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CONSTRUCTION OF A SUBSPACE OF THE SPECTRUM OF L FROM
THE L-SLICE FOR A LOCALE L

KOCHANAMKULANGARA SULAIMAN SABNA AND
NATUVIL MADHOM RAMA IYER MANGALAMBAL

ABSTRACT. The notion of compactness in the L-slice (6,J) of a locale L is
introduced and we show that L-slice compactness is stronger than topological
compactness and localic compactness. A subspace Y, of the spectrum Sp(L) of
the locale L, is constructed using filters Fy = {a € L : 6(a,x) = x} for compact
elements x € (0,J) and the compactness of the subspace Y is characterised using
the existence of a maximal compact element in the L-slice (c,J).

1. INTRODUCTION

A frame (locale) is a complete lattice satisfying the infinite distributive property
an B =|U{anb;b € B} for all a € L and B C L. Locales (frames) resemble
the lattice of open subsets of a topological space, and thus many topological ques-
tions can be solved using locale theory. We can see a locale as a kind of space,
more general than the classical one, allowing us to see topological phenomena in
a new perspective. Also the theory of locales has a connection with domain the-
ory [16] [7], continuous lattices [7] [3], logic [17] [5] and topos theory [5].

The action of residuated structures on posets has been studied by many authors,
especially in connection with mathematical logic. Such structures are involved in
the development of several interesting theories including image processing [14].
The concept of action of a locale L on a join semilattice J is introduced in [15].
The L-slice though algebraic in nature adopts topological properties such as com-
pactness of L through the action 6. In this paper we prove the following results:

i. For each x € (0,J), Fy = {a € L;6(a,x) = x} is a filter in the locale L, which
is proper for x # 0;. We prove that F; is a prime filter, if x is a join irreducible
element of (o,J).

ii. A stronger notion of a compact element in an L-slice (,J) is introduced and it
is characterized using the filter F,. A subspace of Sp(L) is constructed using the
filters F,.
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iii. IfY ={F,:x is join irreducible and compact in (c,J)} € Q(Sp(L))
for a spatial locale L, then Y corresponds to a sublocale of L. The method in this
paper suggests a way of obtaining a sublocale of the locale L from the L-slice of a
locale L.

The locale L can be viewed as an L-slice in which case the action © is the
meet.
Notation

: Partial order relation in the locale

: Meet in the locale

: Join in the locale

: Partial order relation in the join semilattice

: Meet in the join semilattice

: Join in the join semilattice

(X) : The Open set lattice of the topological space X

—: Heyting operation @ — b in a bounded lattice L is the greatest ¢ € L
such that a Ac < b.

e o 0 0 0 0 0 o
o< >IANLC N

2. PRELIMINARIES

Definition 2.1. [6] A lattice (L,<) is said to be a lattice with a relative pseudo-
complement if for any elements a,b € L the set {d € L:a/Nd < b} has a greatest
element, which is denoted by a — b.

Definition 2.2. [6] A lattice L with a relative pseudocomplement — is said to be
a Heyting lattice if L has a least element 0. The element a — 0 of a Heyting lattice
(L, <) is called the pseudocomplement of a and is denoted by —a.

Proposition 2.1. [6] A Heyting lattice L is a bounded distributive lattice.

Definition 2.3. An element a in a lattice L is said to be join irreducible if and only
if a is not a bottom element, and, whenever a = b\ c, then a = b or a = c.

Definition 2.4. Let L be a poset. We say that x is way below y, (x < y) if and
only if for all directed subsets D C L for which supD exists, the relation y < supD
always implies the existence of ad € D with x < d.

Definition 2.5. An element satisfying x < x is said to be compact or isolated from
below.

Definition 2.6. [13] A frame is a complete lattice L satisfying the infinite distribu-
tivity law aM||B = {aMb;b € B} foralla € L and B C L.

Example 2.1. [13] i.The lattice of open subsets of a topological space.
ii.Every complete Heyting lattice.
iii. Every complete Boolean algebra.
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Definition 2.7. [13] A map f : L — M between frames L,M preserving all finite
meets (including the top 1) and all joins (including the bottom 0) is called a frame
homomorphism. A bijective frame homomorphism is called a frame isomorphism.

The category of frames is denoted by Frm. The opposite of the category Frm
is the category Loc of locales.

Definition 2.8. [/0] A subset I of a locale L is said to be an ideal if

i. I is a sub-join-semilattice of L; that is Op € I and a € I,b € I implies allb € I;
and

ii. 1is alower set; thatisa €1 and b T aimply b € l.

Definition 2.9. [13] A subset F of locale L is said to be a filter if
i. F is a sub-meet-semilattice of L; thatis 1 € F anda € F, b € F imply allb € F.
ii. F is an upper set; thatisa € F and a T b imply b € F.

