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WEIGHT DEPENDENT CONVOLUTION ON BEURLING SPACES AND
MULTIPLIERS

ABUDULAÏ ISSA AND YAOGAN MENSAH

ABSTRACT. In this paper, some properties of a generalized translation operator
are obtained. A weight dependent convolution product on Beurling spaces is
studied. A convolution theorem related to a weight Fourier transform is obtained.
Multipliers for the pair (L1

ω(G),L p
ω(G)) are introduced.

1. INTRODUCTION

Weighted Lebesgue spaces endowed with the classical convolution have been
intensively studied; see for instance [2, 3, 8, 9, 11] and references therein. In [10],
Mahmoodi introduced a generalized convolution product which is related to a
Beurling weight function and he studied the representations of a derived group
algebra. In [6], Issa and Mensah studied multipliers of the latter group algebra.
Some results in the two references [6,10] generalize results on the classical convo-
lution product. The present article overlaps the reference [7].

The purpose of this article is to continue the study of the generalized convolution
product. Mainly, we consider the aforementioned convolution product on Beurl-
ing spaces. We use the property of stabilization of Beurling spaces by a specific
translation-type operator to study the properties of the weight dependent convolu-
tion. We also introduced multipliers and linked them to the convolution product.

The rest of the paper is organized as follows. In Section 2 we recall some facts
about classical convolution in Lebesgue spaces. Section 3 contains results about
the translation-type operators Γs

ω. Section 4 is devoted to the properties of the
weighted convolution in the Beurling spaces. As an application, we introduce a
class of multipliers in Section 5.

2. ON SOME FACTS ABOUT THE CLASSICAL CONVOLUTION

This section has borrowed a lot from [4,9]. Some of the results mentionned here
will find their generalization in Section 4.

Let G be a locally compact (Hausdorff) group with a fixed left Haar measure.
Denote by Lp(G), 1≤ p<∞, the space of p-integrable complex functions on G and
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by L∞(G) the space of measurable functions that are bounded almost everywhere.
These spaces are endowed respectively with the following norms under which they
are Banach spaces :

∥ f∥p =

(∫
G
| f (x)|pdx

) 1
p

, 1 ≤ p < ∞

and
∥ f∥∞ = sup ess| f |.

If f ,g ∈ L1(G), the convolution product of f and g is defined by

( f ∗g)(x) =
∫

G
f (y)g(y−1x)dy.

It is well-known that the convolution product is commutative, that is f ∗g = g∗ f
for all f ,g ∈ L1(G), if and only if, the group G is an abelian group. The following
inequality holds and it gives L1(G) a Banach algebra structure :

∀ f ,g ∈ L1(G), ∥ f ∗g∥1 ≤ ∥ f∥1∥g∥1.

The convolution is extended to Lp-functions. The following facts hold.
• Let 1 ≤ p ≤ ∞. If f ∈ L1(G) and g ∈ Lp(G), then f ∗g ∈ Lp(G) and

∥ f ∗g∥p ≤ ∥ f∥1∥g∥p.

• Suppose G is unimodular. Let 1 < p,q < ∞ with
1
p
+

1
q
= 1. If f ∈ Lp(G) and

g ∈ Lq(G), then f ∗g ∈ C0(G) and

∥ f ∗g∥∞ ≤ ∥ f∥p∥g∥q,

where C0(G) is the space of complex continuous functions that tend to zero at
infinity.

• Suppose G is unimodular. Let 1 < p,q,r < ∞ with
1
p
+

1
q
=

1
r
+1. If f ∈ Lp(G)

and g ∈ Lq(G), then f ∗g ∈ Lr(G) and

∥ f ∗g∥r ≤ ∥ f∥p∥g∥q.

.

3. PROPERTIES OF THE Γs
ω OPERATORS

A Beurling weight on G is any continuous map ω : G −→ (0,∞) such that
ω(xy)≤ ω(x)ω(y), ω(x)≥ 1, and ω(e) = 1,

where e is the neutral element of G. The Beurling space Lp
ω(G) is defined by

Lp
ω(G) =

{
f : G → C :

∫
G
| f (x)|pω(x)dx < ∞

}
,1 ⩽ p <+∞. (3.1)

The mapping f 7−→ ∥ f∥p,ω =

(∫
G
| f (x)|pω(x)dx

) 1
p

is a norm on Lp
ω(G). In [6]
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Issa and Mensah introduced a generalized translation operator Γs
ω defined by

Γ
s
ω f (x) =

τsMω f (x)
ω(x)

, (3.2)

where Mω is the multiplication operator defined by (Mω f )(x) = ω(x) f (x), and τs
is the translation operator defined by (τs f )(x) = f (s−1x). If ω ≡ 1, then Γs

ω is the
translation operator τs. That is why Γs

ω is considered as a generalized translation
operator.

