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FAST GROWTH OF THE LOGARITHMIC DERIVATIVE WITH
APPLICATIONS TO COMPLEX DIFFERENTIAL EQUATIONS

MOHAMED ABDELHAK KARA AND BENHARRAT BELAIDI

ABSTRACT. In this paper, we give some estimates on the growth of the logarith-
mic derivative of meromorphic functions by considering the concept of @-order.
We discuss their relationship with the growth of solutions of certain complex
differential equations.

1. INTRODUCTION AND MAIN RESULTS

Throughout this paper, we assume familiarities of the reader with the fundamen-
tal results and standard notations of Nevanlinna value distribution theory such as
M(r,f),T(r,f),n(r,a,f),N(r,f),N(r,f) (see [10,18]). Also, the term “meromor-
phic function” will mean “meromorphic function in the whole complex plane C ™.

We recall the following definitions.

Definition 1.1. [18] The order of a meromorphic function f is defined by

p(f):= limsupw.
F—too logr

If f is an entire function, then the order of f is given by

- loglog M
p(f) = limsup—Og ogM(rf)
F—s4o0 logr

=p(f).

In addition, we define the logarithmic measure of a set E C (1,+o0) by mes;(E) =

4 and the linear measure of a set F' C (0, +c0) by mes(F) = [ dt. The follow-

ing result due to Gundersen [8] plays an important role in the theory of complex
differential equations.

Theorem 1.1. [8] Let f be a transcendental meromorphic function of finite order
p :=p(f). Let € > 0 be a constant, and k, j be integers such that k > j > 0. Then,
the following hold:
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(i) There exists a set E C (1,4c0) that has finite logarithmic measure, such that
for all z satisfying |z| ¢ EU|0, 1], we have

k
M < ||kl
f(]) (Z) -

(ii) There exists a set F C (0,~+c0) that has finite linear measure, such that for all
z satisfying |z| ¢ F, we have
A
f(]) (Z)

In [12], Latreuch and Belaidi obtained certain sharpness estimates for the growth
of the logarithmic derivative of meromorphic functions.

< | k=t

Theorem 1.2. [12] Let f be a meromorphic function and k be an integer. Then

wma{p (£7) 22} o (4).

Very recently, some authors [3,4,9, 14, 20] have used a more general concept
to measure the growth of complex functions called the ¢-order (cf. [19]). They
employed this new concept in the investigation of fast growing solutions of higher
order complex linear differential equations.

Definition 1.2. [9] Let @ be an increasing unbounded function on (0,+). The
©-orders of a meromorphic function f are defined by

T(r.f)
00— imean ) Lo o @ ()
Po(f) '_h,rﬂiip ogr Po(f) '_h,rﬂiip ogr
If f is an entire function, then the ©-orders are defined by
00y o e o @M f)) Sy @UogM(r f))
Po(f) '_hfﬂi‘lp ogr Po(f) '_hfﬂi‘ip ogr

Example 1.1. For all r € (0,+o) large enough, we define logyr = r and log,,r =

log(log,,_,r), where p € N. If we choose @(r) =log,r (p >2), then p(lp(f) =

pllOg (f) := pp(f) which is well known as the iterated p-order of f [5,15]. In
14

particular, p?ogz (f) =p1(f) =p(f) is the usual order of f and pllogz () =p2(f) is
the hyper-order of f [6,7].

We use the symbol @ to denote the class of positive unbounded increasing func-
tions on (0, +e0), such that @(e*) grows slowly, i.e.,

Ve >0, lim P(e) =
e ler)
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For instance, ¢(r) = logr ¢ ® and ¢(r) =log,r, (p > 2) belongs to the class P.
In [1], Bandura et al. proved that for any entire transcendental function f of infinite
order p(f) = +oo, there exists ¢ € P satisfying p?p(f) < oo,

Proposition 1.1. [9,20] If ¢ € D, then
'(logx™)
k

Vm >0,k >0: & B s oo,k hoe, (1.1
—1
vo>o: g0 (U3 . . (1.2)
logo~!(x)
8> 0, ¢(8x) < 0(x*) < (14 0(1))0(x), x —> +eo. (1.3)
9(e") = O(x), x — +oo. (1.4)

Proposition 1.2. [9] Let ¢ € ® and f be an entire function. Then
Po(f) = Po(f), j =0,1.

