SARAJEVO JOURNAL OF MATHEMATICS DOI: 10.5644/SJM.18.01.10
Vol.18 (31), No.1 (2022), 161 -175

GLOBAL DYNAMICAL PROPERTIES OF A SYSTEM OF
QUADRATIC-RATIONAL DIFFERENCE EQUATIONS WITH
ARBITRARY DELAY
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Dedicated to Professor Mustafa Kulenovi¢ on the occasion of his 70th birthday

ABSTRACT. In this paper, we investigate the global dynamics of the following
system of quadratic-higher order difference equations:

X
Supt =A+B3" yuyt = A+ B
n—m xnfm

where A and B are positive numbers and the initial values are positive numbers.
We first examine the existence of bounded solutions of the system. Additionally,
we study the stability analysis of the of solutions of the system. We also analyze
the rate of convergence and oscillation behavior of the solutions of the system.

1. INTRODUCTION

Over the last 20 years, the analysis of the behavior of the solutions of the system
of difference equations has attracted the attention of many researchers. This in-
terest is especially related to applications of difference equations or their systems.
Applications of difference equations (or systems) are widely used in many sciences
such as biology, ecology and economics etc. On the other hand, many mathemati-
cians have studied the different behaviors of solutions of difference equations and
systems. These are in particular boundedness, periodicity, stability, and oscillation
of solutions of difference equations or systems. There are many examples in the
literature investigating the behavior of solutions of difference equations, see [1]-
[16]. Additionally, there are many papers related to our study as follows:

In [12], Abualrub and Alogeili discussed the global behavior of positive solu-
tions of the system of difference equations

y X,
xn+1:A+—n7yn+1:A—|— E )
Yn—k Xn—k

where A > 0 and the initial values are arbitrary positive numbers. Additionally, the
author handled the oscillatory behavior of the solutions of considered system.
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In [14], Kulenovi¢ and M. Nurkanovi¢ handled the global asymptotic behavior
of solutions of the system of difference equations

a-+x, _d+yn
b+yn7Yn+1 €+Xn7

Xntl =

where the parameters a, b, d, and e are positive numbers and the initial conditions
xo and yg are arbitrary nonnegative numbers.

In [15] Kulenovié, M. Nurkanovi¢ and Yakubu studied the global asymptotic be-
havior of solutions of the density-dependent discrete-time S/ epidemic model with
the variables S, and I, representing the populations of susceptibles and infectives
attime n =0, 1,..., respectively. This model is

Sur1 =ae PnS, + B 1.y =a(l—e BM)S, + b,

where 0 <a,b<1,B3,B> 0,5y >0and I > 0.
In [13], Bao investigated the local stability and oscillation of positive solutions
of the system of difference equations

P 1 N 1
n— n—
Xn+1 :A+y—gayn+l :A+7n7

where A > 0, p > 1 and the initial values are positive numbers.
In [6], HadZiabdi¢, Kulenovi¢ and Pilav dealt with the global dynamics of the
system of difference equations

2 2

P bix, Vit = ar+cayy
1— & 75 +1 = 5

n+ A1+y£’ n )C% )

where the parameters by,a;,A|,c, are positive numbers and the initial conditions
Xp 1is a positive number, and y is an arbitrary non-negative number.

In [16], Burgi¢, Kulenovi¢ and M. Nurkanovi¢ dealth with the global stability
properties and asymptotic behavior of solutions of the system of difference equa-

tions

X X y Y
n+l = 5 Vn+l — 77 5
a+y%

b+x2’

where the parameters a and b are positive numbers, and the initial conditions x
and yg are arbitrary nonnegative numbers.

In [3], BeSo, Kalabusi¢, Muji¢, and Pilav considered the global asymptotic sta-

bility of solutions of following second order difference equation
Xn
2 Y

-1

Xn+1 = 'Y+8

X

where v, d are positive real numbers and the initial conditions x_; and x( are positive
real numbers.
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In [10], Tagdemir studied the periodicity, boundedness, semi-cycles, global asy-
mptotically stability and rate of convergence of solutions of the following higher
order difference equation

Xn
xﬁ—ﬂ‘l ’
where A and B are positive numbers and the initial values are positive numbers.
In [11], Tasdemir dealt with the dynamical behaviors of solutions of the follow-

ing system of second order difference equations with quadratic terms

Xn+1 =A+B

X
Xo1 = A+ By, = A+ B,
ynfl Xn71

where A and B are positive numbers and the initial values are positive numbers.
The author handled the boundedness, oscillation, stability, periodicity, and rate of
convergence of the solutions of the system considered.