Definition 2.10. [13] A filter F is proper if F # L, that is if O, ¢ F. A proper filter
F in alocale L is prime if a; Uay € F implies that a; € F or a, € F

Definition 2.11. [/3] A proper filter F in a locale L is a completely prime filter if
for any indexing set Jand a; € L, i € J, | |a; € F = Ji € J so that a; € F. Completely
prime filters are called c.p filters.

For an element a of a locale L, set X, = {F C L;F # §,F is a c.p filter;a €
F}. We can easily check that £y = 0, Y a=UZe 5 Zare = ZaNXp and Xy =
{all c.p filters}. Thus the collection of all completely prime filters together with
the collection {¥, : a € L} forms a topological space and it is called the spectrum
Sp(L) associated with the locale L. The topology on Sp(L) is Q(Sp(L)) ={X,:a €
L}.

Definition 2.12. A locale L is said to be spatial if it is isomorphic to Q(X) for
some topological space X.

Definition 2.13. A subset of a frame L which is closed under the same finite meets
and arbitrary joins in the frame is called a subframe. That is a subframe is itself a
frame under the induced order of L.

The concept of sublocale is something different, corresponding to quotient frames.

Definition 2.14. [/3] Let L be a locale. A subset S C L is a sublocale of L if

i. Sis closed under all meets, and

ii. For every s € S and every x € L, x — s € S, where x — s is the greatest c € L
such that x Ac <s.

A sublocale is always nonempty, since 1 =[|¢ € S. The least sublocale {1} will
be denoted by 0.
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Example 2.2. [13] Consider the locale L given below and let S = {4,12}. S is
/ 1 2\
4\ / 6\
2\ /
1
closed under all meets.

l-4=2—-4=4—-4=12¢€S
3234=6—-4=12—=+4=4¢S
1-12=2—-12=3—-12=4—-12=6—12=12¢cS
Hence S is a sublocale of L

3

Definition 2.15. [/3] Let L be a locale and a € L. The open sublocale associated
with a is defined by o(a) = {a — x,x € L}.

Definition 2.16. [13] Let L be a locale and a € L. The closed sublocale associated
with a is defined by c(a) = {x € L,aC x} =1 a.

Definition 2.17. [13] A cover of a locale L is a subset A C L such that | |A = 1.
A subcover of a cover A is a subset B C A such that | |B = 1. A locale is said to be
compact if each cover has a finite subcover.

Definition 2.18. [/5] Let L be a locale and J be a join semilattice with bottom
element 0;. By the “action of L on J”we mean a function 6 : L X J — J such that
the following conditions are satisfied.

i. 6(a,x; Vx2) =0(a,x;)Vo(a,xy)forallac Lxy,x; €J.

ii. 6(a,0;) =0y foralla € L.

iii. 6(aMb,x) = 6(a,6(b,x)) = o(b,0(a,x)) forall a,b € L,x € J.
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iv. 6(1.,x) =xand 6(0r,x) =0, forall x € J.
v. 6(aUb,x) =oc(a,x)Vo(b,x) fora,b e LxelJ.

If 6 is an action of the locale L on a join semilattice J, then we call (G,J) an
L-slice.

Remark 2.1. We use the notation (c,J) for an L-slice in order to emphasize that
the join semilattice J is equipped with the action of a locale.

Example 2.3. [15] 1. Every locale L is an L-slice under the action .

2.Let I be an ideal of a locale L. Define M : Lx I — I by M(a,i) =afi. Thenis
an action of L on join semilattice 1. Hence every ideal of a locale is an L-slice.

3. Let the locale L have the property that aT1b = 0 implies that either a = 0 or
b =0. J be any join semilattice with bottom element. Define ¢ : L x J — J by
6(a,j)=j Ya+#0and 5(0r,j) =0;. Then G is an action of L on J and (G,J) is
an L-slice.

Definition 2.19. [I5] Let (c,J) be an L-slice of a locale L. A subjoin semilattice
J' of J is said to be L-subslice of J if J' is closed under the action by elements of L.

Definition 2.20. [15] Let (G,J), (u,K) be L-slices of a locale L. Amap f: (6,J) —
(u,K) is said to be an L-slice homomorphism if

i f(x1Vx2) = f(x1)V f(x2) for all x1,x; € (G,J).

ii. f(o(a,x))=u(a,f(x))foralla€c L andallx€ (c,J).

Proposition 2.2. [15] Let (6,J) be an L-slice of a locale L. For each x € J,0y :
(M,L) — (0,J) defined by 6.(a) = 6(a,x) is an L-slice homomorphism.

3. FILTERS IN L WITH RESPECT TO THE SLICE (G,J)

Let (0,J) be an L-slice of a locale L and let x € J. We look into various proper-
ties of the collection F, = {a € L;6,(a) = x}.