Definition 1.3. [14] Let ¢ be an increasing unbounded function on (0,4-o0). The
®-convergence exponents of the sequence of zeros of a meromorphic function f are

defined by
(n7) 1
?\.g(f) = limsup(p <€N : ) , Xfp(f) = limsupM.

oo logr o0 logr

Similarly, the @-convergence exponents of the sequence of distinct zeros of [ are
defined by

N(rt) -
- hﬁi‘:}’%’ ol ﬁfziipw-

In [14], the authors investigated the fast growth and the oscillation of solutions
of the non-homogeneous differential equation

f(k)—|—Ak_1(z)f(k_1)—|—-~—|—Ao(Z)f=F(Z) (1.5)
and obtained the following theorem.

Theorem 1.3. [14] Let Ag,Ay,...,Ar_1,F Z£ 0 be meromorphic functions and let
f be a meromorphic solution of equation (1.5). If

max{p(lp(F),p(lp(Aj) j=0,1,...,k—1} < p(lp(f),

then we have
1

Ao (f) = Ao(f) = Pg(f)-

By using the same arguments of the proof of Theorem 1.3 ( [14], Lemma 8), we
obtain the following result.
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Theorem 1.4. Under the assumptions of Theorem 1.3, if
max{p%(F),p?p(Aj) :j=0,1,... . k— 1} < p?p(f),

then we have
70 0 0
Ao(f) = Kg(f) = Po(f)-

In this paper, we make use of the concepts of @-order and @-convergence ex-
ponents to establish some estimates on the fast growth and the oscillation of log-
arithmic derivative of meromorphic functions. As applications, we describe the
connection between these estimates and the solutions of some complex differential
equations.

Theorem 1.5. Let ¢ € ® and f be a meromorphic function. For any integer k > 2,
we have
P o) P kD)
W) - sl () 04 ()

i (k) .
= max p{p fT },(]zO,l).

Theorem 1.6. Let ¢ € ® and f be a meromorphic function. If there exists an

integer k > 1 such that p{) (&) = po(f) > pg(f), then we have

max {Xi(f),io (%) } - max{xg(f),xg (%) } —p0(f). (16

Moreover; if f is an entire function, then X?p(f) = l?p(f) = p?p(f).

Theorem 1.7. Let Ag,A1,...,Ax_1,F # 0 be entire functions and let ¢ € O. If f is
a solution of equation (1.5) satisfying

max{p?p(F),pg(Aj) 1 j=0,1,... k—1} < p?P(f),

then
o'\ _ 0/, 200F) =20
p(p 7 —p(p(f)_ (p(f)_ (p(f)
(@)
Moreover, if 7 is not constant for any integer i > 2, then

(i)
Py <f7> = p0(f) = Ro(£) = A0(£). (1.7)

Theorem 1.8. Let n > 2 be an integer and let Aj (j = 1,...,n) be meromorphic
functions. If f is a non-zero meromorphic solution of the differential equation
(k > 1 is an integer)

fO=Af+ A0 f 4+ A [ A" (1.8)
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satisfying
max {pg(A;): j=1,...,n} < py(f) < +oe, (1.9)
then for k > 1, we have

pY <$> — p0(f) =max {Xi(f),;‘f’ <%> } :max{x?p(f),x?p <%> } (1.10)

Remark 1.1. For ¢(r) = loglogr, it is clear that Theorem 1.5 extends and gen-
eralizes Theorem 1.2 from the usual order to the concept of ¢-order. However,
Theorem 1.7 improves Theorem 1.4.

