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ABSTRACT. Let (Ay)nez be a sequence of bounded linear operators acting on
an arbitrary Banach space X and admitting an exponential dichotomy. Further-
more, let f,,: X — X, m € Z be a sequence of Lipschitz maps. Provided that the
Lipschitz constants of f;, are uniformly small, we show that a nonlinear differ-

ence equation
Xm+1 = AmXm + fn(Xm), meZ,

exhibits various types of the weighted Hyers-Ulam stability property.

1. INTRODUCTION

Let X = (X, || - ||) be an arbitrary Banach space, (A, ),cz a sequence of bounded
linear operators on X and (f,)ncz a sequence of Lipschitz maps f,: X — X, n €
Z. We consider the corresponding nonlinear nonautonomous difference equation
given by

Xn+1 = AnXy +fn(xn)7 nez, (L.1)
as well as the associated linear equation
Xpel =ApXn, neZz. (1.2)

We recall that (1.1) is said to be Hyers-Ulam stable if there exists L > 0 with the
property that for each 8 > 0 and a sequence (y,),ez C X such that
SupHyn_Anflynfl_fnfl(ynfl)H SS, (13)

nez

there exists a solution (x,),ez of (1.1) such that
sup ||x, — ya|| < LS. (1.4)
nez
Hence, if (1.1) is Hyers-Ulam stable, in a vicinity of each approximate solution
of (1.1) we can construct its exact solution.
We emphasize that it follows from [2, Theorem 3] that (1.1) is Hyers-Ulam
stable provided that the following conditions hold:
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e (1.2) admits an exponential dichotomy;
e the Lipschitz constants of f;, are uniformly small.

This result unified and extended several previously available results dealing with
Hyers-Ulam stability of (1.2) in the case when (A,),cz is either a constant or a
periodic sequence (see [5-8,22] and references therein). Moreover, the arguments
and results developed in [2] inspired several other relevant contributions to the
shadowing theory for nonautonomous difference and differential equations (see [1,
3,4,11-14]).

In addition, in [2] the authors dealt with a more general concept of the Hyers-
Ulam stability, in which the size of an approximate solution as well as its deviation
from an exact solution are not necessarily measured with respect to the /”-norm
(as in (1.3) and (1.4)). Indeed, these quantities can be measured with respect to a
wide collection of norms on sequence spaces.

In the present paper we study the weighted Hyers-Ulam stability of (1.1). This
concept is motivated by the related notions of weighted shadowing property intro-
duced in the context of smooth dynamical systems [10,21]. The principal mo-
tivation for considering such notions are situations when the expression ||y, —
An—1Yn—1— fa—1(yn—1)]] in (1.3) cannot be well-controlled for every n € Z, or when
it exhibits certain asymptotic behaviour when |n| — eo.

Our main result (see Theorem 3.1) implies that (1.1) has the weighted Hyers-
Ulam stability property if the following conditions hold:

e (1.2) admits an exponential dichotomy;

o the Lipschitz constants of f,, are uniformly small;

o the sequence of weights exhibits the subexponential growth property (see
Proposition 2.2).

We note that our arguments follow closely the approach developed in [2], by com-
bining it with techniques from [10].

2. PRELIMINARIES

2.1. Banach sequence spaces

Let S denote the set of all sequences s = (s,,),ez of real numbers. We say that a
linear subspace B C .S is a normed sequence space if there exists anorm ||-||g: B —
R on B such that if ' € B and |s,| < |s},| for n € I, then s € B and ||s||z < ||s'[5.
If in addition (B, ||-||g) is complete, we say that B is a Banach sequence space.

Let B be a Banach sequence space. We say that B is admissible if:

L. Xy € Band |[X(n [|p > 0 for n € Z, where x4 denotes the characteristic function
of the set A C Z;

2. for each s = (s,)uez € B and m € Z, the sequence 8" = (s)'),cz defined by
S = Sp1m belongs to B and ||s”||p = ||s||p for s € Band m € Z.
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Example 2.1. The set [ = {s € S : sup,,c;|sn| < +oo} is a Banach sequence space
when equipped with the norm ||s|| = sup,,cz|sn/-

Example 2.2. For each p € [1,00), the set [P = {s € S :Y,czl|sn|P? < +oo} is a
Banach sequence space when equipped with the norm ||s|| = (L,ez|sn|?)"/?.

