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SOME REMARKS ASSOCIATED WITH THE SCHWARZ LEMMA ON
THE BOUNDARY

BULENT NAFI ORNEK

ABSTRACT. The aim of this paper is to introduce the class of the analytic func-
tions called Al (a,c) and to investigate the various properties of the functions
belonging to this class. For the functions in this class, some inequalities related
to the angular derivative have been obtained. That is, the modulus of the angu-

1@
a(p—1)[}ep| < [e(1+a)] is estimated from below.

lar derivative of the function 2 under hypothesis Y {(p—1)+|c(1+ o)+
p=2

1. INTRODUCTION

Let g be an analytic function in the unit disc D = {z: |z] < 1}, g(0) = 0 and
g:D — D . In accordance with the classical Schwarz lemma, for any point z
in the unit disc D, we have [g(z)| < |z| and |¢’(0)| < 1. In addition, if the equality
|g(z)| = |z| holds for any z # 0, or |g’(0)| = 1, then g is a rotation; that is g(z) = ze™®,
0 real ( [5], p.329). Schwarz lemma has important applications in engineering
[14,15]. In this study, the Shwarz lemma will be obtained for the following class
A (o, ¢) which will be given.

Let A4 denote the class of functions f(z) = z+ Y. cpz” that are analytic in D.

p=2
Also, let A\’ (o, ¢) be the subclass of A consisting of all functions f(z) satisfying

oo

Y {p—D+lc(1+0)+o(p—1)|} ey <le(1+a)], (1.1)
p=2

where o0 = mT_l (m > %) and 0 # ¢ € C. In this paper, we study some of the
propeties of the clases A’ (a,c¢). Namely, an upper bound will be obtained for

the modulus of the coefficient ¢, = & for this class.
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Let f € AL (a,¢) and consider the following function

zf'(2)
o !

(1+0c)+0c(zf(()) 1>'

It is an analytic function in D and w(0) = 0. Now, let us show that |w(z)| < 1 in
D. From (1.2), we have

w(z) = (1.2)

2f'(z) — f(2)
c(1+a) f(z) +o(zf'(z) — f(2)

Now let us look at the difference in the modulus of the between the numerator and
denominator of the function w(z). Therefore, we take

l2f'(2) = f(@)] = |e (14 0) f(2) + 0 (2f () = f(2)|
Z —1)cp’| = |c(1+a) {z+Zcpzp}+0cZ —1)cp??

p:2 2

<Y (= Vlepl |~ {\c<1+auz\ Y le(1 o) +a(p —1>Hcpuzwp}

=2 p=2

w(z) =

<

_ i p=1)+le(1+0)+a(p—1)[}e| |27 —le(1+a)]l2].

If we pass to the limit in the last expression as |z| — 17, we obtain

2f'(2) = f(2)| = |c (14 a) f(z) + (2" (2) — f(2))|

< iz{(l’— D+lc(l+o)+a(p—1)|}ep| —lc(1+a)].
=

From (1.1), we obtain

|2 (2) = f(@)] = |e(1+ @) f(z) +a(zf (z) = f(2))| <O

and
@)
/(@)

c(l+a)+a <f(—()> 1)
Thus, the analytical function w(z) satisfies the conditions for the Schwarz lemma.
So, if we apply the Schwarz lemma to the function w(z), we obtain

j‘/
- 22+ (203 =3) 2 + ..
)

c(1+oc)+oc<z}"’z§—1> (1+OL)+OL(sz+(203—c)z2+ )

<1, |7 < L

w(z) =

w(z) e+ (2c3—cd)z+ ..

2 c(l4+o)+a(cz+ (2c3—c3)2+..)
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W' (0)] =

2 <
c(l+a)|—
and

leo| < | (1+a).