2. BASIC LEMMAS

Lemma 2.1. [2, 18] Let g: (0,+) — R and h: (0,4) — R be monotone
non-decreasing functions such that g(r) < h(r) outside of an exceptional set F; C
(0,4-00) of finite linear measure. Then, for any o. > 1, there exists ro > 0 such that
g(r) < h(ar) for all r > ry.

Lemma 2.2. [16] Let f and ay, ... ,a, be meromorphic functions, where n > 1 is
an integer. If a,(z) 20 and F = ap+ a1 f + -+ a, f", then

T(r,F)=nT(r,f)+0O (Xn:T(r,ak)> .
k=0

Lemma 2.3. [9,13] Let ¢ € ® and f1, f> be two meromorphic functions. Then, for
Jj = 0,1 the following statements hold:

() Py () = Po(Ai). f1 0.

Qi) po(f]) = ph(fi),
(iii) maX{Pé(ﬁ + ), ph(fi fz)} < max{pj(f1),pp(f2)},
(v) if Ph(f1) < Ph(f2), then pi(fi+ f2) = Ph(fi.f2) = Po(f2)-

Lemma 2.4. [14] Let f be a meromorphic function. If p%( f) < oo, then p(lp( f)=
0.

Lemma 2.5. [9] Let ¢ € ® and f be a meromorphic function of order p := p(lp( 1)
Then, for any given € > 0 and for any integer k > 1, we have that

f® -1
m r,T =0 (logo™' (logrP*?))

holds possibly outside of an exceptional set F, C (0,-+e0) of finite linear measure.
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+o0

Lemma 2.6. [17] Let f(z) = Y, a,z" be an entire function. Let u(r) and Vv (r)
n=0

denote respectively the maximum term and the central index of f, i.e., u(r) =

max {|a,|r';n=0,1,...} and v¢(r) = max{n:y(r) = |au|r"} . Then, we have

logu(r) = log|ao| + / YW 4 (o] £0), @.1)

M(r, ) < ulr) { J(R)+ R%} (R> 7). 22)

Lemma 2.7. [11,18] Let f be a transcendental entire function and let 7 be a point
with |z| = r at which | f(z)| = M(r, f). Then

M) (Vf(r)
f(2) z

holds for all |z| = r outside a set Ey C (1,+e0) of r of finite logarithmic measure.

k
) (14+0(1)) (keN) (2.3)

Lemma 2.8. Let ¢ € ® and f be an entire function such that p?p( f) = +o and
Po(f) < +oo. Then, we have

L) — g e QO ()
Po(f) = limsup—=2r

)

where V¢(r) is the central index of f.
9(vy ( )

Proof. Denote p := limsup-—2=* Tog . Then, for any given € > 0 and sufficiently large
r—r—+oo
r, we have
vi(r) <o ' (logrP*e). (2.4)
By setting R = 2r in (2.2), we get
M(r, f) <u(r) (ve(2r) +2) = |ay,( |r (Vj (2r)+2). (2.5)

Since {|a,|},~( is a bounded sequence, then by using (1.1), (2.4) and (2.5), we
obtain -

logM(r, f) < Vf(r)logr—l—logvj (2r)+c
-1 (1 r"“) log r + log ((p ! {log(2r)p+£}) +c
-1 (log rp”s) +o~ (log(2r)p+£)

<o ' (logrPt3®), (2.6)
where c¢; > 0 is a real constant. From (2.6), by the monotonicity of ¢, we get
logM

logr
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By the arbitrariness of € > 0 and Proposition 1.2, we obtain

pL(F) < p i= limsup 2.

rtee  lOgr

2.7)

Now, we prove the reverse inequality. Without loss of generality, we may assume
lag| # 0. It follows from (2.1) that

2r vV r(t 2r dt
logu(2r) =log|ay| —I—/O #dr > log|ao| —|—vf(r)/ -
p
= log |ag| +Vs(r)log2.
By Cauchy’s inequality we have u(2r) < M(2r, f) and then
Vf(r) < IOgM(2r7f) o IOg |610|
log?2 log?2

where ¢, > 2 is areal constant. It follows from (2.8) and Proposition 1.1, especially
(1.3), that

