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WEIGHT DEPENDENT CONVOLUTION ON BEURLING SPACES AND
MULTIPLIERS

ABUDULAT ISSA AND YAOGAN MENSAH

ABSTRACT. In this paper, some properties of a generalized translation operator
are obtained. A weight dependent convolution product on Beurling spaces is
studied. A convolution theorem related to a weight Fourier transform is obtained.
Multipliers for the pair (L1 (G), L5(G)) are introduced.

1. INTRODUCTION

Weighted Lebesgue spaces endowed with the classical convolution have been
intensively studied; see for instance [2, 3, 8,9, 11] and references therein. In [10],
Mahmoodi introduced a generalized convolution product which is related to a
Beurling weight function and he studied the representations of a derived group
algebra. In [6], Issa and Mensah studied multipliers of the latter group algebra.
Some results in the two references [6, 10] generalize results on the classical convo-
lution product. The present article overlaps the reference [7].

The purpose of this article is to continue the study of the generalized convolution
product. Mainly, we consider the aforementioned convolution product on Beurl-
ing spaces. We use the property of stabilization of Beurling spaces by a specific
translation-type operator to study the properties of the weight dependent convolu-
tion. We also introduced multipliers and linked them to the convolution product.

The rest of the paper is organized as follows. In Section 2 we recall some facts
about classical convolution in Lebesgue spaces. Section 3 contains results about
the translation-type operators I7,. Section 4 is devoted to the properties of the
weighted convolution in the Beurling spaces. As an application, we introduce a
class of multipliers in Section 5.

2. ON SOME FACTS ABOUT THE CLASSICAL CONVOLUTION

This section has borrowed a lot from [4,9]. Some of the results mentionned here
will find their generalization in Section 4.

Let G be a locally compact (Hausdorff) group with a fixed left Haar measure.
Denote by L”(G), 1 < p < oo, the space of p-integrable complex functions on G and
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by L*(G) the space of measurable functions that are bounded almost everywhere.
These spaces are endowed respectively with the following norms under which they

are Banach spaces : .
1= ( [lreorax) 1< p <

[1f1leo = sup ess|f].
If f,g € L'(G), the convolution product of f and g is defined by

(fxg)(x /f gy~ x)dy.

It is well-known that the convolution product is commutative, that is fxg = gx* f
for all f,g € L'(G), if and only if, the group G is an abelian group. The following
inequality holds and it gives L' (G) a Banach algebra structure :

vf.8 € LY(G), [If =gl < [IfIl1lglh-

The convolution is extended to L?-functions. The following facts hold.
o Let1 <p<oo If f€L'(G)and g € LP(G), then fxg € L (G) and

1+ &llp < I1flllgllp-
e Suppose G is unimodular. Let 1 < p,q < « with 1 —|—1 =1.If fe LP(G) and
g € L1(G), then fxg € (H(G) and P
1 gl < [ £1lplIgllg,

where (5(G) is the space of complex continuous functions that tend to zero at
infinity.

and

1 1 1
e Suppose G is unimodular. Let 1 < p,q,r < co with —+ — = —+ 1. If f € LP(G)
p q r
and g € L(G), then f*g € L"(G) and
1 gllr < [f1pllgllg-

3. PROPERTIES OF THE I}, OPERATORS

A Beurling weight on G is any continuous map ® : G — (0, o0) such that
0(xy) < 0X)0(y), o(x) > 1, and w(e) = 1,
where e is the neutral element of G. The Beurling space L (G) is defined by

L&(G)—{f:G—HC:/G\f(x)]pm(x)dx<oo},l<p<+oo. 3.1)

The mapping f +— || fl|p.0 = </G |f(x)|P(o(x)dx> " is a norm on Li(G). In [6]
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Issa and Mensah introduced a generalized translation operator I'j; defined by

s TsMo f (x)
Fof(x) = o) (3.2)
where My, is the multiplication operator defined by (M, f)(x) = ®(x)f(x), and T,
is the translation operator defined by (1, f)(x) = f(s~'x). If ® = 1, then I, is the
translation operator T;. That is why I, is considered as a generalized translation
operator.
We start with a density result which is of independent interest.

Theorem 3.1. Let G be a locally compact group. The space L\(G) is a dense
subspace of (L'(G),||-]1) .