Example 2.3 (Orlicz sequence spaces). Let ¢: (0,4oc0) — (0, 40| be a nonde-
creasing nonconstant left-continuous function. We set W(t) = [30(s)ds for t > 0.
Moreover, for each s € S, let My(S) = ¥ ,czW(|sn|). Then

B={s €S :My(cs) < +oo for some c >0}
is a Banach sequence space when equipped with the norm
|s|| = inf{c >0:My(s/c) < 1}.

Some important properties of admissible Banach sequence spaces are given in
the following result (see [10, Proposition 1]).

Proposition 2.1. Let B be an admissible Banach sequence space.
1. Ifs' = (s)) ez and s* = (52),cz are sequences in S and s\ = s2 for all but finitely

many n € Z, then s' € B if and only if s> € B.
2. Ifs" — s in Bwhen n — oo, then s\, — s,, when n — oo, for m € Z.
3. Foreachs € Band \ € (0,1), the sequences s' and s* defined by

s,lZ = Z e My, . and s% = Z e_k’"s,,er
m>0 m>1
are in B, and
e_k

Isls and 5|5 < [ lslls- 2.1

1
S <
Is'lls < 7=

Remark 2.1. For more information on admissible Banach sequence spaces (and

their continuous time counterparts) and their role in the qualitative theory of nonau-
tonomous systems, we refer to [16-20] and references therein.

2.2. Weights

We now introduce a class of weights introduced in [10].
More precisely, throughout this paper w = (wy )x>0 Wwill be a sequence of real
numbers such that there exists r > 0 so that

wr >t forevery k >0, 2.2)
and with the property that for every A > 0, there exist ', L > 0 such that:

e Mm=n) n < Le Mm=n)  for everym>n >0, (2.3)
W’Tl
and -
e Mn—m) 71 Le Mn=m)  for every n >m > 0. (2.4)

Wm
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It turns out that (2.3) and (2.4) can be stated in a more transparent manner
(see [10, Proposition 2]).
Proposition 2.2. The following statements are equivalent:

1. for every A > 0, there exist A ,L > 0 such that (2.3) and (2.4) hold;
2. for every € > 0 there exists C > 0 such that

Dn < cetlml n > 0. (2.5)
Wm

The following result established in [10, Proposition 3] gives a large class of
examples of sequences W = (wy x>0 satisfying the above properties.

Proposition 2.3. Assume that p is a polynomial with a positive leading coefficient
such that p(k) > 0 for k > 0. Given w > 0, we define
wr =p(k)", k>0.
Then, the sequence w = (wy >0 satisfies properties (2.2), (2.3) and (2.4).
2.3. Sequence spaces induced by weights

We now introduce a class of sequence spaces that will play a central role in our
paper.

Let X = (X, ||-||) be an arbitrary Banach space, B an admissible Banach sequence
space and w = (wy x>0 a sequence of weights satisfying (2.2), (2.3) and (2.4). Set

Yxpw= {(xk)kez C X (wiyllxlrez € B}-

The following result can be established by arguing as in the proof of [10, Propo-
sition 4].

Proposition 2.4. Yx p v is a Banach space with respect to the norm
[1xllx.8.w = [ (Wi 1k ] kez |-
2.4. Exponential dichotomy

Finally, we recall the notion of an exponential dichotomy (see [9, 15]). We con-
tinue to denote by X = (X, || - ||) an arbitrary Banach space. By B(X) we will denote
the space of all bounded linear operators on X, equipped with the operator norm
that we will also denote by || - ||. Moreover, Id will denote the identity operator on
X.

We say that a sequence (A,),cz C B(X) admits an exponential dichotomy if
there exist a sequence of projections P,, n € Z on X and constants C,A > 0 such
that:

e forneZ,
Pn+1An :AnPna

and Ap|kerp,: KerP, — Ker P, is invertible;



WEIGHTED HYERS-ULAM STABILITY 101

e form > n,

1A(m.n)Py || < CeMm), (2.6)
where
Alm,n) = {Am_1 <A, m>nm
Id m=n;
e form <n,
14 (m,n)(1d — P,)|| < Ce M=), 2.7)

where
-1
A(m,n) = (ﬂ(n,m)|Kerpm> : KerP, — KerP,,.