< cylogM(2r, f), (2.8)

e(vs(r) _ (1+o(1)o(logM(2r,f)) ~log2r
logr — log2r logr "
Hence
4 lOgr F—>oo log2r ¢

We deduce from (2.7) and (2.9) that

I o 9(vy(r)
= limsup————=. (]
p(p(f) r_>+oop logr
Lemma 2.9. Let ¢ € ® and [ be an entire function such that p?p( f) = 4o and
p:i= p(lp(f) < +oo. Then, there exists a set Ey C (1,4c0) having infinite logarithmic
measure such that for all r € E», we have

tim 20 0) _ (2.10)
r—+e logr
rEEz
and
Vi (r)
tim 277 oo, 2.11)

r—+e logr
reky

Proof. Lemma 2.8 implies that there exists a sequence {r,,r, —> oo} satisfying

1 A%
<1—|——>rn<rn and lim M:p
n m—+e logr,
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Then, there exists an integer n; > 1 such that for any n > ny and for any r € [r,,, (1+
LYr,], we have
O(vr(r) _ @(vr(n) _ @ (vr((1+5)mm))
log(1+ 1), = logr — logr,

)

SO

Q(velrw) _ logrn  _ @(vs(r))

logr,  log(1+1)r, logr

- [0) (Vf((l + %)r,,)) log(1+ %)rn
log(l—i—%)rn logr,

(2.12)

+oo I
Weset E, = U [r,,,(l—k;)rn] . By (2.12), we get
n=ny

o) et
rz;_&;oo logr n—+e logry,

)

where the logarithmic measure of E, satisfies

J +w(1+;')ndt e .

;

lz = —_— = —_— = l 1 — ) = oo,

mes;(E,) T Z / ; Z og( +n) +
™

n=n n=n
Moreover, for any given € > 0 and sufficiently large r € E,, we have

¢ ' (logrP®) <vy(r) < ¢! (logrPte). (2.13)
Hence, it follows from (1.1), (1.4) and the left-hand side of (2.13) that
() L 0W) 09 (logr )

lim 1 = 1 > lim I
rZZfzw ogr rzbfzoo ogr r?e;rzw ogr
O (¢! (logrP¢
= r logr
reky
and therefore, (2.11) is fulfilled. O

By similar discussion as in the first part of the proof of Lemma 2.9, we can
easily prove the following lemma.

Lemma 2.10. Let ¢ € ® and f be a meromorphic function with p?p( f) < Hoo.
Then, there exists a set E3 C (1,4-o00) with infinite logarithmic measure such that
for all r € E3, we have

T(r.f)
o0f) = tim 2

r—r4-o0
2 logr

(2.14)
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Lemma 2.11. Let ¢ € ® and f be an entire function such that p?p (f) = +oo. Then,
for all sufficiently large r € E4 C (1,+c0) and for any Y > 0 large enough, we have

M(r,f) > [~ (log (dy 7))]*, (2.15)

where Ey4 is of infinite logarithmic measure and dy,d, are two positive constants.

Proof. In view of (2.8) and (2.11), for any sufficiently large number y > 0, we have

crlogM(r, f) > vy (%) > log@ ! (log (§>Y> (r € Eq, r — +o0),

where ¢; > 2 and E4 C (1,4-o0) is of infinite logarithmic measure. Thus, (2.15)
follows immediately. O

Lemma 2.12. Let @ € @ and let Ay,Ay,...,Ax_1,F # 0 be entire functions such
that

o= max{p%(F),p?p(Aj) 1j=0,1,....k—1} < oo
Then, every solution f of (1.5) satisfies p(lp( f) <o.