With the above studies in mind, we consider the following system of higher
order difference equations with quadratic terms

X
St = A+ B3 ypi1 =A+ B (L1)
n—m xn—m

where the parameters A, B are positive numbers, and the initial conditions are pos-
itive numbers and m € {2,3,--- }. Particularly, we handle the boundedness, global
asymptotic stability, semicycles and rate of convergence of solutions of system
(1.1).

Here, we do not prefer to present detailed preliminaries as our references in-
clude many detailed information about the theory of difference equations and their
systems. Readers can reach these results from references (Please see [1,5, 7, 8]).
We now give two theorems that play an important role for our results.

Let us consider the following system of difference equations:

Ey1=(A+B(n)E,, (1.2)

where E,, is a k—dimensional vector, A € C**¥ is a constant matrix, and B : Zt —
C**k is a matrix function satisfying

|B(n)|| — 0, (1.3)

as n — oo, where ||| denotes any matrix norm that is associated with the vector

norm
1) = V> +y2.

Theorem 1.1 (Perron’s Theorem, [9]). Assume that condition (1.3) holds. If E,, is
a solution of (1.2), then either E,, = 0 for all n — oo, or

lim /|| E, |,
n—yoo
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or

E
hm ” n+1 ”

nee || Enl|
exists and is equal to the modulus of one of the eigenvalues of matrix A.

Theorem 1.2 ( [4]). Let n € Nn"’0 and g (n,u,v) be a nondecreasing function in u
and v for any fixed n. Suppose that for n > ny, the inequalities

Yur1 < & (1 Y0, Y1)
Unt1 > & (Nt Up—1)
hold. Then
Yng—1 < Ung—1,Yng < Ung
implies that
Yn < Up, 102 Ro.

2. BOUNDEDNESS OF SYSTEM (2.1)

In this section, we handle the existence of bounded solutions of system (1.1).
Thus, we find that if p € (0,1) holds, then system (2.1) has an invariant interval.
We also discover that if p > 1 and m is even, then every solution of system (2.1) is
bounded from below and above.

First, we consider the following substitutions for system (1.1):

In= E,Zn = )l
A A

Therefore, we have the following system of higher order difference equations,
which is easier to work with:

tn+l:1+p22—nyzn+l:1+p;—n7n:071727"' (2.1

n—m tn—m
where p = % > 0. From here, we handle the system (2.1).
The system (2.1) has a unique positive equilibrium point such that

(t_Z)—<1+ I+4p 1+ 1+4p>
) - 2 ) 2 Y

where p > 0.
Here, we determine the boundedness character of the solutions of system (2.1).
Firstly, let p > 0 and {(#,,2,)},__,, be a positive solution of system (2.1). It is
easy to see that
th>1, (2.2)
and
> 1, (2.3)
forn > 1.
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Theorem 2.1. Let p € (0,1). Then, every solution of system (2.1) is bounded from
below and above.

Proof. Let p € (0,1) and {(t,,z,)},__,, be a positive solution of system (2.1).

n—=—m

From (2.2), (2.3) and system (2.1), we have
tap1 <14+ p+p*t,1,n>0. (2.4)
According to this, {u,} satisfy the following
ey = 1+ p+ pPun, (2.5)

for n > 1, such that
ug = to,u; =11.

Thus, we have t, < u, for n =0,1,.... Hence, the solution u, of the difference
equation (2.5) is
zsz%;+p%n+@pVQ, (2.6)
where C| and C, are constants to be determined. By Theorem 1.2 we have that
th < uy,n > 1. 2.7

Since ug = t9 and u; = t1, from (2.2), (2.3), (2.6) and (2.7) we get
1
1<, < = +p"Ci+(—=p)" Ca,

where

1 1+
Ci==—(po+n—-—2),
2p I=p

1
Cy=—(pty—t 1).
2= 5, (pto—t1+1)
Likewise, we have that
1
1<Zn§ﬂ+pnc3+(_p)nc47

where

1 1+
G == P20+Z1——p ;
2p l—p

1
Cp=— — 1).
4 2p(PZO z1+1)

O

Remark 2.1. Note that the boundedness of the solution in Theorem 2.1 is not uni-
form for all solutions but depends on the initial conditions.
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Theorem 2.2. Let p > 1 and m is even. Then every solution of system (2.1) is
bounded from above and below as follows:
I<t,<l+p(l+p)",
and
1<z, <l+p(l+p)",
forn>2m+2.

