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BLOW UP AND GROWTH OF SOLUTIONS FOR A
KIRCHHOFF-TYPE PLATE EQUATION WITH DEGENERATE
DAMPING

FATMA EKINCI AND ERHAN PISKIN

ABSTRACT. We investigate a Kirchhoff-type plate equation with a degenerate
damping term. We prove blow up and exponential growth of the solution under
some sufficient conditons on the initial data.

1. INTRODUCTION AND PRELIMINARIES

In this paper, we focus on the blow up and exponential growth of solutions under
sufficent conditions for the following problem

Y
Uy +A%u—Au— (f]Vu\zdx) Auul® j (u) =|ul"" u in Q x (0,40),
Q

u(x,0)=uo (x), u (x,0)=uj (x) on x € Q, (1.1
”(x’t):%“(xJ)ZO on x €0%Q,

where j (s) is a continuous, convex real-valued function defined on R and ;" denotes
the derivative of j(a) [1], 1 < g <o, p > 0, n is the outer normal and Q is an open
bounded domain in R” with a smooth boundary dQ2. Also, here

Y
Au— /\Vu]zdx Au and |ul? j (u),
Q

represent the Kirchhoff-type term and the degenerate damping term, respectively.

1.1. Kirchhoff-type plate problems

To motivation for this problem comes from the following equation the so called
Beam equation model
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L
Uy + A%u— a+B/[Vu\2dT Au= |u|"?u, (1.2)
0

without source term (|u|q*2 u) which was firstly introduced by Woinowsky-Krieger

[2] to describe the dynamic bucking of a hinged extensible beam under an ax-
ial force. It was extensively studied by several researchers in different contexs.
In [3, 4] the authors showed the global attractor, convergence and unboundedness
of solutions with |u|” ~2 4, nonlinear damping term. Then, the model also was
investigated in [5, 6] and the existence, decay estimates of solutions and blow up
of solutions with both negative and positive initial energy with |u,|” ~2 4, nonlinear
damping term was obtained. Also, in absence of Kirchhoff-type term and with Au,,
the problem (1.2) has been considerd by Piskin and Polat [7] and decay estimates
of the solution were proved by using the Nakaos inequality.

Recently, Periara et al. [8] and Piskin and Yiiksekkaya [9] studied this model
with u,. Periara et al. studied existence of the global solutions through the Faedo-
Galerkin approximations and obtained the asymptotic behavior by using the Nakao
method. Pigkin and Yiiksekkaya proved the blow up of solutions with positive and
negative initial energy.

1.2. Problems with degenerate damping

Hyperbolic models with degenerate damping are of much interest in material
science and physics. They particularly appear in physics when the friction is mod-
ulated by the strains. There is wide literature about degenerate damping terms,
namely &(u)h(u,) where 8(u) is a positive function and £ is nonlinear.

This kind of degenerate damping effects were first investigated by Levine and
Serrin [10] who considered the following equation

(ol ), =09 (|V2*2 Vi) +Bluf” |2 = X2,

here a,3 > 0, A > 0. The authors studied blow up of solutions with negative initial
energy. But Levine and Serrin obtain only a blow up solution with negative initial
energy without any guarantees that the solution has a local solution.

In the absence of a Kirchhoff-type term and A%, the problem (1.1) takes the
form

 — AuA+ [ulP j () = |u]? . (1.3)

The problem (1.3) has been widely investigated. For example, Barbu, Lasiecka
and Rammabha [1, 11] studied the existence and uniqueness of varied kinds of solu-
tions like weak solutions, generalized solutions and strong solutions. In addition,
when initial energy is negative the blow up result of generalized and weak solution
was proved in [11,12].
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For the case j' (u;) = |u;|" sgn (u;) for the problem (1.3), Pitts and Rammaha [13]
proved global and local existence for p + p > ¢ and for the case p < 1 established
uniqueness. Also, the authors obtained blow up solutions with negative initial en-
ergy forp+p <gq.

Rammaha and Strei [14] studied global existence and nonexistence of solutions
with negative initial datum in case j' () = u, for problem (1.3). Then, Hu and
Zhang [15] considered problem (1.3) and proved asymptotically stability and blow
up with positive initial energy. Moreover, [16] investigated problem (1.3) and
proved blow up results for arbitrary positive initial energy.