Proof. The space C.(G) of complex continuous functions with compact support is
known to be dense in L!(G). Let f € L.(G). Then one has

1 e))dx <o
G

The hypothesis 1 < @ implies / |f(x)|dx < / |£(x)|o(x)dx. Thus L, (G) C L'(G).
G G

Also, if f € C.(G), then fw € C.(G). Therefore f € LL(G) by the inclusion
C.(G) C L(G). Hence C.(G) C L{(G). We have

C.(G) c LL(G) c LY(G).
Finally, taking the closures with respect to the topology of L' (G), we obtain
C.(G) C LL(G) c LY(G).
This implies LL(G) = L'(G) since C.(G) is dense in L'(G). Hence, the space
L,(G) is a dense subspace of (L'(G), || [1) . O

Theorem 3.2. Let G be a locally compact group. Let 1 < p < oo, Let f € L5(G)
and s € G. Then

6] 7 1 llp0 < IToflpo < [06D] 7 o (33)
Proof. Let f € Liy(G). For all s € G, one has
I lho = [ ICof @ o()ds
B _q o(s 'x)\”
= [ e (%5 owas
p
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-1

However, ®(x) = o(s~'sx) < o(s~!)w(sx). Therefore,

s — p-1
IEf o < [ Lol o] atxdx
<[o6™)" [1rero@ds = (o) I7lho

p—
p

Thus [T fllp.e < [0(s™H] 7 [1£]po-

On the other hand,

T o= [ Torlret)ds
:/G|f(s_1x)|l’ (m(slx)>pco(x)dx

o(x)

_ /G (s~ ) (m(s_lx)>p_lo)(s1x)dx.

o(x)

o(s~x)
o(x)

Tl > [ 17601 (0] afs " x)dx
o)) 7 [ 176~ 0Pl dx

> [0(s)]' " 1 f1h.o-

However, ®(s)®(s~'x) > o(x). Therefore, > [@(s)] " Then

WV

-p )
Thus, [T f[|p0 = [@(s)] 7 || f]|p0- Finally,

0)] 7 [ llpo < ITafllpo < [06~] 7 1£]p0

O

As a consequence of the above theorem, we deduce respectively the stability of
L% (G) under the action of the operator I}, and the uniform continuity of T, as in

the following two corollaries.

Corollary 3.1. Let G be a locally compact group. Let 1 < p < oo, Then f € L5)(G)

if and only of TS, f € LE(G).

Proof. From Theorem 3.2, we deduce that || f||,» < oo if and only if
TGS o < o

O

Corollary 3.2. Let G be a locally compact group. Let 1 < p < oo. Fix s € G. The

map f+— TS, f is uniformly continuous from L5(G) into Ly (G).
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Proof. Let f,g € Liy(G). From Theorem 3.2, we have

HTZ)f—FZ)ng,m = To(f =&)lpo <Clf —glpo

where C = [(s *1)] . Thus the map f — I, f is uniformly continuous.

4. THE WEIGHT DEPENDENT CONVOLUTION

175

In [10], Mahmoodi introduced a generalized convolution product ¢, that de-

pends on the weight ®. This convolution product is defined by

lx
Fra) = [ 70 20200y,

o(x)

under the assumption that the latter integral exists. One may observe that

S8 = [ FOITogla()dy

If ® = 1, then the usual convolution is recovered :

(r+9)e) = [ s

4.1)

4.2)

Through the rest of the paper, we denote by £5(G) the space (L5 (G), || - || p.0) as

far as the product *, is considered.

In the following theorem, we provide a sufficient condition under which the

space L§(G) is a Banach algebra.

Theorem 4.1. Let G be a locally compact group. Let p > 1. The space L§(G) is a

Banach algebra if ® x ® < .

Proof. The Beurling space (L{(G), |||l o) is known to be a Banach space. Thus,

it suffices to show that

1/ *08llp.o < [ fllpolglyo Vf.g € L&(G)
under the hypothesis ®* ® < . Let f,g € L§(G).
1
frog /f Sy
5o »
= [ [ o 00| g |00 0| as

Now, we use the Holder’s inequality to get
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[0 g(x)| <

~( [Iroremletran ) % ot ([ (@000 ar) "
1

p
~( [1roro0leo et )
where we have set W = ® * . It follows that

LI 208 07 (@00) W' P (x)dx <

< (f1roram) ( [1so oo )

= fllp.ollglh.o-

Moreover, W =00 < 0= W!'? > w!=? = o?W!~? > ®. Hence,
LU0 < [ |7 58 (1 (0@0)" W' 7 (x)d.

