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GENERALIZED RELATIVE ORDER (o, ) ORIENTED GROWTH
ANALYSIS OF COMPOSITE ENTIRE FUNCTIONS

TANMAY BISWAS AND CHINMAY BISWAS

ABSTRACT. The main aim of this paper is to study some growth properties of
entire functions on the basis of their maximum modulus and generalized relative
order (o, B).

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

We denote by C the set of all finite complex numbers. Let f be an entire function

defined on C. The maximum modulus function M¢(r) of f = Y a,Z" on |z| =7
n=0
is defined as My = ﬂax| f(2)|. Moreover, if f is non-constant entire, then M(r)
zl=r

is also strictly an increasing and continuous function of r. Therefore its inverse
M;l : (M£(0),00) = (0,00) exists and is such that lim M;l(s) = co. We use the

§—r+-o0
standard notations and definitions from the theory of entire functions which are

available in [11] and [12], and therefore we do not explain those in details.

Let L be a class of continuous non-negative on (—eo, +-o0) functions o such that
o(x) = ouxg) > 0 for x < xp with a(x) T +eo as x — +oo and o((1+0(1))x) =
(1+0(1))ou(x) as x — +o0. We say that o € L°, if o€ L and ou(cx) = (1+0(1))au(x)
as xg < x — +oo for each ¢ € (0,+o0), i.e., o is a slowly increasing function. Clearly
L° C L. Moreover we assume that throughout the present paper o and B always
denote the functions belonging to L° unless otherwise specifically stated. The value

R AG)
P(ap)[f] = limsup Bllog) (aeL, Bel)

r—r-oo
is called [10] the generalized order (o, ) of f. Several authors made close investi-
gations on the properties of entire functions related to the generalized order (o, )
in some different direction.

For the purpose of further applications of the generalized order (o,f) of an
entire function, Biswas et al. [4] rewrite the definition of generalized order (c,[3)
of an entire function after giving a minor modification to the original definition of
the generalized order (o, ) of an entire function (e.g. see, [10]).
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Definition 1.1. [4] The generalized order (o.,B) and generalized lower order
(o, B) of an entire function f are defined as:

UM (r)) - OUM(r))
Plapf] = Timsup=g75== and ha,p)|f] = lim inf=575==.

Mainly the growth investigation of entire functions has usually been done through
their maximum moduli function in comparison with those of exponential functions.
But if one is paying attention to evaluate the growth rates of any entire function
with respect to a new entire function, the notions of relative growth indicators (see
e.g. [1,2]) will come. Now in order to make some progress in the study of relative
order, one may introduce the definitions of generalized relative order (o, 3) and
generalized relative lower order (o, ) of an entire function with respect to another
entire function in the following way:

Definition 1.2. [5] The generalized relative order (o) and generalized relative
lower order (o, B) of an entire function f with respect to an entire function g are
defined as:

(M (My(r))) (M, (My(r)))

Pap)fle = 1imsuPT and Mo, [f]¢ = liminf 50

r—+oo r—r+oo

The main aim of this paper is to establish some newly developed results related
to the growth rates of the composition of two entire functions on the basis of gen-
eralized relative order (o, ) and generalized relative lower order (o, 3) of entire
function with respect to another entire function which extend some earlier results
(see, e.g., [3]). If fact some works on generalized relative order (., 3) related to
the growth of entire Dirichlet series have been explored by Mulyava et al. (see,

e.g., [71, [8D.
2. LEMMAS
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [9] If f and g are any two entire functions with g(0) = 0. Then

M) (r) > Mg(%) for all sufficiently large values of r.

Lemma 2.2. [6] Let f and g be any two entire functions with g(0) = 0. Also let B

. _ (1-B)?
satisfy 0 < B < 1 and ¢(B) = 5.

My(c(B)Mg(Br)) < M) (r) < My(My(r)).