Recently, Ekinci and Pigkin [17-19] investigated the problem (1.1) and first
showed nonexistence of weak solutions with arbitrary positive initial datum by
constructing a energy perturbation function. Then, in [18], they showed the as-
ymptotic stability of energy in the presence of a degenerate damping by potential
well theory. Also, in [19], they studied blow up and exponential growth of solutions
with negative initial energy for problem (1.1) with viscoelastic term. Furthermore,
recently, blowing up and exponential growth of solutions for evolution systems
with time degenerate damping have been studied by many authors [20-23].

For the last several decades, the mathematical analysis of Kirchhoff-type plate
equations has attracted a lot of attention. Also, hyperbolic type equations with
degenerate damping terms have attracted a lot of attention. Thus, we decided to
combine Kirchhoff-type plate and degenerate damping in a equation.

Motivated by previous results, we prove several results concerning the blow up
and exponential growth of solutions with positive initial datum for the problem
(1.1). It should be noted here that we can say that the study is both quite difficult
and interesting and the analysis more subtle because of the degenerate damping.

The remaining part of this paper is organized as follows: In the next section,
we study the blow up of solutions. The exponential growth result is presented in
Section 3.

Now, we present some preliminary material which will be helpful in the proof
of our results. Throughout this paper, W""* is denoted the Sobolev space and

WP (Q)=Lr(Q)if m=0,
W2 (Q) =H"(Q) if p=2.

Also, we denote the standard L? (Q) norm by |.|| = [[-l2() and LP () norm by
[[l, = 1I-ll» () for details see ( [24,25]).

(A1) p,p>0,g>1;p<;%5,g+1< fT"Z if n > 3. There exist positive constants
¢, co, ¢1 such that for all o, € R, j(a) : R — Ris a C' convex real function
satisfying

°j(a) >cla
e j (o) is single valued and | ;' ()| < coat|”,

o (j' () = ' (B)) (—B) = 1 |oe—BI"*"

|p+1
)
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(A2) up(x) € HZ(Q), uy (x) € L*(Q).
The mentioned solution of (1.1) satisfies the energy identity

t
E(t)+/ /Q\u(r)\pj(ut)(r)dxdr:E(O), (1.4)
0
where
1 2 2 2 1 2(y+1) 1 +1
E(t)=3 [HutH + [ Aul|” 4[| V]| +mHV“H —ﬁH“HZH (1.5)
and
E(0) = 5 |lual P+ JAuol+ [ Vo P+ - VoY) — L a4},
2 v+1 g+1 g+l
(1.6)
Moreover, by computation, we get E (¢) is a non-increasing function, and then
E(t) <E(0). (1.7)

Now, we define

_2 1 |
=\, E = — ol ™!
e A <2<v+1) q+1> b

1
1 = g+1/1 1 .
= |—s , EBp=t— | —— )",
? ((q+1)7v?> T2 <2 Q+1> ?

Wo={(,E) €ER*0<a<0,0<E<E},
V={(aE)eR*a>0,0<E<E}
where A, is the embedding constant (where HZ (Q) is embedded into L9 (Q)).
We name W the stable set, V the unstable set.

2. BLOow UP

In this section, we deal with the blow-up properties for the solutions of (1.1).

Lemma 2.1. [26]. If <Hu0||q+1 ,E(O)) €V, then the solution of (1.1), satisfies

E(t) <E(0) for all t € [0,T]. Also, there exists 0 > 0y such that |lu(t)|,., >
op > o forallt € [0,T].

Theorem 2.1. Assume that (A1) and (A2) hold. Let (HMOH . ,E(O)) €V, q>

max {2y+ 1,p+ p} and u be a local solution to (1.1) on the interval [0,T]. Then
T is necessarily finite, i.e. u can’t be continued for all t > 0.

Proof. We assume that the solution exists for all time and we arrive to a contradic-
tion. Set

G(t)=u@)*, H@®)=E—E(). 2.1
From (1.4), we have
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H' (1) = —E' (1) = / ()P j () (1) dx > 0. 2.2)
Q
Hence, H(t) is an increasing function, we have
H(t)>H(0)=E, —E(0)>0, t>0. (2.3)

Then, by using Lemma 1 and the definition of E(z),

1) 1
H0) < By - |1l + 9l +Y IVl sl
1
<E — —A\ %} ul| 7] 2.4
Hence, since E| — (Y+1)}” ocl —mocqﬂ<07 we have
1 1
0<H)<H()< q+1||u||gil, t>0. (2.5)

For simplicity, we denote

= [P0 () (1) .