Proof. Let p > 1 and {(t,,2,)} .
system (2.1), we have

n—_m D€ a positive solution of system (2.1). From

h=1+p 2Zn—1 — 14+ p Zn—1

2 m—1 Zn—m—1 Zn—m—1

Assume that m is even. Then, we obtain from system (2.1)

2 .
b=1+—L (HZH‘“). 2.8)

In—m—1 \ j=1 Zn—2i—1

Moreover, we get from system (2.1)

t
n—-2i+1 = 1+ il )
n m—2i
Zn—2i+1 1 P
e T 2.9)
In—2i In—2i 1, o
and
Z
In—2i = 1+ 2l )
Zn m—2i—1
tn_oi 1
n—2i — + p , (2.10)

in—2i—1 n—2i—1 Z%,m,%,l

fori=1,2,--- ,%. Thus, multiplying (2.9) and (2.10), we get the following:

Zn—2i 1 1
n—2i+1 _ + . 14 + > p ) (211)
Zn—2i—1 n—2i b i Zn—-2i—1  Zy_p_ni—1
Additionally, we obtain from (2.2), (2.3) and (2.11)
Zn—2i+1 - (1+p)2,
Zn—2i—-1
fori=1,2,---,%. Therefore, we have
7
[1225 < (14p)". (2.12)

i—1 in—2i—1
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So, we have from (2.2), (2.3), (2.8) and (2.12)

p A Tn-2itl
——
In—m—1 \ j=1 Zn—2i—1

<l+p(l+p)",

for n > 2m + 2. With similar calculations, we obtain
Zw<1+p(l+p)",
forn > 2m+ 2. |

3. GLOBAL ASYMPTOTIC STABILITY OF SYSTEM (2.1)

Here, we overcome the stability of solutions of system (2.1).
Now, we take the following transformation:

(tnatnfly"' yn—msZnsZn—1,""" 7anm) — (fvflv"' 7fm7g7g17"' 7gm)

where f = 1+Pzzzj J1=ty i =thm-1,8= 1+p%781 =Zny " 1 8m = Zn—m—1-
Hence, we obtain the following jacobian matrix about unique positive equilibrium

point (7,Z):
0o ... 0 =2

0 0 5 =

Z <

10 00 00 -0 0

_ 00 1 0 0 0 0 0

B(t,7) = _

Z 0 0 32 00 0 0

0 0 0 10 0 0
00--0 0 00 -1 0

(2m+2)x (2m+2)

Theorem 3.1. The unique positive equilibrium point (f,7) of system (2.1) is locally
asymptotically stable for p < %.

Proof. The linearized system of system (2.1) about the unique positive equilibrium
point is given by Xy = B(7,Z) Xy, where



168 ERKAN TASDEMIR
0 0 0O 0 ¢ O 0 —2c
1 0 O O OO0 0O O
E_ 0 0 1 0 0 0 0 O
I ) 0 —2¢ 0 O 0 O ’
0 0 0O 0 1 0 0 O
00 0 0 00 1 0 (2m+2)x (2m+2)
and ¢ = zﬂz = t% Let A,A2, -+ ,Aymi2 denote the 2m + 2 eigenvalues of matrix E.

Let D = diag (d,,dy,- - ,dyn+2) be a diagonal matrix such that

dl :dm+2 = l,dk :dm+1+k:1—k8,2§k§m+l,

and

0<e<

3c—1

(m+1)(c—1)

Clearly, D is an invertible matrix. Computing the matrix DED ™!, we get that

DED™ ' =

0

0 0
0 0
d:;,‘;,] 0
0 —2cdy 1o
m+1
0 0
0 0

From the following inequalities

cdy
dm +2

0

l=di>dr>--->dy >dn1 >0,
l=dyi2>dyi3 > > domy1 > domia >0,

which implies that

dm-i-3

dyd ' < 1,d3dy ' < 1, dypi1d

-1
d,.