Proof. In view of Lemma 2.4, if p(Op(f) < 400 then p(lp(f) = 0 < o.. Suppose that
p?p(f) = +oco. By Lemma 2.7, there exists a set E; C (1,4oc0) with mes;(E;) < o0
such that for all z satisfying |z| = r ¢ E and |f(z)| = M(r, f), we have

f(j)(z)_ ve(r) J o
@) —< Z >(1+0(1)) (j=1,...,k). (2.16)

Since o := max{p(op(F),p?p(Aj) :j=0,1,... . k— 1} < 4o, then by Proposition
1.2, for any given € > 0 and sufficiently large r, we have
IF(z)] < @' (logr®™®) and |A;(z)| < ¢! (logr®™®) (j=0,....,k—1). (2.17)

We can write equation (1.5) as

® ) /
A S AW A (2.18)

o f f f
Substituting (2.15)—(2.17) into (2.18) yield

-1 O0+€
k @ (logr®'®)
VAL o(1)] < A2 .
[o~! (log (d17))]
ke V(R 1+ o(1)]e " (logr* ™)
forall r € E4\ E, where E4 C (1,4-o0) is of infinite logarithmic measure. Choosing
Y > 20+ 1, by Proposition 1.1 and the monotonicity of @, it follows that
¢(vs(r)
logr

lim sup <o+ 2e.

r—r—-oo
reE \E|

Hence, by Lemma 2.9 we conclude that p(lp( f) <o. (]
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3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.5

For any integer k > 2, we have

G ICIAN <f’> 1)
7o\ ) \g) U )

By Lemma 2.3, we obtain for k > 2 and j =0, 1

/) N e
Py (%) §max{p{p (?)mfp (ff )} 3.1

Similarly, we can get

- Fk) 4 o F*2)
() () (5))
ol ()4 (7)) (7). e

Now, we treat separately the following three cases.

k+1)

Case 1 For j = 0,1, suppose that pq, ( ) < p(p ( 7 > For any integer k > 1,

we have ,
(k+1) (k)
TE-OF) e

It follows from (3.2), (3.3) and Lemma 2 3 that

) (k) . (k+1) / ) (k+1) /
pé(%) <p{p<ff ) _p<p<§> and p{p<ff ) —p<p<§>

k

. By (3.2) we have
pq, (f( > < pé, (—) Assume that pq, <ﬂ> < pq,< > Then, by (3.3)

and Lemma 2.3 we obtain the contradiction pq, ( <k)) = p(P ( ) . Hence,

P(p <j<k ) Pé’ <j7,> : . o

Case 3 For j = 0,1, suppose that pq, <f > > pq,(

Case 2 For j =0, 1, suppose that P(p ( ) = pq, (

). Again, by (3.3) and
Lemma 2.3, we obtain

) f(k) A f(k)
J —ol [ L1 ). 34
P(p< 7 ) Po <f 7 (3.4)
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By (3.2) we have p(p< ) < pJ ( I) Assume that p(p< > < p(p (fl)
Then, by (3.4) and Lemma 2.3, we get pq, (%) = p(p (%) which is a
.. i (fON (S
contradiction. Hence, p{p (7) = p{p <7> .
Finally, for j = 0,1 we deduce that

I (0N [ e
pfp<f7>=max{pfp<f7>,pfp<ff )}

. . . P i (n)
Moreover, by the last assertion, there exists some integer n > 1 satisfying p{p (f ) =

p(P ( > for j = 0,1, and therefore,

. (k) f/
max { pi f— , k>2 < )
which completes the proof of Theorem 1.5. O
Proof of Theorem 1.6

Since there exists an integer k > 1 satisfying p(p

%( > then by (3.2) we
have p?p(f) < p(p ( ) By Lemma 2.3 we obtain p(p <f—f,> <p

f) and therefore

Po <§> = po(f)- (3.5)

On the other hand, it follows from Definition 1.3 and Lemma 2.5 that for any given
€ >0and r ¢ F, we have

r(w5)=m(e) o ()
=m <r, f7> +N <r,%> +N(r, f)
<0 (log (p_1 (log rp+£)) +2log (p_1 (log rHE)
<0 (log(p*l (log rma"{p’”+3g)) , (3.6)

where F C (0, +oo) is of finite linear measure, p := pg(f) and

A := max {X?p(f),xg(%)} . By the monotonicity of @, Lemma 2.1, (1.3) and (3.6),
we get that for any u > 1