By Eq.(1.1) and the definition of H(z),

36" (0= 4 [ uu o)

= [l (0)|1* = 18w () > = [Vae (0) P = [Vae ()PP + e ()| 441 — % (¢)
— (v 2) e ()2 IVl P+ vl (1 2l ”) Juft!
+2(y+DH (1) =2(y+ 1) E; —x(2).

By Lemma 1 Gie [lull £} g "™ > 1, or By Jull i1 0g " > En),

1
5G" (1) > (r+2) s ()| +¥[| Vel -+ 1| Aue]|* 1)

2(y+1)
1—
+< qg+1

= (v42) e (0)[P4+¥ [ Vel >yl AulP+C [ 542 (v 1) H () =x (1), (2.6)

~2(r+ ) Evag ™) [Jull 1 4+2 (1) H (1)

where C; = 1 — % —2(y+ 1)E10€(;(q+1) > 0, because oy > o by Lemma 1.

In order to estimate () in (2.6), since g > p + p, from assumption (A1) and
thanks to Holder’s inequality and Young’s inequality, we have
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1
O1= [P o) o a
1

ga)( / |u<r>|"|ut<r>|')“dx> ([ wpetan)”

ptp+

P
< Coko (H' (1)) 7 [lu (1)l 5
< Coo (8 H' (1) + 8 [u()|011). @.7)
where the constant > 0 is specified later and A is the best embedding constant

from LPHPH1 (Q) — LIt (Q) since p+ p < q.
We then define

C(t)=H""()+eG (1),
. . _p_
where € is to be chosen later, and 0 < v < min { L;I'(q+1) 2(‘1q+1)} Obviously, 0 <
v < 3. Therefore, (2.6) and (2.7) yield
I'(t)=(1-v)H " (t)H (t) +eG" (¢)
> (1—=0)H " (t) H' (1) +2& (y+2) |, (1) ||* + 2¢(| Vue]|?
+2ey||Aul|* +26C [Jul| 2T} +2¢ (y+ 1) H (1) — 2ex, (1)
> [(1-v)H (1) - 28Co7»0571] H' (£) +2€ (y+2) || (1) ]| + 2ey|| Vul|

+2ey | Aul® +26Cy Jul|Z1] +4e (y+ 1) H (1) — 26Cohod” ul P17 (2.8)

1
Choosing 8§ = (2C07L0 HquJrl p) " we get

Cy ||ul|9F] = 2Coho®” [|u] 2T = 0.

q+1 q+1

Hence, (2.8) becomes
I (1) > [(1—0)H (1) — 2eCohod | H' (1) +2€ (Y +2) ||y (1) ||” + 2¢7]| V||

+2ey||Aul|* +€Cy [|ul| 1] +4e (y+ 1) H (r). 2.9)
p+p—
Since H (1) < Hu|]q+1andthech01ceof6<1e §=2"7 (Coho)™ I’C Hqu+1 >,
then
(1 — D)H_U (l) — 28C07\.08_1
=H"(t)[1—v—2eCohod 'H" (1)]
1 41 1 P+p—q+oplg+l)
>H™"(t) [1 2ty e(Coho)' 7 C, ”(cﬁ—l)*")HuHqul ’ } (2.10)

Furthermore, since [|uf|,,; > [(¢+1)H (0)] 7 by (2.5) and since v was chosen so
thatp+p— q+Dp(q+ 1) <0, then

(1= 0)H ™ (1) ~2eCohod !
> 1) [1 02" e (@) T 6y g+ 1) B 0], @
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Now, we choose € to be sufﬁciently small so that

- v— 2" b (Cohg) T H €L 7 (g4 1) TE B (0) > 0,
then (2.11) and (2.12) yield
I (1) > &Co | H (1) + [l () + lull 3 + Vel + 1Al *) - 212)
where C, > 0 is a constant that does not depend on €. Especially, (2.12) means that
I'(¢) is increasing on (0,7), with
C()=H""(1)4+eG (t) >H' 7 (0)+&G (0).

We further choose € to be sufficiently small so that I'(0) >0, soI'(¢) >T'(0) >0
fort > 0.