—1
m

<1,

—2cd
O d2m+21
0 0
0 0
0 0
0 0
d2n‘l+2
dom+1

-1 —1
2 < ladm-l-4dm+3 < 17" : 7d2m+2d2m+1 < L.
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Moreover, we have that
did-!, +2cdidy! = 1—1—72 1
cay m+2 cay 2m+-2 ¢ 1 (m 1)8 <1

cdpi2dy ! +2cdpind, | =c <1 + <1

2
I1—(m+1)e
It is a well-known fact that E has the same eigenvalues as DED~!. Thus, we get

max _|A| = ||DED™||

1<k<2m+2
—1 -1

d2d11 )t 7dm+1dm 71
o dm+3dm+27 e 7d2m+2d2m+17
= max i 1

Cdl dm+2 + ZCdl d2m+27

—1 -1
Cdm+2d1 + 2Cdm+2dm+1

< 1.

So, the positive equilibrium point (7,Z) of system (2.1) is locally asymptotically
stable for 0 < p < %. (]

Theorem 3.2. Suppose that 0 < p < % Then the positive equilibrium point of
system (2.1) is globally asymptotically stable.

Proof. From (2.2) and (2.3), we know that
1 <[, = liminft,,
n—o0
1 <[ =liminfz,,
n—yoo
1 < L; = limsupt,,

n—yoo

1 < L, =limsupgz,.
n—oo

Thus, we have the following for system (2.1)

L l
Ll < 1+P_22711 > 1+P_227
12 L2

L l
L, < 1+P—21712 > 1+P—12-
; L
Therefore, we obtain

[ L
LH’PL—l1 <Lh< 12+Pl—22,

/ L
L2+pL—22 < Lyl < zl+pl—11.
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Hence, we get that

l b L, L
Li+p—+L+p—<b+p—+hL+p

1
Ly L, L L’

i.e.,

@(L1—11)<1—p<%+l%>> +(La—1h) <1—p<%+L—12>> <0. (3.1

From [y,L,l,,L, > 1, we have

1 1

i <2

ll+L1 -7
and

1 1

LI

12+L2_

Hence, we get

Meanwhile, we know that L; > [} and L, > [. Therefore, if 1 —2p > 0, then from
(3.1) we obtain

Li—L+L,— <O0.
SO, Ll == ll and L2 == 12. |

4. RATE OF CONVERGENCE AND OSCILLATION OF SYSTEM (2.1)

First, we handle the rate of convergence of system (2.1). Then, we investigate
the oscillatory behavior of solutions of system (2.1).

oo

Theorem 4.1. Assume that 0 < p < § and {(tx,z4)}__,, be a solution of the system
(2.1) such that limt, =f and limz, = Z. Then, the error vector
n—roo Nn—oo

1 —

e, ty—1
el thom—1
En — n—zm — n—m _
e, n—12Z ’
2 _

en,m Zn—m — <
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of every solution of system (2.1) accomplishes all of the asymptotic relations as
follows:

lim {/||E, || = [AF; (7,2)],
n—yoo

E
Lo I
o ]

where MF;(t,Z) are the characteristic roots of the Jacobian matrix Fj(,7).

= ’}"Ff(f7z_)’7

Proof. We firstly set to determine the error terms,

m

m
tps1 —F=Y Ai(tai—1)+ Y Bi(zai—12),
i=0

i=0
n n

Zn+l _Z == ZCZ (tnfl' _t_) + ZDZ (ani _Z) 9
i=0 i=0

and

Hence, we obtain

m m
1 _ At 2
€nt1 = ZAlen—i + ZBlen—h
i=0 i=0
m m

2 Ll 2
Cnt1 = ;)Clen—i + X%)Dlen—i7
= =

where A; =0and D; =0fori=0,1,--- ,m,

B():ZL’B[:O;iE{]‘?z?'.'7m_1}7B’n:M7
n—m o
—p(f+t,—
Co= ZL’Ci =0,i e {1727"' , M — 1}7Cm = M
2 Iy

Taking the limits, we have limA; = limD; =0 for i € {0,1,--- ,m} and limB; =
n—soo n—soo n—soo

limC; =0 fori € {1,--- ;m— 1}. Moreover, we obtain that

n—soo
-2
limBy = —Ezv limB,, = _zp,
n—soo 7% 'n—oo Z
p —2p
r}l_r)rgoCQ =3, hrrolocm ==
Hence,
-2
BOZ%—’_anaBm: _2p+bn7
Z Z
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where
a, —0,b, —0,¢c, = 0,d, =0
as n — oo, Thus, we get the system of the form (1.2)
Enr1=(A+B(n))E,,

where

0 0 0 0 %0 0—;”