Example 2.4. Let A € B(X) be a hyperbolic linear operator, i.e. the spectrum of A
is disjoint from the unit circle S' C C. Let ¢ > 0 and assume that (A,)nez, C B(X)
is a sequence such that

sup [|A — A, <ec.
nes

Provided that c is sufficiently small, it follows from [15, Theorem 7.6.7.] that the
sequence (Ap)nez admits an exponential dichotomy.

3. MAIN RESULT

Let X = (X,||-||) be an arbitrary Banach space, B an admissible Banach se-
quence space and w = (wy)x>0 a sequence of weights satisfying properties (2.2),
(2.3) and (2.4).

Moreover, let (A,),cz C B(X) be an arbitrary sequence. We consider the asso-
ciated linear difference equation given by

Xpel =ApXn, neZz. 3.1)

Given a sequence (f,)qez of maps f,: X — X, we can consider the nonlinear dif-
ference equation given by

Xnt1 =Apxn+ fulxn), neZ. (3.2)
We now introduce the notion of a (8, B, w)-pseudotrajectory for (3.2).

Definition 3.1. Let 8 > 0. We say that a sequence (yy)nez C X is an (8,B,w)-
pseudotrajectory for (3.2) if the sequence (yn+1 — Anyn — fn(Vn))nez belongs to
YX7B7W and

|0 — An=1Yn=1 — foe1 Vn—=1))nez|lx 8w < 0. (3.3)
Remark 3.1. In the particular case when w = (wy )> is a constant sequence wy =

1, the notion of an (3, B, w)-pseudotrajectory reduces to the notion of an (8, B)-
pseudotrajectory, which was introduced and studied in [2].
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In the sequel, we will use the following simple result established in [10, Lemma
4.5].

Lemma 3.1. For every A > 0 there exists X' ,L > 0 such that for every n,m € Z:

w ’

1. 677”(’"*”)ﬂ <Le ™t (m*”), form > n;
Wiim|
w ’

2. ¢~ Mn=m) Zlnl <Le MM form <n.
Wiim|

We are now in the position to formulate and establish the main result of our
paper.

Theorem 3.1. Assume that a sequence (Ay)nez C B(X) admits an exponential
dichotomy. Furthemore, suppose that there exists ¢ > 0 such that

Ifn(x) = )| <cllx—yll, forx,y€ X andn < Z. (3.4)

Then, provided that c is sufficiently small, there exists L > 0 with the following
property: for each & > 0 and an (8, B,w)-pseudotrajectory (y,)nez C X for (3.2),
there exists a solution (x,)nez C X of (3.2) such that

| (X0 = Yn)nezllx Bw < LS. (3.5)
Proof. Take 8 > 0 and a (8, B, w)-pseudotrajectory (y,)ncz C X for (3.2). Set

A(m,n)P, m > n;

G (m.m) = {—le(m,n)(ld—Pn) m<n.

For a sequence z = (2,)nez € Yx Bw. St

(Tz)n =Y, G0, k) (Ar—1ye1+ fi1 k-1 +2-1) —yx), neZ.
keZ

By (2.6) and (2.7), we have that

T < Y A0 A1yt + fer () — i)

k=—c0
+ Y 1A k) P(Ar- 11+ fi1 (k1) — yi) |
k=n+1
n
<c) e MR A g A fro k1) — vl
k=—o0

+C ), e M ALyt A+ o k1) — il
k=n+1
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and thus

wi[(T0),| <C Y, e b |n:W|k|”Ak k=1 + fie1 (V1) — Vi

k=—o0
+C Z e Mi HW|k|HAk k=1 + fie1 k1) — vl
k=n+1

By invoking Lemma 3.1, we conclude that

Wi [[(70),]] <’ Z e Mk W|k|”Ak—lyk—l+fk—1()’k—1)_)’k”

k=—c0
+C' ) e”"(k’")wwHAk—1yk—1+fk—1(y/c—1)—)’kH
k=n-+1

=C'Y e w1 A jo1ynjo1F faejer Gnejm1) = Yn—jl|
=0

+ Cl Ze_l jW|n+j\ HAn-&-j—lyn-i-j—l +fn+j—1 (yn-l-j—l ) _))n-&-j”7 (36)
j=1
for some constants C’,X > 0 that depend only on C,A. We define sequences (s, )nez
and (s!)),cz, i = 1,2 of nonnegative numbers by