We thus obtain the following lemma.
Lemma 1.1. If f € A[(0,c), then we have the inequality
|F(0)] <2(1+a)]e]. (1.3)

Since the area of applicability of Schwarz Lemma is quite wide, there exist many
studies about it. Some of these studies, which are called the boundary version of
Schwarz Lemma, are about estimation from below the modulus of the derivative
of the function at some boundary point of the unit disc. The boundary version of
Schwarz Lemma is given as follows [12,17]:

Lemma 1.2. Let g(z) be an analytic function in D, g(0) = 0 and |g(z)| < 1 for
z € D. If g(z) extends continuously at the boundary point 1 € 0D = {z: |z] = 1},
and if |g(1)| = 1 and g'(1) exists, then

2
/
g > —=— (1.4)
<O )
and
|g'(1)] = 1. (1.5)
Moreover, the equality in (1.4) holds if and only if
Z—0C
82) =2y

for some & € (—1.0]. Also, the equality in (1.5) holds if and only if g(z) = ze™.

Inequality (1.5) and its generalizations have important applications in geometric
theory of functions and they are still hot topics in the mathematics literature [1-4,
6-13].

The following lemma, known as the Julia-Wolff lemma, is needed in the sequel
(see, [16]).

Lemma 1.3 (Julia-Wolff lemma). Ler g be an analytic function in D, g(0) =0
and g(D) C D. If, in addition, the function g has an angular limit g(1) at 1 € oD,
|g(1)| = 1, then the angular derivative g'(1) exists and 1 < |g'(1)| < oo.

Corollary 1.1. The analytic function g has a finite angular derivative g'(1) if and
only if g’ has the finite angular limir g'(1) at 1 € 9D.
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2. MAIN RESULTS

In this section, we discuss different versions of the boundary Schwarz lemma for
the AL (o, ¢) class. Also, in a class of analytic functions on the unit disc, assuming
the existence of angular limit on the boundary point, the estimations below of the
modulus of the angular derivative have been obtained.

Theorem 2.1. Let f € N (a,c). Assume that, for 1 € oD, f has an angular limit
F(1) at the point 1, f'(1) = (1 —c¢) f(1). Then we have the inequality

zf'(2) ' |c]
(f(Z) >Z_1 “Tra 2.1)
Proof. Consider the function
_ p(Z)—l _Zf/(Z)
v = c(l+o)+a(p(z)—1)’ p(z) = Q)

Also, since f'(1) = (1—c) f(1), we have |w(1)| = 1. Therefore, from (1.5), we
obtain

‘(1 l+o (1 I+
L < W)= [P (D) ]ef (1+a) 2:Ip()IICIZ( +a)
e(1+0)+oa(p(1) —1)] ]
()] (1+a)
c]
and ¢
>t O
‘p ( )‘ T 14+
The inequality (2.1) can be strengthened from below by taking into account,
) = ! 2(()), the first coefficient of the expansion of the function f(z) = z+ c2z> +
C3Z3 + ...
Theorem 2.2. Under the same assumptions as in Theorem 2.1, we have
/ ! 2
2
<Zf (Z)> S 2.2)
f@) )=l lel(140) + ez

Proof. Let w(z) function be the same as (1.2). So, from (1.4), we obtain
2 OIS

/

mrwoy < W=

Since
/ &)
W' (0)] = Ik

we take

2 _ PO+

4 2l ™ ]

le[(1+0)
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and
2|c?

1 - . J
P12 oy +ie]

The inequality (2.2) can be strengthened as below by taking into account c3 =
! ( ) which is the coefficient in the expansion of the function f(z) = z+ 22> +
C3Z + ...

c). Assume that, for 1 € 0D, f has an angular limit

Theorem 2.3. Ler f € N (a,
= (1—c¢) f(1). Then we have the inequality

f(1) at the point 1, f'(1)
().,

Proof. Let w(z) be the same as in the proof of Theorem 2.1 and m(z) = z. By the
maximum principle, for each z € D, we have the inequality |w(z)| < |m(z)|. So,

_wk) 1 p(z)—1
M= T <u+w+w<>1ﬂ

€] 2(le| (1+0) —ea])?