Then for all sufficiently large values of r,

In addition if B = % then for all sufficiently large values of r,

M) (r) = Mf(%Mg(%))-
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Lemma 2.3. [2] Suppose f is an entire function and A > 1, 0 < B < A. Then for
all sufficiently large r,
M¢(Ar) > BMy(r).
3. THEOREMS

In this section we present the main results of the paper.

Theorem 3.1. Let f, g and h be any three entire functions such that
(M, (My(r)))

limsup—————-—"- = A, a real number >0 3.1)
oo (B
and
(M, (M
liminf (M, ( /(1)) = B, a real number >0 3.2)

for any v, M satisfying 0 <y<1,M>0andy(+1) > 1. Then
Plop) LS (8)]n = o
Proof. From (3.1) we have for a sequence of values of r tending to infinity
(M, (M, (r))) = (A—e)(B(r))" (33)
and from (3.2) we obtain for all sufficiently large values of r that
(M (My(r))) = (B —e)(a(M; ' ()",

Since M,(r) is a continuous, increasing and unbounded function of r, we get from
above for all sufficiently large values of r that

(M, (Mp(M(r)))) > (B — &) (oM, (M, ()" (3.4)
Also M, !(r) is an increasing function of , so it follows from Lemma 2.2, Lemma
2.3, (3.3) and (3.4) for a sequence of values of r tending to infinity that

(M, (My(q) (18r)) = oMy, (M (My(r)))) 3.5

ie., oM, (M) (18r)) 2 (B — &) (oM (M (r)))™!
i.e., (M (Mo (181)) = (B—e)[(4 —&) (B(r)1"!
i.e., (M, (Mo (181))) = (B—e)(A—e)"! (B(r)¥™+)
Lo M (M (18))) (B e)(A &)™ (B(r) M+
oc(M,:l(E(fr(;(lSr)))_. . (B—8$(X)—8)”“([5("))“”“)
TP By e B

Since €(> 0) is arbitrary and y(n + 1) > 1 it follows from above that

P(op) [f(8)ln = oo,
which proves the theorem. O
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In the line of Theorem 3.1 one may state the following two theorems without
proof :

Theorem 3.2. Let f, g and h be any three entire functions such that

T U G))
TR0

LA G)
imsup — .
roes (0(My, - (r)))0*
for any v, M satisfying 0 <y<1,M >0, and ym+ 1) > 1. Then
P(ap)Lf(8)]n = tee.
Theorem 3.3. Let f, g and h be any three entire functions such that
—1
o 0, (M)
AT )
oM, (My(r))
P (oM ()
forany y,mwith0 <y<1,m>0andyn+1)> 1. Then
Map)lf(8)ln = +oo.
Theorem 3.4. Let f, g and h be any three entire functions such that
(M, (Mg(r)))

= A, a real number >0

and

= B, a real number > 0,

= A, a real number >0

and

= B, a real number > 0,

hrg iipw = A, a real number >0 (3.6)
and
oM, (My(r)))
log[= o7y |
limin - = B, a real number >0 (3.7)
rote oM, ()"

for any v, n satisfying y> 1,0 <n < 1andny> 1. Then
P(oup) [f(8)]n = +ee.
Proof. From (3.6) for a sequence of values of r tending to infinity we get that
(M, (My(r))) = (A—e)(B(r)) (3.8)
and from (3.7) we obtain for all sufficiently large values of r that
g XM (M)
(M, (r))
(M, (My(r))
a(M; ' (r))

] = (B-g)amy ()"

v

ie. exp[(B—¢) [a(M;l(r))]n].
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Since M, (r) is a continuous, increasing and unbounded function of r, we get from
above for all sufficiently large values of r that

oMy, (M (M, (1))
(M, (My(r)))

Also M, ' (r) is an increasing function of , so it follows from (3.5), (3.8) and (3.9)
for a sequence of values of r tending to infinity that

(M, (M) (181))) S (M, (My(M,(r))))

