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APPROXIMATION OF A CONTINUOUS FUNCTION BY A SEQUENCE
OF CONVOLUTION OPERATORS VIA A MATRIX SUMMABILITY
METHOD USING IDEALS

RIMA GHOSH AND SUDIPTA DUTTA

ABSTRACT. In this paper, in the line of Duman [7], we deal with Korovkin type
approximation theory for a sequence of positive convolution operators defined
on Cla,b], the Banach space of all real valued continuous functions on [a,b]
endowed with the supremum norm || f|| = sup,c (5 | f (x)| for f € Cla,b], based

on the notion of A’-summability. We construct an example to exhibit that the
main result is more generalized than its statistical A-summable version. We also
study the rate of AZ-summability.

1. INTRODUCTION AND BACKGROUND

The study of the Korovkin type approximation theory has a long history and is
a well-established area of research (see [5,9, 10, 12]). For a sequence {L,},cn of
positive linear operators on C(X), the space of real valued continuous functions on
a compact subset X of real numbers, Korovkin [17] first established the necessary
and sufficient conditions for the uniform convergence of {L,(f)}.en to a function
f by using the test functions e; = 1, e» = x, e3 = x° [1].

We are interested in obtaining a general Korovkin type approximation theory for
a sequence of positive convolution operators defined on Cla,b] via a generalized
matrix summability method, namely, the A’-summability method. We study the
rate of convergence via the A’-summability method.

The concept of statistical convergence of a sequence of real numbers was first
introduced by Fast [14]. This is a generalization of usual convergence. Further
investigations started in this area after the works of Salat [22] and Fridy [15].
Consequently, the notion of /-convergence of real sequences was introduced by
Kostyrko et. al. [20]. Later a lot of works have been done on matrix summability
(see [2,4,11,18,19,21,23,26]). A general Korovkin type approximation theory and
the rate of convergence were studied using the notion of I-convergence in [6, 8].
In particular, in [24,25] a very general notion of A’-summability was studied.
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Recall that a family 7 C 2" of subsets of a nonempty set Y is said to be an ideal
in Y if (i)A,B € I implies AUB € I;(ii)A € I,B C A implies B € I, while an
admissible ideal I of Y further satisfies {x} € I for each x € Y. If I is a non-trivial
proper ideal in Y (i.e. Y ¢ I, # {0}) then the family of sets F(I) ={M C Y :
there exists A € [ : M =Y \ A} is afilter in Y. It is called the filter associated with
the ideal /. The real number sequence {x,},.y is said to be I-convergent to L
provided that for every € > 0, the set {n € N : |x, — L| > €} € I [20].

Throughout the paper / will denote a non-trivial admissible ideal on N.

If {x,},c is a sequence of real numbers and A = (aj,) is an infinite matrix, then

Ax is the sequence whose j-th term is given by

Aj(x) = Z Q@ jnXn
n=1

provided the series converges for each j. We say that x is A-summable to L if
limAj(x) = L [18]. A matrix A is called regular if A € (c,c) and limA;(x) =
J—reo J—reo

lim x,, for all x = {x, },en € ¢ when ¢, as usual, stands for the set of all convergent
n—oo

sequences. The well-known characterization of regularity for two dimensional ma-
trices is known as Silverman-Toeplitz conditions [16]. Connor and Leonetti re-
cently introduced in [3] the larger class of matrices, namely (7, 7)-regular matri-
ces. We are concerned to extend the results in Korovkin type approximation theory
using this new class of matrices in future.

2. APPROXIMATION FOR A SEQUENCE OF CONVOLUTION OPERATORS

For a non-negative regular matrix A = (a;,) following [18], a set K is said to
have A-density if 84 (K) = lim Z aj, exists.
nek
We first recall the definition

Definition 2.1 ([24]). Let A = (aj,) be a non-negative regular summability matrix.
Then a real sequence x = {x, }nen is said to be Al-summable to a number L if for

everye >0, {j eN:|A;(x)—L| > e} € I where Aj(x) =) ajnxn.
n=1

Thus x = {x, }nen is Al-summable to a number L if and only if {A;(x)} e is

oo

I-convergent to L. In this case, we write | —limZa inXn = L.

T n=1

It should be noted that for I = I, the set of all subsets of N with natural density
zero, A’ -summability reduces to statistical A-summability [13].
We consider the Banach space Cla, b] endowed with the supremum norm || f|| =

sup |f(x)| for f € Cla,b]. Let L be a positive linear operator. Then L(f) > 0 for
x€la,b]
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any positive function f. Also we denote the value of L(f) at a point x € [a,b] b
L(f:x).