_1+0€< (]c\(l—i-oc)) ‘CQ‘+‘(2C3—02) (1+a) occ2|>'
(2.3)

1 ezt (23— )2+ ...
ze(l+a)+a(cz+ (2c3—3) 2 +...)
o+ (203 —c%)z+...
c(1+o)+o(crz+ (2c3—c3) 22+ ...)

is an analytic function in D and |¢(z)| < 1 for z € D. In particular, we have

|ca

W@Hzﬁﬁtﬁﬁ_ (2.4)
and
, ‘(2C3—C2) (I1+a)— Occ%|
0) = .
|¢( )‘ |c(1+oc)|
The auxiliary function
_ 0(z) —9(0)
P et

is analytic in D, @(0) = 0, |@(z)| < 1 for |z| < 1 and |¢(1)| = 1. From (1.4), we
obtain
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2 / _ 1_|¢(0
o) <P 0I= ‘1_ 0q>(1)(2 ol
< e (] = )]}
_1+»c|‘ii'a POI0+a)
1 H(‘l—ﬂa) ( lc| )
Since
B 2
o= O g
(1-000)0())
and
‘(20; Cz) (I4a) Occz‘
, 0(0)] (1)
9'(0)] = 7= 5]
1—0(0)] 1— <%>
we obtain
2 lel(1+a) +ea| (1P (D](1+0)
1+‘(2C* 3)e(l+a) 0‘62‘ = ‘C’(I‘F‘X)_’Cz’( |c| 1>7
(Jel(1+0) ezl
2 ((Jel (1+ ) = |eal?) el (14 0)— |ea]

(le] (1+))* = [eal” + | (2¢3 — ¢3) e (1 + @) — acd| el (1 + o) + 2]

LOICLR

<1+ 2(le] (1 + ) — feal)’ )
1+o (e (14 0))* = |ea|* + | (263 = ) e (1 + @) — 01|

If f(z) — z has zeros different from z = 0, taking into account these zeros, the
inequality (2.3) can be strengthened in another way. This is given by the following
Theorem.

p'(1)] >

Theorem 2.4. Let f € N (o, c) and ay,az, ..., a, be the zeros of the function f(z)—
in D that are different from zero. Assume that, for 1 € dD, f has an angular limit
F(1) at the point 1, f'(1) = (1 —¢) f(1). Then we have the inequality
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@) ] o1 faif
‘(f(Z) >Z_1 21+oc<1+i;‘1_ai’2 (2.5)
_l’_

n 2
2(\c|<1+oc> fi |ai|—|62\>

1o
ai

n
(203 705)6(1+Oc)7occ%+czc(l+oc) Y
i=1

n 2 2 n
(|e\<1+oc> _nl\a,-\) ~leof*+ [ a
= =

Proof. Letw(z) be asin (1.2) and ay,ay, ...,a, be the zeros of the function f(z) —z
in D that are different from zero. Also, consider the function

n

B(Z)ZZH i—ai

i l—az

By the maximum principle for each z € D, we have
w(z)] < [B(2)]-

Consider the function

@ px) 1 1
00 =53 = (cir e Lav@=T) 11
i=1

Z—aj
1—a;z
B 7+ (2C3 —c%) 2+ 1
= c(1 —|-oc)+0c(czz+ (2C3 —c%) Z2_|_...) z r”I g
=1
B Cc2 + (203—0%)24-... 1
()t (26 -d) 2 +.) [ = '
; —a;z
i=

1

O(z) is analytic in D and |®(z)| < 1 for |z| < 1. In particular, we have

(oY) —
(1 +a) [l

and

1—|a;|”
a;

(2c3—c3) c(1+ ) — 03 +crc (14 @) f
‘®/(0)| _ i=1

(14 0” [1 e
i=1
The auxiliary function
B(z) —0(0
(o) 8600
1-0(0)0(z)

is analytic in D, |A(z)| < 1 for |z| < 1 and A(0) = 0. Since f'(1) = (1 —c¢) f(1), we
take |A(1)| = 1. From (1.4), we obtain
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1—(®(0)]?