> exp|(B—¢€)[oM,, " (M,(r)))]"]. (3.9)

B(r) - B(r)
i au(M;, ' (M (187))) L oMy, (M4 (My(r))) oM, ' (M (1))
o B(r) T oMy (My(n)) B(r)
oM M (180) (A9
ie., B(r) > exp|(B —&)[ou(M), " (M (r)))]"] B
oM My (8) e (A (B
ie., B(r) > exp[(B—¢)(A—€)"(B(r))"] B(r)
e S Ol US)) i ) — ey ) - A= B
o B(r) - B(r)
i (M, (M) (187))) expB(r (B-e)(a—en ()™t (A—€)(B(r)
.e., B(r) > (expB(r)) B(r)
i.e., limsu a(M;l(Mf(g)(ISr)))
R B
cninf ((exo B(, 1) B-0A-en@mmt (A—E)(B)!
> timint(expB(r) S )
Since €(> 0) is arbitrary and y > 1,y > 1, the theorem follows from the above.

O

In the line of Theorem 3.4 one may also state the following two theorems with-
out proof :

Theorem 3.5. Let f, g and h be any three entire functions such that

o 01())
(B
[(X(lel(Mf(r)))]

and  limsup q(f/l[” )
rteo  [OU(M), ()0

= A, a real number >0

log
= B, a real number >0
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Joranyy,nwithy>1,0<n<1landny> 1. Then
P(op) [f(8)ln = +ee.

Theorem 3.6. Let f, g and h be any three entire functions such that

= A, a real number >0

and  liminf —
revbe oM, ()

for any v, n satisfying y> 1, 0 <n < 1 andny> 1. Then
Map)lf()ln = +eo.

Theorem 3.7. Let f, g and h be any three entire functions such that 0 < g ) [g]n <
P(ap)l8ln < +ooand

= B, a real number >0

sy M2 01, 1))

" = A, a real number < +-oo.
rtee O(My (1))

Then
Mo f (@ < Ahap)lgln < Prap) [f(&)]n < AP(ap)l8-

Proof. Since M, Y(r) is an increasing function of r, it follows from Lemma 2.2 for
all sufficiently large values of r that

My, (M) () < My, (M (M (r))). (3.10)
Now from (3.5) we get for all sufficiently large values of r that

(M, (M (18)) (M (M (M (1))
B(r) - B(r)
o M My (180) (b, (M (01,(r)))) (0, (My(r)))
B(r) = oM, (M(r) B()
ie lirnsup(x(M; (M) (187)))
QR B(r) y |
> limsupa(Mh (M (Mg(r)))) .1iminfw
rote (M, (Mg(r))) ot B(r)
i.e., Pap)lf(@)ln > A-Aop)leln- (3.11)

Similarly from (3.10) it follows for all sufficiently large values of r that

(M, (M) () _ (M, (M (M (1)) oMy, (M(r))
B(r) T oM, (Me(n) B(r)

(3.12)
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My, (M) (r)))

ie., l}g}rrolof B0r)
< limsupa(Mhil(Mf(Mg(r)))) Jiminf (M;I(Mg(”)))
SR e M) e BO)
i.e., Mag)lf(8)ln <AXp)lgh (3.13)

Also from (3.12) we obtain for all sufficiently large values of r that

oM, M) _ oM, M)l (M(r)

lim sup -lim sup

rsoo B(r) Tt (M, (M(r)) e B(r)
i.e., Pap)lf(&)n <AP@p)lsl (3.14)
Therefore the theorem follows from (3.11), (3.13) and (3.14) . O

Theorem 3.8. Let f, g and h be any three entire functions such that 0 < A p)[g]n <
P(ap)lgln < +ooand

oM, (My(r)))
e (M, (r)
Mop)lf(8)]n < Ap(ap)lgln < P(ap)[f(8)]n:

The proof of Theorem 3.8 is omitted because it can be carried out in the line of
Theorem 3.7.