Theorem 2.1. Let {L,},cn be a sequence of positive linear operators from Cla,b]
into Cla,b] and A = (a,) be a non-negative regular matrix. If

Z ajnLn(fi) = fi

n=1

then for all f € Cla,b] we have

I-lim = 0 with fi(y) =y, i=0,1,2

I- hm

i L —fH:O.

Proof. We start by observing for each x € [a, b], the function 0 <¥ € Cla, b] defined
by ¥(y) = (y —x)?. Since each L, is positive, L,(¥P;x) is a positive function. In
particular, we have for each x € [a, D]

(e}
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M8
Q
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=
o3
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I
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inLn (y ;X) ZXX:laJ" n(yix +x ;am a(15x)
inLn (Y75 %) ) 2x(Zajn y(x)) +x2(i"lajnLn(l;x)—l(x)>

ZajnLn(y)_y"+b2 iajnLn(l)_IH'
] ] i

Fix f € Cla,b]. Let M = || f]|. Then we can write | f(y) — f(x)| <2M for all y,x €
[a,b]. Also, since f is continuous on [a,b], it is uniformly continuous on [a,b].
Hence for any € > 0, there exists a 8 > 0 such that ‘ fo)—f (x)| < ¢ for all y,x
satisfying | y —x |< 8. On the other hand, if | y — x |> §, then it follows that,

2 2
S S M < )~ f(x) <2 < (v )

Therefore for all y,x € [a,b] we get,
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where 9 is a fixed real number. Since each L, is positive, we have

—SZam (fosx)— ZZam (W;x) <Za1n " Zam (fosx)

n=1

2M
<82a]n (fosx)+ 62 Zaﬂl (¥;x).
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Next, let K = 24 and we get

Za]" n Za]n fO,

2
<82a]n f(), 62 Za]n lPx)

=€+¢€

Zajn fO, ) fO(x)]

n=1

+K ZaJ" n(Fsx)

<e+e

Zajn fO) fO

n=1

+K ZaJ" (¥;x).

n=1

In particular,

Zaj"L”(f(y) Zajn fO,
n=1
‘ Zam (fosx)— fo(x)
<s—|—KZajn (W;x)+ (M—I-E) L, (fo;x)— fo(x)
n=1
which implies
ZajnLn(f)—fHSSJrcz ZajnLn(fz)—fz +Ci|| Y apmLa(fi)—
n=1 n=1
+C0 Zajn n ) fO
n=1
where, C, = K, C; = 2bK and Cy = (8—|—b2K+M) ie.,
fH <£+CZ Z —fill,i=0,1,2

where C = max{Cy, C;, C»}. For a given € >0, choose € > 0 such that € < € and
let us define the following sets
i

{]GN
Dlz{jGNr 2%};
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!/

i = € —¢€
Dy :{J eN: ZajnLn(fl) —h| = Y},
n=1
i = € —¢
D3 :{JGN: ZajnLn(fZ)_fZ > 3C }
n=1
It follows that D C D; U D, U D3 and from the hypotheses we have Dy,D;, D3
belong to I. Therefore D € I. Hence the proof is completed. U

We now consider the following convolution operators defined on Cla, b] by

L,(f:x) = /abf(y)K,,(y—x)dy, neN, x €[a,b] and f € Cla,b] 2.1

where a and b are two real numbers such that a < b.

Throughout the paper we assume that K, is a continuous function on [a — b,b — a]
and also that K,,(#) > 0 for all n € N and for every u € [a — b,b — a]. Consider the
function W on [a,b] defined by ¥(y) = (y —x)? for each x € [a, b].

In [26], the authors investigated the classical versions of the following results in
two variables and for sequences of infinite matrices. In particular, for the Frechet
ideal I, the following results give the classical versions for a single variable.

Theorem 2.2. Let A = (aj,) be a non-negative regular summability matrix and let
{Ly }nen be a sequence of convolution operators from Cla,b] into Cla,b]. If

oo

Z ajnLn(fo) — fo

n=1

I-lim =0 with fy(y) =1
J

and

I-lim
J

n=1
then for all f € Cla,b] we have

I-lim
J

T kol —f” —o.