Proposition 3.1. Let (G,J) be an L-slice of a locale L. For each x € J, let F, =
{a € L;o(a,x) = x}. Then F, is a filter in L.

Proof. By Definition 2.18(iv), 1 € F. Let a,b € F,. Then 6(a,x) = 6(b,x) = x.

c6(amMb,x) =6(a,0(b,x)) =6(a,x) =x. Hence allb € F,. Letae Frandce€ L
such that a C ¢. 6(a,x) =o(all¢,x) =o(cMa,x) = 6(c,6(a,x)) = 6(c,x). Thus
F, is a filter in L. O

Proposition 3.2. Let (6,J) be an L-slice and x <y € J. Then
i. x<o(a,y) forall a € F,.
ii. 6(b,x) <yforallb e F,.

Proof. i. Letx <y € J and a € F,. Then 6(a,x) = x. o(a,y) =0(a,xVy) =
6(a,x)Vo(a,y) =xVo(a,y). Hence x < 6(a,y) for all a € F,.

ii. Let b € F. Then 6(b,y) =y. 6(b,y) =6(b,xVy) =6(b,x)Vo(b,y) =c(b,x)V
y. Hence 6(b,x) <y forall b € F,. O
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Proposition 3.3. The filter F. is proper for x # Qj.

Proof. Suppose x # 0. If 0 € F,, then 6(0,,x) = x, which implies 0; = 6(0,,x) =
x. Hence if x # 0, 01, ¢ F, and so F; is proper. O

Proposition 3.4. Consider the L-slice (M,L). Then for each b € L,F;, is a closed
sublocale of L..

Proof. Fy={acL:MN(a,b)=b}y={acL:aNb=b}={acL:aJb}
=1 b. Hence Fj, is a closed sublocale of L. O

Proposition 3.5. Let (6,J) be an L-slice of a locale and x € J be a join-irreducible
element, then F, is a prime filter in L.

Proof. By proposition 3.1, F is a filter in L. Let alLlb € F,. Then 6(alb,x) = x.
That is 6(a,x) V 6(b,x) = x. Since x is join-irreducible, 6(a,x) = x or 6(b,x) = x.
Hence either a € F; or b € F,. Thus F, is a prime filter in L. |

Definition 3.1. An element x € J is said to be a compact element of the L-slice
(6,J), if for any collection {ay} of L whenever 6(Uag,x) = x, there exists a finite
sub collection {ay,ay,....ay} of {aq} such that 6(a;,x)V o(az,x) V...V o(ay,x) =
x. A slice (0,J) is compact if each element x € J is compact.

From the definition of compact L-slice, it is clear that every L-subslice of a
compact L-slice is compact.

Example 3.1. Let (6,J) be any L-slice. Then 0y is a compact element.

Proposition 3.6. Let L be a locale. If the L-slice (M,L) is compact, then the locale
L is compact.

Proof. Suppose the L-slice (I1,L)is compact and let {aq} € L such that Uag = 1.
Then for any b € (M,L), (Uag) b = 1Mb = b. Since (M,L) is compact, there exist
a finite sub collection {aj,ay,....a,} of {ay} such that (a; UayU...Ua,)Mb =
b. In particular this is true for b = 1. Hence (a; Uap U...Ua,)M1 = 1. Then
(ay UapU...Ua,) = 1 and hence the locale L is compact. O

The above proposition shows that the notion of compactness in the L-slice is
stronger than the topological compactness and compactness in locale.

Proposition 3.7. Let L be a compact locale and (G,J) be an L-slice. Let x € J be
such that Gy is one one. Then x is a compact element of the L-slice (G,J).

Proof. Let L be a compact locale and x € J. Suppose 6(Lag,x) = x. That is
6,(Uag) = x = 0,(1). Since G, : L — J is one one, Uay = 1. Since L is a compact
locale, there exist a finite sub collection ay,ay, ....a, of {ay } such that a; Ua, L.
a, = 1. Then o(a; Uap U...Uay,,x) = 6(1,x) = x. Hence x is a compact element
of the L-slice (o,J). O
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Corollary 3.1. Let L be a compact locale and (6,J) be an L-slice. If G is one-one
for every x € J, then (G,J) is a compact L-slice.

Corollary 3.2. Let L be a compact locale and let M, : L — L be one-one for every
x € L. Then the L-slice (M,L) is compact.

Proposition 3.8. Let (6,J), (u,K) be L-slices of a locale L and f : (6,J) — (u,K)
be a one-one L-slice homomorphism. If x is a compact element of the L-slice (G,J),
then f(x) is a compact element of the L-slice (u,K).