Thus, Hf*ngp(D Hf

‘pmug”pw

Remark 4.1. The fact that £ (G) is a Banach algebra was proved in [10].
In what follows, we set ®(y) = o(y!),y € G.
Theorem 4.2. Let G be a locally compact group. Let p > 1 and q be such that
1
%—1— %:I. If fds € LU(G) and g € LE(G), then f*yg € LE(G) and

1
1/ *0 gllpo < (/@1 0llg]lp.o
Proof. Let f, g and ® be as in the hypothesis. We have

I soello= | [ £0ITae )00

p7m

/ FOITg () ]p.0®(y)dy (Minkowski’s inequality)

/ FONe6™ )] 1glly0o(y)dy (Theorem 3.2)

<o) 0liglpo
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Theorem 4.3. Let G be a locally compact unimodular group. Let p > 1. If
f e LH(G), g€ LUG) and gbd € LL(G), then f*mg € LL(G) and

1 0 8llpo < gl o Hgll ol fllp.o-
11
Proof. Let p > 1 and let g be such that — + — = 1.

P 4

1x
[(f *0 ) (x /If gy~ %) ()w(iy))dy

< /G 1£0) [T () [0(y)dy
< /G 7 0)|IChg() ()| 7 [Thg(x)o(y)|1dy

<(/!r OIS, \de) [ Irie D

< ( [ Irbste0)r0)rdy

( ) (/
<(/G!r s@WoM)1F() \de)
< (fIreeo0lso \de>
<</ TheloOIf(y |de) (/ 50) (y)\dy)’;
(e

< (I8l *0l£17)(x)? Hgd)lliw

Therefore,

L1008 omdx< [ (g5l /") gl g0)ds
G G )
< gl [ (gl <0 lf17) (Wo(dx

r
< llg®ll} llgll ol 17].e

r
< llg@ll{ wllglh.ollf1lp.o-

e
Hence, || *0 &l po < [Ig®; o

We recall the following fact which we may use in the sequel.
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Theorem 4.4. [5, Corollary 12.5] Let fi, f2,..., fu be nonnegative functions in
LY (G) and let 0.y, 0z, ..., 0, be positive numbers such that oy +0p +---+ o, = 1.

Then,
Tt fin e LY(G)

and [ f 152 30 <IAIT AN

Theorem 4.5. Let p and q be real numbers such that

I 1
I<p<oo,l1<g<oo, —+—>1.
P q

1 1 1

Letr= L, so that —+ — — — = 1. Let G be a locally compact unimodular
P+q—pq p q r

group. Let f € L5,(G) and g € LL,(G). Then f x4 g € L'(G) and

1 o0 gl < I1fllporllgllgen-

Proof. Set A = |(f *e g)(x)|. We have

0000
A
< [ 17080700 x)00) dy
G

=" dy

I
SN
=
—
<
X’—
SN—r
oQ
=
—
~
~—
2
<
=
SN—
e
(S}
~
~
=
~I=
os
s
~
SN—
e
—
NS
=
=
ran
~
=
~—
s
~
=
~—

— % = I’le by applying Theorem 4.4, one has

707060 28y < | [ 6t et

q—
‘1

G
X </Gg‘1(y)coq(y)|dy> pT X </Gf”(y‘1x)u)f’(y‘ x)|dy) . It follows that

(*08) @I <1 llpo) " (lsllgo) MO0 1x)g? () (v x)w? ()| dy.

Set B = /G I(f %6 .2) (x)|"dx. Then,
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B< (| llpor)

pr(g—1)

<Ufllpor)

pr(g=1)
=([[f1lp.or)

prig—1)
=(Ifllpwr) <

<(If )"0

]umum>

prig—1

qr(p—1)

(sllgon) 7

(I8l

qr(p—1)
(llgllg.we) 7

)y
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// 1P "x)g
[/ (/ 1fO ) Pef (v X)dx> |g(y)|qmq(y)dy]

ummmﬂéy@w@u@

“(y)o’ (y~'x)wf ()] dydx

q*”mﬂuwﬁwmuwv

qr(

Hf” mﬂHgHqu-
O

Thus, || f*e g, <

1
Theorem 4.6. Let p and q be real numbers such that 1 < p < oo, 1 < g < oo, —+
p

Pq

Ptq—pq
unimodular group. Let f € LF . (G) and g € L] ., (G). Then fxug € Li,(G) and

1 1 1 1
—>1,andlet r = , so that —+ — — — = 1. Let G be a locally compact
q p q r

1 *0&llro < 11 p ot llglgem

Proof. In the proof of Theorem 4.5 we established that
(0 8) @1 < (| llpwr) ™ MO “l)g?

() (v~ x)o? (y)ldy.