Proof. Fix f € Cla,b] and x € [a,b]. Let M = ||f|| and € > 0. By the uniform
continuity of f € Cla,b] and x € [a, b], there exists a > 0 such that | f(y) — f(x) |<
€ whenever | y—x |< 8. Let Is = [x — 8,x+ 8] N [a,b]. So

f) = f(x)] | f) = f ) [ Wi (0)+ [ ) = F ) | a1 ()
< eF2M& Ay —x)*

Since L,’s are positive and linear we have,
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oo

b
Zajn/a FO)K,(y—x)dy — f(x)

n=1

b
| Y ajn [ (FO) = DKy~ 2)dy

n=1

Y ajuln(f:x) — F(2)

n=1

) 21 La(foi) — fo(x)

<Y [ e 21520~ )k (0
u ZlL (fosx) — fol)

—e+4(e+M) nila,n n(fo3%) — fo(x)
+2M572 iam (W)

<e+o Zl_ajn (fo:x) — +ocZajn

where o = max{e + M
Therefore

§ o] <er | Santt | Eant]}

For given r > 0, choose € > 0 such that 0 < € < r and define the following sets

752'

D:{jGN Zaﬂl " >r}

. r—s
DIZ{JEN Zam Z g };
) > r—e

oo oo )
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It follows that D C Dy U D, and since Dy,D; belong to [ then D € I. Hence this

completes the proof. U
Let 3 be a positive real number so that § < h;z" andlet || flls= sup |f(x)],
a+3<x<b—3
feCla,b].

We now study the main theorem of this paper.

Theorem 2.3. Let A = (aj,) be a non-negative regular summability matrix and
let {Ly}nen be a sequence of convolution operators on Cla,b] given by (1). If
conditions

o 8

Fim Y aj, [ K(y)dy=1 (22)
J p=1 -3

I-lim Z aju(sup K,(y)) =0 (2.3)
Jon=1 [y|>8

hold for a fixed & > 0 such that & < b%“ then for all f € Cla,b] we have

oo

Z ajnLn(f) _fHS =0.

n=1

I-lim
J

In order to prove our main result we need the following lemma.
Lemma 2.1. Let A = (aj,) be a non-negative regular summability matrix. Assume
b—
that d is a fixed positive number such that & < Ta. If the conditions (2) and (3)

hold, then for the operators L, where L,(f;x) = f:f(y)K,,(y —x)dy, neN, x €
[a,b], f € Cla,b] and a,b are real numbers a < b, we have

Y. ajnLn(fo) — fo

n=1

(i) I-lim =0 with fo(y) =1
J

)
and

oo

Z ajnLn(‘P)H8 =0 with¥(y) = (y —x)°.

n=1

(ii) I-lim
j

Proof. (i) Let0 <8< 2% andletx€[a+8,b—38]. Thend<x—a<b—a=
—(b—a)<a—x<—-8and d<b—x <b—a. Now L,(fo;x) = f:Kn(y—x)dy =
ff:;Kn(y)dy. Then we have,

b—a

)
[ Koy < Lo < [ Ky
Therefore

<uj

Z ajnLa(fo) — fo 5
n=1
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T [ Koy =1, T [ ° koiar=1]}

Therefore from condition (2), I-limu; = 0 for all § > 0 such that § <
j

Zam fo }Q{jeN:ujze}.

Since {j eN:u; > 8} € I, D € I. Hence this completes the proof of (i).

where u; := max{

b—a
5

Now for givena € > 0

(say)D::{jeN:

(i) For a fixed 0 < § < 254, let x € [a+ 8,b — §]. Since P(y) = y*> — 2xy + x>
then ¥ € Cla,b] for all x € [a+8,b—8]. Now L, (¥;x) = L, (f2;x) — 2xLn(f13%) +
*?L,(fo;x) with fi(y) =y, i =0,1,2. Then for all n € N

L(¥0) = [ 60K
= b_xyan (y)dy

a—x

b—a
< / ¥ K, (y)dy
~(b—a)

Since the function f> is continuous at y = 0, given € > 0 there exists 11 > 0 such
that for every y satisfying | y |< 1, y* < € holds. We have two cases | > b —a or
n<b-—a.

Case 1

Letn > b —a. Therefore 0 <L, (‘Px) < Eff(_b“_a) K, (y)dy. By condition (2), 0 <

Zam n )Hszofornzb—a.

n=1

Zam (¥;x) <eand I-lim
j

Case 2
Now letn < b —a. Therefore L,(¥;x) < [y V2K, (y)dy + Jyi<n V2K, (y)dy
and hence we obtain for all j € N,

[ [ b*[l [
ZajnLn lP) ‘ < Zajnpn/ yzdy'i'gzajn Kn(y)dy
n=1 5 n=I n n=1 [y[<n

b—a)y—-n’ & s
- (% Zajnpn +82ajnqn
n=1 n=1

where p, = SUp|y|>n K, (y) and g, = fMSﬂ Kn(y)dy-
Also we have from conditions (2) and (3),

I—limZajnpn =0
j

n=1

and
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I—lim Z ajngn = 1.

n=1

Taking M = rnax{in €} we have for all j € N that

‘P)H §£+M<Zajnpn—|— Zajnqn—lD.
) n=1 n=1

For given r > 0, choose € > 0 such that € < r.

