so that the
module M(/,J) is isomorphic to Ly ¢ Ly. We denote by X’ (resp. Y') the set of
peaks of [ that corresponds to X (resp. Y).

If X passes through every peak of /, then this is the case when X =/and ¥ =J,
i.e., the case of the direct sum L; & L;. In terms of the divisibility conditions, this
is the case when 7 | b; + b; 1, for every odd i.

Assume now that X’ does not contain all peaks of /. This means that there is a
peak, say 2j, that belongs to X’, such that the next peak 2 + 2 belongs to Y’.
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Then by, 1+ byj42 is not divisible by z. If it were divisible by ¢, then 2 j 42 would
belong to X’ as we explain in the proof of the next theorem.

Recall that there has to be an even number of steps where we go from a valley to
a peak or from a peak to a valley so that we can come back up to the starting point.

Theorem 3.2. Let X' be a subset of the set of peaks of I, {0,2,4,...,2r—2}, Y’
its complement, and X and Y corresponding k-subsets of [n]. Also, assume that
1 <|X'| < r. Starting from a peak in X', and moving to the right, define sums
b;+ biy1 so that the following conditions hold:

(1) Assume that the current peak 2j belongs to X'. If the next peak 2j + 2 belongs
to X', thent | byjr1+bajyo.

(2) Assume that the current peak 2 j does not belong to X'. If the next peak 2j+2
belongs to X', then t { byjy1 + byjyo.

(3) Assume that the current peak 2j belongs to X'. If the next peak 2 j + 2 does not
belong to X', then t t byj 1+ bajio.

(4) Assume that the current peak 2 j does not belong to X'. If the next peak 2j+2
does not belong to X', then t | byj 1+ byjyo.

Additionally, we assume that t | b;, + b;, 11+ bi, +bj,+1 for every two consecutive
odd indices i) and iy such that t { b;, + b, ,, | = 1,2. Then the module M(1,J) is
isomorphic to the direct sum Lx @ Ly.

i+17

Proof. By Theorem 3.1, the module is decomposable. We start our path at a
peak from X’. Assume without loss of generality that this peak is 0 and that
the next peak 2 does not belong to X', i.e., t 1 by +by. Define an idempotent

= ( ! 0) Its orthogonal complement is ¢ :( 0 0>
®o —[(b1+b2)_1 0/ g p ®o t(b1+b2)_1 1/
From (3.1) we compute other idempotents ¢;. Let B; = Zle b;. For odd indices we
get

Gair1 = <1—sz+1(b1+b2)l —sz+1+B%j+l(b1+b2)l)
2 —(by +by)! —Bajy1(by+by) 7! ’
Boiit = <sz+1(b1 +b2)"" Baji1(1—Bajsi(by —I—bz)_l))

2 (b1 +b)~"! 1= Bajsi(bi+b2)"" )

and for even indices
02 — <1 —sz(bl —I—bz)_l —l‘_lej(l —sz(bl —I—bz)_l))
J )

—t(b1 —l—bz)*l sz(bl +b2)71
5 <sz(b1+b2)_l l‘_lej(l—sz(bl—l-bz)_l))
P2 t(b1+by)™! 1—Byj(b1+by)""

Let v; (resp. w;) be the eigenvector of @; (resp. @;) corresponding to the eigen-
value 1. The vectors w; (resp. v;) form a basis for Ly (resp. Ly). We compute
directly these eigenvectors. For an odd index we have
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B>; 1—Byiri(by+by)7!
= (47) =)

Since t | b, + bj,+1 + bi, + bi,+1, for every two consecutive odd indices i; and i»
such that 7 { b;, +b; 11, [ = 1,2, when computing w»; and v,; we have to distinguish
between the following cases. Let g be the number of indices in the set [1, j] such
that 7 { byj_1 + by;. If g is even (resp. odd), then ¢ | By (resp. ¢ { By ;). Therefore, if
giseven, i.e., if By; is divisible by #, then

o tlej> o <1—sz(b1+b2)_1>

If g is odd, i.e., if By is not divisible by t (B2; = b + by +tz, for some z), then

me() e ()

Combinatorially, g is even (resp. odd) if and only if we are positioned at a peak
(resp. valley) 2 after (2j)th step. This follows from the fact that # { by;_| + by
means that we are moving either from a peak to a valley, or from a valley to a peak.
Since we started from a peak, if we are currently at a peak 2, then this means that
we had an even number of the moves that correspond to the sums by;_| + by; that
are not divisible by ¢.

Consider the eigenvectors vy = [1, —t(b; +b3) 7], wo = [0, 1] for @y and
its orthogonal complement. Then x;wg = w; and xow; = wp, so 1,2 € X. Also,
x1vo = tvy and xpv; = tvy, so 1,2 ¢ Y. We continue by moving to the right and
consider the four cases from the statement of the theorem.

Case 1: Assume that the current peak 2j belongs to X’. If the next peak 2j +
2 belongs to X', then t | byji1 + bajio. In this situation we are moving from a
peak to another peak by going down and then up. Here, ¢ | Byj and 1 | Byj».