= A, a real number < +os.

Then

Theorem 3.9. Let f, g and h be any three entire functions with g(0) = 0. Then
(1) Pap)f(&)ln =+ if prap)lgln =+ or
(i1) Pap)[f(8)]n = +eoif pap)[fln > 0 and Ap)lg] >0

where exp(@(B~1(r))) < r.

Proof. Case L. Let p(qp) [8]n = oo
Since Mh_l(r) is an increasing function of r, it follows from Lemma 2.1, for all
sufficiently large values of r that

M) (r) > Mg(g) for all sufficiently large values of r.

oM, (Mg (2r))) o oM, (M(r))

B(r) - B(r)
i.e., limsu (x(Mh_l(Mf(g)(2r))) imsu w
o Im gy 2 g

i.e., P(op)f(&)ln = Pap)lsln
i.e., P(op)[f(g)lh = +ee.
This proves the first part of the theorem.
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Case IL. Suppose pq.p)[f]n > 0 and Ay p)[g] > 0.

As Mh_1 (r) is an increasing function of r, we get from Lemma 2.2, for a sequence
of values of r tending to infinity that

R
—~
S
—_ =
~ o~~~
X X
pnd
=
—
o0
=

= =
o0 0
= =
T/~ A/~
—_
[o <BNe ]
SN
— —

ie., o

S

2
3
S

£()(187)
B(r)

i.e., Pap)lf(@)ln = +oo,

which is the second part of the theorem.

ie.,

Corollary 3.1. Ler f, g and h be any three entire functions such that g(0) = 0,
Po.p) 8] > 0 and Ao p)[f]n > 0 where exp(Q(B~1(r))) < r. Then
P(op) LS (8)]n = oo
The proof of Corollary 3.1 is omitted as it can be carried out in the line of

Theorem 3.9.
In the line of Theorem 3.9 one can easily prove the following theorem :

Theorem 3.10. Let f, g and h be any three entire functions with g(0) = 0. Then

(l) 7\’((1,[3) [f(g)]h = 400 lf}\.(a’B) [g]h = 4o or
(i1) Moy LF(&)]n = o0 if Moo [f 11 > 0 and Agp) ] > O

where exp(@(B~!(r))) < r.
Theorem 3.11. Let f,g and h be any three entire functions such that g(0) =
0, po,p)Lf]n > 0 and Ay p)[g] > 0 where exp(Q(B~1(r))) < r. Then
a(M, (M
limsup ( h_(l 1)) -
rotes M, (My(r)))
Proof. In view of Theorem 3.9, we obtain that
a(M, (M a(M, (M
g2 M) G M ()
roteo O(My (Mp(r))) T rore B(r) roke oMy, (Mg (r)))

o )
e P, (1)
)
)

oMY (M o (r

i.e.,limsup ( h,g 1) (r)

rove OUM, T (M (r))

Thus the theorem follows. .
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Theorem 3.12. Let f, g and h be any three entire functions such that g(0) =
0, Xop)[f]n > 0 and Ao p)g] > 0 where exp(Q(B~'(r))) < r. Then

timeup XM Mri9 () _
rotee (M, (My(r)))

The Proof of Theorem 3.12 is omitted as it can be carried out in the line of
Theorem 3.11 and in view of Theorem 3.10.
Two entire functions f and g are said to be asymptotically equivalent if there

My (r)

M,(r) 7 AaST > +oo and in this case we write f ~ g.
8

If f ~ g, then clearly g ~ f. Our next theorem deals with the asymptotic behaviour
of two entire functions.