2 , |
V()| = —— PO
0)] <o)l ‘1_W@(1)(

14+ |N(

It can be seen that

and
|2

lf‘ai
aj

n
‘ (203 —c%)c(l-l—a)—ow%-i—czc(l-i-a) Y
i=1

n
lef*(1+0) I ai|
=

1— |ea] _
\CI(1+a)g|af|

1-a;|

ai

n
‘ (263 7c%)c(l+oc)focc%+czc(l+0c) Y

2‘
i=1

n
=11 |ail W N2
-1 (|c|<1+a>nl|ai\) el?

i=

Also,we have

\B’(1)|:1+Zn:1_’ai’z.
i=1 |1 —aj

Therefore, we obtain
2

2
(2(73 —z:%)zr(l+0L)70Lzr%+zrzc(l+(x) iél I*L‘:l ‘

n 2
(\c\ma) _gl\ai\> ~Jeaf?
cl(14o i a;|+|c
‘ |( )lI:_Ill | | 2| |p/(1)‘(1+(1) B 1 B i 1—\01'\2

lc| |1*ai\2 ’

i=1

n
1+.1—Il|ll,"
=

< s
l+0) M-l
n 2
2<(|c|<1+oc>_nl|a,») |e2|2>
n 2 n
(lcr+00 il ) ~leaf+ s

aj|+|c n
“ ’2‘<|p'<1>|<1+oc> 1 1—|al~|2>

‘ 2

lf‘ui
ai

n
(203 7c%)c(l+oc)focc%+czc(l+0c) Y
i=1

=

el (1 +a).
< i
el (14 o)

i

I
—

|C| i=1 \l—ai\z

=

|ai| —|ca]

I
—
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n 2
2(\c|<1+oc> fi |a,-|—|cz\)

‘ 2

lf‘ui
ai

n 2 n
(1100 fliat) ~leaP+ {1
/ no1 142
P +a) _1_21 jail

|c| S —al

n
(203 7c%)c(l+oc)focc%+czc(l+0c) Y
i=1

and so, we get inequality (2.5). O

If f(z) —z has no zeros different from z = 0 in Theorem 2.3, the inequality (2.3)
can be further strengthened. This is given by the following theorem.

Theorem 2.5. Suppose that f € N (a,¢), f(z) — z has no zeros in D except 7 =0
and ¢y > 0. Assume that, for 1 € 0D, f has an angular limit f(1) at the point 1,
f'(1) = (1=c) f(1). Then we have the inequality

‘(Zf/(z)>/ - <_ 202(1+(X)ln2 <—‘C‘(ii-0()) .
ARy B & VAN P (I+0o)ln (M(i—ioc))_‘ (2c3—c3) c(1+ @) — o3
(2.6)

]

Proof. Let ¢; > 0 in the expression of the function f(z). Having in mind the in-
equality (2.4) and that the function f(z) —z has no zeros in D except z = 0, we
denote by In¢(z) the analytic branch of the logarithm normed by the condition

n¢(0) = In <672)> <0.

The auxiliary function

_ In¢(z) —In¢(0)

~ Ino(z) +1n¢(0)

Q(z)] < 1,2(0) =0and |Q(1)| =1 for 1 € dD.

Q(z)

is analytic in the unit disc D,
From (1.4), we obtain

2 / 2In¢(0)| ¢’(1)‘
—— < |Q(1)| =
14]Q/(0)] S IIng(1) +1no(0))* | &(1)
B —21In¢(0) , -
_ln2¢(0)+arg2¢(1){‘w(l)‘ a2
Replacing arg? 0(1) by zero, then
1 —1 {Ip’(l)l(1+0°) }
2 1+0c—0cc2 S [ _1
W ln(\d(w)) el

- 2cp )
B ln(—\c'|(1+a) )

and
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2
2 (1 + &) 10’ () Pl (1+a)
2c2(1+06)ln<‘c|(i—2+a))—‘(203—0%)C(1+06)—ac%| B ]
Thus, we obtain the inequality (2.6). O

1—

A
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