Let
o-fyenomr] 1}
3
r—E&
D {JGN Za,npn > }
r—E€
D, =< jeN:
e e 5
Therefore D C Dy UD,. Since from the hypotheses, Dy and D, belongto I,D € I.
Hence this completes the proof. U
Proof. Proof of Theorem 2.3
The main result (Theorem 2.3) follows from Theorem 2.2, Lemma 2.1. O

If we take I = I, the ideal of all subsets of N with natural density zero, we get
the following

Corollary 2.1. Let A = (aj,) be a non-negative regular summability matrix and let
{L, }nen be a sequence of convolution operators on Cla,b] given by

La(f3x) = /abf()’)Kn

neN,x € [a,b] and f € Cla,b] where a and b are two real numbers such that a < b.

If conditions s
st-lim Z aj,,/ K,(y)dy =
i = -8

st—hrnZajn sup K,(y)) =0
Ton=1 D=8

hold for a fixed & > 0 such that & < b%, then for all f € Cla,b] we have

Z ajnln(f)—f s

n=1

and

st-1im =0.

J

The above corollary can be proved independently in a straightforward way and
it is the statistical A-summable version of Theorem 2.4. in [7].
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Remark 2.1. We now exhibit a sequence of positive convolution operators for
which Corollary 2.1 does not apply but Theorem 2.3 does. Let

1 forneven
Uy = .
0 otherwise.

Let I be a non-trivial admissible ideal of N such that I # I;,(Frechet ideal) and
I # I;. Choose an infinite subset C = {p; < p» < p3...} from I\ I; where I,
denotes the set of all subsets of N with natural density zero.
Let A = (aj,) be given by
1 if j=p;,n=2p;forsomeiec N
aj,=q1 if j#p;, foranyi, n=2j+1
0  otherwise.

Observe that
= 1 if j= p; for some i € N
= Z Ajply = e .
0 if j# p;, foranyie N.

Let€ >0 be given and {j € N:|y; —0| > e} =C € I\ I;. Thus {u, }pen is A’-
summable to 0 but not statistically A-summable.
Now let the operators L, on C[a,b] be defined by

b 2 2
Li(pin) = "2 [ )0

If we choose K,(y) = "(l—jﬁme_"zyz then

L) = ") 7 )5 - yay

\/7_t a

Now for every & > 0 such that § < 254, we have

8 n(1
/ K, (y)dy +y" ( / e dy — / e*"Zyzdy)
-4 [y[>8
1 " _ Sl
+y </ v dy— /5 e yzdy).

o0

Since [, e*yzdy = @ < oo, it is clear that lim e_yzdy =0.
n Jd.n
Also since I-lim||1+y;|| = 1, we immediately get
j

oo )
I-limZam/ Ku(y)dy = 1.
i = -5

On the other hand, we have
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. n(l—l—yn) —n2y?
SRR = TR ke
n(14uy)
=Ty
Since liy{n ennTSZ = 0 we conclude that

I-lim Z ajn(sup K, (y)) =0.
Ion=1 =38

Therefore from Theorem 2.3

iajnLn(f)_f‘

n=1

I-lim
J

=0 forall f € Cla,b].
)

However note that, as {u, },cn is not statistical A-summable to zero so Corollary
2.1. does not work for the operator defined above.

We now recall the following note from [3] and make a remark in support of the
existence of the set C in the above remark.