Theorem 3.13. Let f and g be any two entire functions such that 0 < A OCB )1flg <
P(ap)lflg < too. If g ~ h, then pag)[f1n = P(ap)lf]e and Map)[f1n = Map)lfle-

Proof. Let € > 0. Since g ~ h , then for any a (0 < a < ) it follows for all
sufficiently large positive numbers of r that

M,(r) < (a+e)My(r).
Now for b > max{l, (a+¢€)}, we get by Lemma 2.2 and the above that for all
sufficiently large positive values of r
Mh_l(r) < ng_l(r).
Therefore we obtain that

M_l M (r bel M(r
Pl /1 = limsupw < timsup ™ gB((r) 1)

r—r4-oo r—r-o0

Now we get from the above that p¢ ) [f]n < P(o.p)[f]g- The reverse inequality

is clear because /1 ~ g and 50 p ) [f] = P(a,p)Lfn-
In a similar manner, Aq.g) [f]n = Ao p) [f]g-
This proves the theorem.

Theorem 3.14. Let f and g be any two entire functions such that 0 < A p)[f], <
p(%B) [f]g < oo, Iff ~ h, then p(%B) [h]g = p(%B) [f]g and l(%B) [h]g = 7\,((17[3) [f]g
Proof. Since f ~ h, then for any € > 0 we obtain that

My(r) < (a+€)My(r),
where 0 < a < oo.

Therefore for » > max{1, (a+¢€)} and in view of Lemma 2.2, we get from above
for all sufficiently large positive numbers of r that

Mf(r) < Mh(br).
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Now we obtain from the above that

. M M) M (M(e)
i.e., P(ap)lflg = limsup B0 <l p B

r—r—+oo r—>—+eo

Now we get from the above that p(qp)[f]g < P(ap) (/s Further f ~h=h~ f,
so we also obtain that p(qp)[i]g < P(op)[f]; and therefore p(g p)lhlg = Pop) [f]s-

In a similar manner, A p) (1], = Ao.p)[f]g-

This proves the theorem. O

Theorem 3.15. Let f and g be any two entire functions such that 0 < g p)[g]r <
Popylgly < oo Also let k and h be any two entire functions such that g ~ h

and f ~ k. Then p(p)lglyr = Pap) Pl = Pap)lhly = Pap)[glk and Mo p)lelr =
Mg (Blk = Maypylhlr = Map)[glk-

Theorem 3.15 follows from Theorem 3.13 and Theorem 3.14.

Now we state the following four theorems which can easily be carried out from
the definitions of the generalized relative order (a., ) and the generalized relative
lower order (o, 3) of an entire function with respect to another entire function and
with the help of Theorem 3.13, Theorem 3.14 and Theorem 3.15, and therefore
their proofs are omitted.

Theorem 3.16. Let f, g and h be any three entire functions such that g ~ h, 0 <
Map) [flg < Pap)flg < +ooand 0 < A p)[fln < Pap)[fln < +oo. Then

a(M; (M aM; (M
g D) a0 b))

rote oM, (My(r))) rovtee O(M, " (My(r)))
Theorem 3.17. Let f, g and h be any three entire functions such that f ~ h, 0 <
Mop)[f]g < Pap)lfly < +ooand 0 <Aqp)lhly < Piap)lhly < +eo. Then
(M (Mg(r (M (Mg(r
g S ON o 015(1)

ot oMy (Mi(r))) rovtes (Mg (Mp(r)))
Theorem 3.18. Let f, g, h and k be any four entire functions such that f ~ h and
g~k.Also let 0 < 7\,((17[3) [f]g < P(ap) [f]g < 4ooand 0 < 7\,((17[3) [h]k < P(ap) [h]k <
+o0. Then

a(M; (M a(M; (M
timint & Me (M7 (1)) fil( ) o lirnsup—( fil( )

rote (M (Mi(r))) rovtee (M (Mi(r)))
Theorem 3.19. Let f, g, h and k be any four entire functions such that f ~ h and
g~k.Also let 0 < 7»((17[3) (Mg < Prap)lhly < +ooand 0 < 7»((17[3) e < P(op) [flk <
+o0. Then

I}r_r}igfw <1<lim supw‘
oM (My(r))) e (M, (M(r)))

oq
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