Sn = Win| ”An—lyn—l +fn—1(yn—1) _yn”7

oo oo

Z ]sn j and s Z anﬂ

Then, (3.6) implies that

w00 < C'(sh+52). ne. (3.7)
On the other hand, (3.3) together with Proposition 2.1 gives that
1 2 e
[(s)nezlls < w0 and |[(si)nezlls < =8 (3.8)
By combining (3.7) and (3.8), we have that
1 70]x,8w < M3, (3.9)
where
1 -\
M=C-—1¢_ <9
1—e N

Moreover, for Z = (z,)ncz € Yx pw We have (using (3.4)) that

NAk—1Yk—1+ fie1 =1+ 2e=1) = Vil < NAk—1k—1 + free1 Ok—1) = yiel| +¢llze-1 1],
for k € Z. Hence,
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Wik [[Ak—19%—1 + fim1 (k-1 +2k-1) — Vx|
SwiglAr—1ye—1 + fie1 e—1) = Yl + ewpg [lze—1 ||
< Wi lAk=1k=1 + fim1 k1) = Yl + Dwi—y | za—1 ] (3.10)
for k € 7, where (see (2.5))
Wik|
D :=sup——
kez Wik—1|
In addition, using (2.6), (2.7) and Lemma 3.1, we have that

< oo,

n
Willl(T2)a| < C Y e v Ak 1yt + fiot 1 +2k-1) — Ve

k=—oc0
+C Y ey A e+ fiot Gret +zie) =l BiLD)
k=n+1
for n € 7Z. By combining (3.10) together with (3.11), and using the same arguments
that enabled us to establish (3.9), we find that

1+e ¥ l+e ¥
T2l < € 8+ CDT gl < o=

In particular, 7 : Yx pw — Yx p,w is a well-defined map.
Now take z' = (z},)nez € Yx pw» i = 1,2. We have that

(T2") = (T2°)n =Y, G k) (fric1 k1 + 24 1) — fi1 k-1 +25_1)), nE Z.
keZ

Furthermore, (3.4) implies that
(| fe—1 (k-1 +Z/i_1) = fi—1 (k-1 +Zi_1)|| < CHZ}(—I —ZI%—1H7 kel

By proceeding as above, we conclude that

172" — T2*||x pw < qllz' — 2°|x 5w, (3.12)
where y
14+e™
:=cDC’ -
9 1—e N

Provided that c is sufficiently small, we have that ¢ < 1 and thus 7 is a contraction
on Yy pw. Let
M
L:=—>0,
l—gq
and set
D= {Z € YX7B7W : HZHX7B7W < LS}
Take z € D. By (3.9) and (3.12), we have that

| Tz||x sw < || T2—TO0||x pw+|70]x 5w < gLS+MS= LS.

We conclude that 7 (D) C D, and thus 7 has a unique fixed point z = (z,)nez € D.
Hence,
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Znt1 — AnZy

= Y A(n+ L,k)P(Ac—1yi—1 + fie1 (k=1 +2=1) — Y)
k<n+1

— Y A+ 1,)(1d = Po)(Ae—1yk—1 + fio 1 k-1 +2x-1) — %)
k>n+2

=Y A(n+1,k)Pe(Ar—1yi—1 + fie1 (=1 +26—1) — &)

k<n

+ Y A+ 1,k)(1d = P)(Ae-1yk-1 + fim1 (k-1 +2k-1) — i)
k>n+1

= n+1(Anyn +fn(yn +Zn) _ynJrl)
+ (Id_PnJrl)(Anyn +fn(yn +Zn) _ynJrl)
=A,y, +fn(yn +Zn) — Yn+1,

for n € Z. Consequently, setting x, = y, + 2,, n € Z, we conclude that (x,),ecz is
a solution of (3.2). Moreover, since z € D, we have that (3.5) holds. The proof of
the theorem is completed. O

Remark 3.2. In the particular case when w = (wy)x>0 is the constant sequence
wi = 1, Theorem 3.1 follows from [2, Theorem 3].

Corollary 3.1. Assume that a sequence (A,)ncz, C B(X) admits an exponential
dichotomy. Then, there exists L > 0 with the following property: for each & > 0
and an (8,B,w)-pseudotrajectory (y,)ncz C X for (3.1), there exists a solution
(Xn)nez C X of (3.1) such that (3.5) holds.

Proof. The desired conclusion follows directly from Theorem 3.1 applied to the
case when f, =0,n € Z. (]
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