1 0 0 0 0 0 0 0
a_| 00 1 0 0 0 0 0
Z 0 0 3£ 0 0 0o 0 |’

0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0
0 0 0 a, 0 0 b,

1 0 00 0 0 0 0

00 -~ 10 0 0 0 0
B(”)—cno,,,()dn()()...()o’
00 -~ 00 10 - 00

00 -~ 00 00 - 10

and ||B(n)|| — 0 as n — oo. Therefore, we can write the limiting system of error
terms about the equilibrium point (7,Z) as follows:

el 00 -0 0 Z o0 0 =2 el
n]Ll Z Z 1”
e, 10 - 0 0 0 O 0 O e, 1
eymit | _| 0 O 1 0 00 - 0 0 el
€y Z 0 0 =32 00 - 0 0 a |
P 0 0 0 0 1 0 0 0 e
€ it 00 -0 0 0O -1 0 e

which is same as the linearized system of the system (2.1) about equilibrium point
(7,2). (]

Now, we study the semicycles of solutions of system (2.1).
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oo

ne_m 18 a positive solution of system (2.1)
ne_m the solution of system (2.1) has a single
the solution of system (2.1) has semicycles with at most

Theorem 4.2. Suppose that {(t,,2,)}
and p > 0. Then, either {(t,,2,)}.
semicycle or {(tn,zn) Yy
m terms.

Proof. Let {(tn,24)},._,, the solution of system (2.1) have at least two semicycles.
Hence, there exists N > 0 such that either

Ny IN+1 <E=Z <tNi+1,2N
or
INt1,IN <T=Z <IN, ZN+1-
Firstly, we assume that ty,zy4+1 < =2Z < ty+1,2v. Moreover, we suppose that the

positive semicycle have m terms and it begins with the term (zy1,zy+1). Thus, we
obtain the following

N <t=Z<tNim,
From this, we get

IN+m - -
INgm1 =1+ p—— <1=1Z,

N
tNer - _
Wimpt = 1+ p=3=>1=2

N

5. NUMERICAL EXAMPLES
Now, we present two examples that support our theoretical outcomes.

Example 5.1. With m = 3 and p = 0.49, we handle system (2.1). Therefore, we
have the following system of difference equations
In

s
Moreover, we take the following initial values t_3 =6,t_,=1,t_1 =0.8, fp =4,
72.3=04, 2.0 =5, z_1 =3 and z9 = 10 for system (5.1). According to Theorem
2.1, system (5.1) is bounded from above and below. Moreover, the positive equi-
librium point (7,Z) = (1.36,1.36) of system (5.1) is globally asymptotically stable
(see Figure 1).

st = 1404957 2,1 = 14049 (5.1)
<

n—3

Example 5.2. Withm =2 and p = 1.5, we consider system (2.1). Then, we get the
third order system of difference equations such that

1,
tn+1=1+1.52z—n,zn+1=1+1~5 —. (5.2)

2
Zp—2 tn—2
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25+

20

Il L L L
10 20 30 40 50 60

FIGURE 1. Plot of system (2.1) with m = 3 and p = 0.49.

Now, we handle the system (5.2) with the following initial values t_, =3, t_| =4,
t0=0.6,z_p =2, z_1 =0.4 and zo = 3. Hence, the positive solutions of system (5.2)
oscillate about the unique positive equilibrium point (f,Z) = (1.82,1.82). Also,
according to Theorem 2.2, every solution of system (5.2) is bounded from below
and above (see Figure 2).

—Zn

L Il L L L L Il L L L L Il L L L L Il L L L L J
100 200 300 400 500

FIGURE 2. Plot of system (2.1) withm =2 and p = 1.5.

6. CONCLUSIONS

In this paper, we handled the dynamics of system (2.1). First, we found the
unique positive equilibrium point of system (2.1). We also investigated the bound-
edness of solutions of system (2.1) in detail. Moreover, we dealt with the local and
global stability of system (2.1). Hence, we acquired that every solution of system
(2.1) converges to the unique positive equilibrium point when 0 < p < % holds.
In addition to this, we studied the rate of convergence and oscillation behaviors of
solutions of system (2.1). Finally, we presented three numerical examples to verify
our theoretical results.
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