Remark 2.2. The simple density ideal Z, for which ﬁ is bounded does not neces-

sarily coincide with Z, where in particular, Z is the simple density ideal generated
by g(n) = n and in fact Z = I;. Consider the set Sy = [(2k)!, (2k+1)!] forallk € N
and S := USy. If we consider the simple density ideal Z, where g : N — [0,0) is
defined by

n* ifnes
g(n) = .
n ifn¢S

then S € Z,\ Z [3].
3. RATE OF AI-SUMMABILITY

In this section we study the rates of A’-summability in Theorem 2.3 using the
modulus of continuity. Let f € Cla,b]. The modulus of continuity denoted by
o(f,a), is defined to be

o(f,0) = sup [ f(y)=flx) ]

y—x/<a

The modulus of continuity of the function f in C|a,b] gives the maximum oscil-
lation of f in any interval of length not exceeding o > 0. It is well-known that if
f € Cla,b], then

lim o(f, o) = o(f,0) =0,

o—0

and that for any constants ¢ > 0, ow > 0,

o(f,co) < (1+[c])o(f, ),

where [c] is the greatest integer less than or equal to c.
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Next we introduce the following definition

Definition 3.1. Let A = (aj,) be a non-negative regular summability matrix and let
{¢n tnen be a positive non-increasing sequence of real numbers. Then a sequence
x = {x, }nen is said to be A!-summable to a number L with the rate of o(c,) if for

every € >0
ferf:
jeN:||—
C]n:l

T iz} er

In this case we write Al-sum-o(c,)-limx, = L.
n

In particular, for the non-increasing sequence {c, }nen, where ¢, = 1 for all n €
N, Definition 3.1 implies A'-summability to a number L.

We establish the following Theorem

Theorem 3.1. Let A = (aj,) be a non-negative regular summability matrix and
let {L, }nen be a sequence of convolution operators given by (1). Assume further
that {c, }nenis a positive non-increasing sequence. If for a fixed 8 > 0 such that

§< 4 / ,
A’ -sum-o(c,)-limL,(fo) = fo

I-limo(f,o0;) =0
J

and
Z AjnLn( H , then for all f € Cla,b] we have
8

where O :=
C;
J n=
Zam n

Proof. Let0 <8< 24 fec(la, b] and x € [a+ 93, b—9d]. By positivity and linearity
of the operators L, and using the inequalities for any o0 > 0 we get

1 & &
;Zaj,,Ln fix X) SC_ZajnLn(’f(y)_f(x) ’;X)
J n=1 J n=1

I- hm =0.

)

+’f(x) ‘ _Zajn fO x fO(x)
Si.fajnLn (w(ﬁoc’yax’) )
+ ) || = Zam (fo3x) — fo(x)

cjn

2 L (125 )

Z ajnLn(fo;x) — fo(x)
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{ Za,n (fosx +——Zam )}

+|f Za]n fO, fO(x) .

Therefore for all n € N

= Y anla

C]n

Y anla

CJn

Z @jnLn
; Z ajnln(fo) —
J n=1

Y

a2

8

+ M,

then we have

LY ()]

J n=1

where M, := || f||s. Now let o := otj = \/

1 (e}
Zajn n - <(Df,(Xj { ZajnLn fO }
Cjn= ) Cjn=1
+ M ||— ZajnL,,(fo)
Cj n=1
1 (e}
<20(f,07) +o(f,0;) . Y ajnLn(fo) — fo
J n=1 S
1 oo
+Mi||— Y ajuLn(fo) .
Cjn=1 3

Let M = maX{Z M, }. Then we can write for all n € N that
- Za]n n fH <M{ f)aj ‘ Za]n
J n=

Zam

A,y

+ o f,ocj

Given € > 0, define the following sets:

D::{jeN: i.iajnLn(f)—fH 28};

D jEN: (f,oc,)23—M}

D {jeN o(f, ;) i —fo g}
D {jeN C—jn;ajn —foszﬁ}.
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Then D C Dy UD,UDs5. Also, we define

D’zz{jeN:w<f,oc,->z\/§};

" . 1 &
D, :{] eN: o Y ajuLa(fo) = fo
J n=1

Therefore D, gD/z UD;. Hence we get DC D, UD/2 UDQUD} Since DI,D/Z,D;,D3
belong to I then D € I. This completes the proof. O

4. CONCLUSIONS

We generalize Korovkin type approximation theory for a sequence of positive
convolution operators defined on C[a,b] in some sense with a generalized matrix
summability method, namely, A’-summability method for real sequences. We con-
struct an example in support of this generalization. We are very much interested
whether the results of this paper are valid for the function f with two variables.
Again we are interested whether the results are relevant on an infinite interval.

We now leave an open problem that the results of this paper may be extended to
a larger class of matrices, namely (7, 7)-regular matrices, the one which maps I-
convergent sequences into J-convergent sequences and preserves the ideal limits,
for some choice of ideals I and 7 [3].

Acknowledgement: The authors are indebted to Prof. Pratulananda Das, Dept. of
Mathematics, Jadavpur University, for his valuable guidance in better preparation
of this paper. The authors are also greatly indebted to the referees for their valuable
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