Now, let u = % Since 0 <V < 2, it is evident that u > 1. By using the
following inequality

ey < 270 (el [y for > 1,
and applying Young’s inequality, we have
D () < 2471 (H (o) + e fue ()|l (2)]]F)

<G <H(t)+ etg (2)]2 + e (£)] qif) . 2.13)

By the choice of v, we have 1 7—V> Now applying the inequality

q+1
1
an§<1+z>(b—|—a), a>0, 0<n<1, b>0,

‘q+1

and taking a = ||u(7)| < 1,and b= H (0), we obtain

_ 1
M= T=)6

T 1
T +1
@ < (14 75 ) (HO+ @Iz
<Cy (H (1) + ||u(t)||31}) : (2.14)
Therefore, by combining of (2.13) and (2.14), we obatin

D (0) < s (H 1)+l (1) >+ e 1) 451

< Co (H () + g ()1 + Ju (0) 41 + 1Vl + 1aul?) . 2.15)

Thus, (2.12) and (2.15) imply that
r’()>c7r“(), t€0,7]. (2.16)
In the end, from (2.16) and u = = > 1, we see that ' (1) = H' (1) +&G’ (¢) blow

up in finite time. This completes the proof O
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3. GROWTH

In this section, we deal with the exponential growth properties for the solutions
of (1.1)
Theorem 3.1. Assume that (A1) and (A2) hold. Furthermore, we assume that
(””0”q+1 ,E (0)) €V and g > max {2y+ 1,p + p}. Then the solution of the system
(1.1) exponentially grows.
Proof. We define
F(t)=H()+eG (1), (3.1
where H (t) and G (¢) are specified in (2.1). By using (2.6) and (2.7), we have
F'(t)=H'(t) +eG" (1)
> H' (1) +2e(Y+2) |us (1) + 2e | Vul
+2ey||Aul|* + 28 [Jul| L1} +2¢ (v+ 1) H (1) — 2ex (1)
> [1—2eCohod ' H' (1) +2€ (v+2) s (1) + 2ev|| Vue|®
g+l

2y || Aull® + 26C; [l 454+ de (y+ 1) H (1) — 26Codod” [l 27 (3.2)

1
Choosing 6 = (2C0h0 ||u\|q+1 >,, then

+1 +p+1
Crlull ) —2Corod” ullf 7 =0,

Hence, (3.2) becomes

F' (1) > [1 —2eCohod " H' (1) + 28 (Y+2) |lu, (1) ||* + 2ey|| Vuul*

+2£y|]Au|]2+8C1|!uHZﬂ+4s(y+1)H(t). (3.3)
pp—g
Since H (1) < Hu||q+1andthech01ceof8<1e §=2"7 (Coho) ™ PC1 H“||q+1 >,
then by
1—26Cohod ! > 1 -2 5 (Coho) TP €, ’ Hqu+1 (3.4)

Furthermore, since [lul|,,; > [(¢+1)H (O)]m by (2.5) and p+ p — ¢ <0, then

ptr—gq p+ ‘1

1—26Cohod " > 1—2"F 5 (Coho) ' 7 €, ”(q+1)p<q+1 Hram (0). (3.5)

Now, we choose € to be sufficiently small so that

ptr—gq ptr—q

_1
12" 5 (Coho) *7 €, 7 (g+ 1)) H et (0) > 0,
and then (3.3) and (3.5) yield
F'(t) > €B [H(I)JrHut( )P+ [l +1+||WH + [ Au]| ] (3.6)

where [ > 0 is a constant that does not depend on €.
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Now, applying Young’s inequality and Sobolev Poincare inequality we have
F (1) < H (1) + &[] []o]]
2 2
<C(H @)+ ]+ ) .

Then, in order to estimate the ||u|? term, we apply the inequality a’ < (a+1) <

(14 L)(a+b) fora= ||“||Zi} ,1=2/qg+1<1,b=H(0), and we have

Jull® < Cllull.
2
N2
=c(uuuzL) "

< (1+ 757 ) (et +#0)
<c(uuui§ii ). (3.7)

Thus,
F(0) CLH @)+ () + w21+ 19+ 8ul?] . G8)

Therefore, (3.6) and (3.8) imply that
F'(t)>&F(t), t >0.
This completes the proof. U
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