-1 —1
Since wy; = (t 1BZj)’ Wojrl = (32{+1), and wyjyo = <t 1912”2), we have
X2j+1W2j = W2j+1 and X2j4+2W2jt1 = IW2j42. Thus, 2j+1 € X and 2j+2 §é X.
Analogously, X2j+1V2j = Z‘V2j+1 and X2j42V2j+1 = V2j+42. HCI’ICG, 2] +1 ¢ Y and
2j+2¢€Y.

Case 2: Assume that the current peak 2j is not in X’. If the next peak 2j + 2
belongs to X', then 7 { byjy1 + b2j1» and we are moving from a valley to a peak,

ie., t"/BZj’ t ’ B2j+2’ sz:< Z?J) , W2j+1:< 2{+1> s and W2j+2:< 12]+2> LIt

follows that X2j+1W2j = W21 and X2j+2W2j41 = IW2j42. Therefore, 2j+ 1 ¢ X
and 2j+2 ¢ X. Analogously, X2j41v2j = V241 and xpj40vajy1 = voj42. Thus,
2j+1e€Yand2j+2€Y.

Case 3: Assume that the current peak 2j belongs to X'. If the next peak 2j +2 is
notin X', then 71 b, j+1+b2j42 and we move from a peak to a valley. Here, 7 | Byj, t "
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—1p_. . .
Byjio, woj = <t IB 2 > Wiyl = (32{“) ,and woj o = (BZ;”) . It follows that

Xpjp1w2j =wojp1 and xpjow2j 11 =wajyo. Thus, 2j+1,2j+2 € X. Analogously,
X2j+1V2j = tvpj+1 and xpj2Vv2j41 = tvayo. Therefore, 2j+1,2j+2 ¢Y.

Case 4: Assume that the current peak 2 is not in X’. If the next peak 2 j +2 is not
in X', thent | by i+1+b2j 12 and we move from a valley to a valley. Here, 7 { B,j and
t{Byji2. In this case wyj = (Btzj> Wiyl = <BZ{H> ,and wyjio = <Bzi+2> .
It follows that xpj,1wa; = twpjy1 and xpjiowaji1 = wojyo. Hence, 2j+1 ¢ X
and 2j+2 € X. Analogously, xpj1v2j = v2jy1 and x22ov2j41 = tvpj42. Thus,
2j+1€Yand2j+2¢Y. O

Remark 3.2. Since X’ was arbitrary in the previous theorem, and it corresponds to
an arbitrary rim X and the module Ly that is, combinatorially, a possible summand
of M(1,J), it follows that we proved that the modules constructed in the previous
theorem are all possible decomposable modules with filtration 7 | J.

Example 3.2. Consider Figure (F) from Example 3.1 (see Figure 6). Here, X =

FIGURE 7. A pair of profiles for L{ 547} ® L3568}

{1,2,4,7}, X' ={0,6}, Y = {3,5,6,8}, and Y' = {2,4}. Define b;, i =1,...,8,
as follows. We start at the peak 0, and we travel to the right by going through
two points at each step. We first reach valley 2 by going down and down. Here,
t1 by + by because of the third condition from the previous theorem. Then we reach
valley 4 by going up and down. Here, t | by + by because of the fourth condition
from the previous theorem. Next, we reach peak 6 by going up and up. By the
second condition from the previous theorem, it must be t { bs + bg. Finally, we
come back to the starting peak 0 by going down and then up. As stated in the first
condition of the previous theorem, we have that t | by + bs. Therefore, if t 1 by + by,
t | b3+ bg, t{bs+be, and t | by + bs, then the module M(1,J) is isomorphic to
Lioa7 ©Liseg)- Note that we also have to make sure that Z?: 1bi =0. For
example, we can set by + b, = —(bs+bg) =1 and b3 + by = —(b7+ bg) =t.

Remark 3.3. It is not too difficult to generalize Theorem 3.2, by taking analogous
paths in the lattice diagram, to the general case when the layers of the profile I | J
are r-interlacing, r > 3, and the profile 7 | J has r squared boxes, with poset 1" | 2
(we refer the reader to [4] for details on the notion of a box, the poset of a profile,
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and a branching point of a profile). The path is analogous to the path in the tight
interlacing case, at each branching point (a point where the rims meet) we have
an option to either go up or down. This path uniquely determines the summands
Ly and Ly. For instance, in [4, Example 4.14], in order to construct decomposable

modules with the profile 2478 | 1356 we define x; = <(t) l;l) for i =2,4,7,8,

and x; = ((1) l;’) , for i = 1,3,5,6, and assume that Z?:lb,-—i-t(bg +b7)=0.1If

t | bg+by,t | by +bs,and t | b4+ bs, then M(l,]) =LDLy. Ifl+b2+b3,l | b4+ bs,
t {bg + by, then M(1,J) %L{2,3,5,6} ®L{1,4,7,8}' Ift | by+b3,t1by+bs, t{bg+ by,
then M([,J) = L{2747576} EBL{1737778}. If ¢ J( by + b3, tj(b4 + bs, t ’ bg + by, then
M(I,J) = Lz37.8) ® L{1456)
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