Proof. Let f: (0,J) — (u,K) be a one-one L-slice homomorphism and let x be a
compact element of the L-slice (5,J). Let {aq} € L such that u(Uag, f(x)) = f(x).
Since f is a one-one L-slice homomorphism, 6(Llag,x) = x. Then by compactness
of the element x € (0,J), there exist a finite sub collection a,az,...a, of {ay}
such that 6(a; Uay U....Ua,,x) = x. Then we have u(a; Uap U ....Uay,, f(x)) =
flo(a;UapU....Uay,x)) = f(x). Hence f(x) is a compact element of the L-slice
(u,K). O

Definition 3.2. A proper filter F in a locale L is a partially completely prime
filter if for any indexing set I and a; € Lii € I, | |a; € F = Jay,as....a, such that
aUaU...Ua, € F.

Proposition 3.9. Ler (G,J) be an L-slice of a locale L and x € J. Then x is a
compact element of the slice (,J) if and only if the filter F is partially completely
prime.

Proof. Suppose x is a compact element of the L-slice (6,J). Let Uay € F,. Then
we have 6(Llag,x) = x. Since x is a compact element, there is a finite collection
{a1,a2,....a,} of {aq} such that 6(a;,x) V o(az,x)V ...V 6(a,,x) = x. That is
6(a) UayU...Ua,,x) =x. So a;UapU...Ua, € F, and hence F, is a partially
completely prime filter. The converse is simple. O

Proposition 3.10. Let x € J be a join-irreducible compact element of (G,J). Then
F. is a completely prime filter.

Proof. Let x € J be a join-irreducible compact element of (c,J) and let Liag, € Fy.
Since x is a compact element, by proposition 3.9, F; is a partially completely prime
filter. Hence there is a,az, ....a, € {ay} such that a; LUa, ... Ua, € F,. Since x is
join-irreducible element of (G,J), there is some a; such that a; € F,. Hence F, is a
completely prime filter. O

Definition 3.3. A compact element x of an L-slice (G,J) of a locale L is said to be
a maximal compact element if the filter F, associated with x € J has the property
that F, C F, for all compact elements y € (G,J).

Proposition 3.11. If the collection of all compact elements of a locale forms a
chain with maximal element x, then x is a maximal compact element of the L-slice
(M,L).
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Proof. By Proposition 3.4, F, =1 x. Let y € L be any other compact element of
the L-slice (,L). Since y < x,F, =1 x C1y = F,. Hence x is a maximal compact
element of the L-slice (M,L). O

4. CONSTRUCTION- THE SUBSPACE OF SP(L)

Proposition 4.1. LetY = {F, :x is join irreducible and compact in (c,J)}. Then
(Y,Q(Sp(L))/Y) is a topological space, where Q(Sp(L))/Y denotes the subspace
topology on Y.

Proof. If x € J is a join-irreducible compact element, then by proposition 3.10, F;
is a completely prime filter and so Y C Sp(L). Then Q(Sp(L))/Y is the subspace
topology on Y and (Y,Q(Sp(L))/Y) is a topological space. O

Example 4.1. i. Let (M,L) be an L-slice. By Proposition 3.4, we have F, =1 b, a
principal filter of L. ThenY = {1 b :b € (1N,L)is a join— irreducible compact ele-
ment}. But b € L is join-irreducible and a compact element if and only T b is a
completely prime filter in the locale L. Hence Y = Sp(L).

ii. Let L be a locale and let I be an ideal of L.Consider the L-slice (N,I). As in the
case of the above example, Y = {1 b :1 b is a completely prime filter in L,b €
(M,1)} € Sp(L). Hence (Y,Q(Sp(L))/Y) is a proper subspace of Sp(L).

iii. Let the L-slice (G,J) be the L-slice of example 2.3(ii). For x € J, F, = L\{0.}.
Hence Y =L\{0.}. Let b € L be a minimal element of L. Then Y = L\{0.} = £p.
So Y is an open subset of Sp(L) and Q(Sp(L))/Y is isomorphic to 2.

The subspace (Y,Q(Sp(L))/Y) depends on the L-slice (c,J). If Y is an open
set in Sp(L), then Q(Sp(L))/Y is a sublocale of the locale Q(Sp(L)) and hence
a sublocale of L. If Y = Sp(L), the points of L are completely determined by the
L-slice (0,J).

Proposition 4.2. If the L-slice (G,J) of a locale L has a maximal compact irre-
ducible element z, then (Y = {F; : x is join irreducible and compact in (6,J)},
Q(Sp(L))/Y) is a compact subspace of the spectrum Sp(L) of the locale L.

Proof. Let {¥,, : o € I} be an open cover for Y. Then Y C (JX,, = X, Since
F, €Y,F, € X4, or Uag € F;. Since F; is a completely prime filter, there is some
B € I such that ag € F,. Then F; € Lgg- Also for any F, € Y, we have ag € F; C F;.
Hence Y C X, and so Y is compact. U
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