Q)q

SetA — / I(f 0 .2) ()" ®(x)dx. We have

A< (I fllpo)

prig=1)
< Ul

prig=1)
=(Ifllp.wr)

prig-1)
SIS llpawr)

:Mﬂmw”
— (1 llpo)™ T

< (Il o)

because || ]| p,or

(g-1) gr(p—
* (lgllgw) 7

gr(p-1)

(8llg.c0) 7

) [

(lgllgw) 7

qr(p-1)

(lgllgw) 7

“(lgllga) 7

//\fpyx (v)o”

/G< G‘f(yflx) 1P ” (ylx)(o(x)d)9 ‘g@)’qwq(y)dy]

(O x) 0’ (v)|] dyo(x)dx

/G< G|f(X)\me(x)co(yx)d;> |g(y)\q(0q(y)dy]

1)

(

)

(
r(p-1)

Ugllyor) 7 =

< Hpr,ool’+1 for f € L£p+l(G) and Hqu,a)‘I <
gE€ Lgﬂﬂ (G). Thus || f *e &l re

:/G</G|f(x)‘ﬁml’+l(x)d)>|g(y)|qmq+1(y)dy]
)" [/Ggq(y)wq“(yﬂdx}

)" (llgllgon1)*

L% e gl e

181,01 for
< llpwrillgllg e
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Now, we look for a convolution theorem. Let us denote by G the unitary dual of
the group G, that is the set of unitary irreducible representations of G. For a class
T € G, denote by Hjy its representation Hilbert space. Define the weighted Fourier
transform q,(f) of a function f € L} (G) by

FolH)®) = [ 7(x)" fx0(v)dx,w €.
Here, (x)* denotes the adjoint of the operator 7(x).
Theorem 4.7. Let G be a locally compact group. If f,g € LL(G), then Vr € G,
Fo(f %0 8) (1) = Folg) (1) Fo(f)(n).

Proof.
Fall 08)®) = [ (fru8) (0n(x)"0(x)dx

B //GXG“(’“)*JC ey Doy x)o(y)dydx
= [ 2l 08l W00 How)dyds
GxG
= / / T(yx)" f(y)g(x) @ (x)@(y)dydx
GxG
= / /GX GW(X)*n(y)*f (v)g(x)0(x)o(y)dydx
:/Gn(x)* (/Gn(y)*f(y)w(y)dy) g(x)o(x)dx
:/Gn(x) (x)ﬂ)(X)dx/Tt(y)*f(y)w(y)dy.
g)(m

G

g
Thus Fo(f *08)(T) = Fol ) Fo(f)(T). a

5. MULTIPLIERS FOR THE PAIR (L}(G), L5(G))

According to Corollary 3.1, f € £L§(G) if and only if IS, f € L{(G). Therefore
we are able to define multipliers in our framework.

Definition 5.1. A linear operator T : L (G) — L{(G) is said to be a multiplier
for the pair (LL(G), LE(G)) if T commutes with every operator TS, s € G. That is,

T, =TS T
We denote by M7 (G) the set of multipliers for the pair (£)(G), £5(G)). Let

us mention that the multipliers of the space £\ (G) have been studied in [6]. There-
fore, one may assume here that p > 1.
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1 1
For f € LE(G) and h € LI(G) with — + — = 1, we set
P 4q

<f’h>w:/Gf(x)h(x_l)w(x)dx.

Theorem 5.1. Let T € My (G). Then Vf,h € LL(G),
T(f*oh) = f*oTh.
Proof. Let T € My (G). Let f,he LL(G) and &€ LI(G). Let
T*: L§(G) — (Ly(G))"
be the adjoint operator of 7. Then

(FraTh8o= [ (FraTH@E"0()ds

—// v)Th(y -1 X) QW)ely” 1x)ﬁ()fl)())(x)dydx
GxG o(x)

:/chf T Th(x)o(x)o(y)E(x ' )dxdy (Funibi’s Theorem)
=[] o) ee0)Ee dxdy
K (T, B 6)000)0
= [ T T uf ol
= [ Teh)T 8 o) ()dxdy
00~ e0) .
= [ JOmOT P EEE T (v
_ /G Froh) (TR o(x)dx
= (fxoh, T"E)o = (T (f*oh),E)o-
Since & is arbitrary, then T'(f *oh) = f *q Th. O

6. CONCLUSION

Some properties of a generalized translation operator are obtained. Using these
properties, a convolution product on Beurling spaces have been studied. A convo-
lution theorem related to a weight Fourier transform is obtained. Multipliers for
the pair (L, (G), L5(G)) are introduced. As a perspective of this work, it would be
interesting to characterize the multipliers as weight convolution operators by the
means of the weight Fourier transform. It would also be interesting to study the
case p = oo,
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