I
0 <eT(n f>> < (max{p,A} +4¢€)logur, r—> +co.
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Hence, by the arbitrariness of € > 0, we obtain

/ /1
o (1) =020 < max {phn o Ty (1) }
1
<max{p(N (N2 (1) f <0t 6
We finally deduce from (3.5) and (3.7) that

a0 () -5 ()}

=0
If f is an entire function, it is obvious that 7“<P (%) = 7\.(0P (%) = 0 and therefore

=0

Po(f) =Ao(f) =1y (f)- m
Proof of Theorem 1.7
Equation (1.5) can be rewritten as
1 1 (fW FU=D f
—=—= | —+A_ e+ A=+ A . .
fF<f+k1f++1f+0 (3.8)

It follows from Lemma 2.3 and (3.8) that

(i)
pgmgmax{p?pw),p?pm,-),pg (f ):jzo,l,...,k—l;iz1,...,k}.

f
3.9
Since max{p?p(F),p?P(Aj) 1 j=0,1,... . k—1} < p%(f), then by (3.9), Theorem
1.5 and Lemma 2.3 we get

(i) /
Po(f) Smax{pg <ff ) = 1,...,k} =pY <f7> < po(f)- (3.10)

Thus,

P <f7> = py(f)- (3.11)
We deduce from (3.11), Lemma 2.12 and Theorem 1.6 that
Po <f7> = pY(f) =Rolf) = A5(1): (3.12)

(@)
On the other hand, we suppose that 7(1 > 2) is not constant. Then, 7(r,0, f) <

n(r,0, J%) and therefore
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By the monotonicity of @, we get for i > 2

_ (i)
Rolf) <P (ff ) - (3.13)

It follows from (3.12), (3.13) and Lemma 2.3 that for i > 2

_ (i)
PO(f) =Rolf) = A0(f) < P (%) <p%(f).

Hence, (1.7) holds and Theorem 1.7 is proved. O

Proof of Theorem 1.8

Suppose that f is a non-zero meromorphic solution of equation (1.8). By the
condition (1.9), we see that p?p( f) > 0. It follows from (1.8) and Lemma 2.2 that

f(k) 2 1
T\r =T (nA1+Asf + -+ A 2+ ALY

=1

n
=(n—1)T(r,f)+0 (Z T(r,Aj)>. (3.14)
Set o0 = max {p?p(Aj) :j=1,...,n}. Then, for any given &€ > 0 and sufficiently
large r, we have
T(rA;) <loge ' ((a+e)logr), j=1,...,n. (3.15)
Byp= pg, (f) and Lemma 2.10, we obtain for sufficiently large r € E3 that

T (r.f) >logo~ " ((p—¢)logr), (3.16)

where E3 C (1, o) is of infinite logarithmic measure. For any € (0 <2e < p—a),
it follows from (3.15), (3.16) and (1.2) that

T(rAj) - logo~ ! ((o+€)logr)
T(r,f) ~ loge~!((p—g)logr)

For sufficiently large r € E3, we obtain from (3.14) and (3.17) that

— 0, (r— 4o, reks, j=1,...,n).
(3.17)

F®
T|n v (n=DT(r.f)+o(T(r,f)),

B 1 £ B F®
T(r,f)—mT <r7> —0<T <r,7 . (3.18)

SO
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Hence, by the monotonicity of ¢, (1.3) and (3.18), we get

(k)
o (f) <pY fT : (3.19)
On the other hand, Lemma 2.3 yields
(k) 1
Py fT < max {p% (79) .05 <?> } =pY(f). (3.20)

Hence, by (3.19) and (3.20), we deduce that p(OP (?) = p(op(f) for k > 1. Since

0 < py(f) < —+oo, by Lemma 2.4, we have py(f) =0 < pg(f). Furthermore, one
can see that (1.10) follows immediately from Theorem 1.6. U
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