We start with a density result which is of independent interest.

Theorem 3.1. Let G be a locally compact group. The space L1
ω(G) is a dense

subspace of
(
L1(G),∥ · ∥1

)
.

Proof. The space Cc(G) of complex continuous functions with compact support is
known to be dense in L1(G). Let f ∈ L1

ω(G). Then one has∫
G
| f (x)|ω(x)dx < ∞.

The hypothesis 1⩽ω implies
∫

G
| f (x)|dx⩽

∫
G
| f (x)|ω(x)dx. Thus L1

ω(G)⊂L1(G).

Also, if f ∈ Cc(G), then f ω ∈ Cc(G). Therefore f ∈ L1
ω(G) by the inclusion

Cc(G)⊂ L1(G). Hence Cc(G)⊂ L1
ω(G). We have

Cc(G)⊂ L1
ω(G)⊂ L1(G).

Finally, taking the closures with respect to the topology of L1(G), we obtain

Cc(G)⊂ L1
ω(G)⊂ L1(G).

This implies L1
ω(G) = L1(G) since Cc(G) is dense in L1(G). Hence, the space

L1
ω(G) is a dense subspace of

(
L1(G),∥ · ∥1

)
. □

Theorem 3.2. Let G be a locally compact group. Let 1 ≤ p < ∞. Let f ∈ Lp
ω(G)

and s ∈ G. Then

[ω(s)]
1−p

p ∥ f∥p,ω ⩽ ∥Γ
s
ω f∥p,ω ⩽

[
ω(s−1)

] p−1
p ∥ f∥p,ω. (3.3)

Proof. Let f ∈ Lp
ω(G). For all s ∈ G, one has

∥Γ
s
ω f∥p

p,ω =
∫

G
|Γs

ω f (x)|pω(x)dx

=
∫

G
| f (s−1x)|p

(
ω(s−1x)

ω(x)

)p

ω(x)dx

=
∫

G
| f (x)|p

(
ω(x)
ω(sx)

)p

ω(sx)dx

=
∫

G
| f (x)|p

(
ω(x)
ω(sx)

)p−1

ω(x)dx.
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However, ω(x) = ω(s−1sx)⩽ ω(s−1)ω(sx). Therefore,
ω(x)
ω(sx)

⩽ ω(s−1). Then

∥Γ
s
ω f∥p

p,ω ⩽
∫

G
| f (x)|p

[
ω(s−1)

]p−1
ω(x)dx

⩽
[
ω(s−1)

]p−1
∫

G
| f (x)|pω(x)dx =

[
ω(s−1)

]p−1 ∥ f∥p
p,ω.

Thus ∥Γs
ω f∥p,ω ⩽

[
ω(s−1)

] p−1
p ∥ f∥p,ω.

On the other hand,

∥Γ
s
ω f∥p

p,ω =
∫

G
|Γs

ω f (x)|pω(x)dx

=
∫

G
| f (s−1x)|p

(
ω(s−1x)

ω(x)

)p

ω(x)dx

=
∫

G
| f (s−1x)|p

(
ω(s−1x)

ω(x)

)p−1

ω(s−1x)dx.

However, ω(s)ω(s−1x)⩾ ω(x). Therefore,
ω(s−1x)

ω(x)
⩾ [ω(s)]−1 . Then

∥Γ
s
ω f∥p

p,ω ⩾
∫

G
| f (s−1x)|p [ω(s)]1−p

ω(s−1x)dx

⩾ [ω(s)]1−p
∫

G
| f (s−1x)|pω(s−1x)dx

⩾ [ω(s)]1−p ∥ f∥p
p,ω.

Thus, ∥Γs
ω f∥p,ω ⩾ [ω(s)]

1−p
p ∥ f∥p,ω. Finally,

[ω(s)]
1−p

p ∥ f∥p,ω ⩽ ∥Γ
s
ω f∥p,ω ⩽

[
ω(s−1)

] p−1
p ∥ f∥p,ω. □

As a consequence of the above theorem, we deduce respectively the stability of
Lp

ω(G) under the action of the operator Γs
ω and the uniform continuity of Γs

ω as in
the following two corollaries.

Corollary 3.1. Let G be a locally compact group. Let 1 ≤ p < ∞. Then f ∈ Lp
ω(G)

if and only of Γs
ω f ∈ Lp

ω(G).

Proof. From Theorem 3.2, we deduce that ∥ f∥p,ω < ∞ if and only if
∥Γs

ω f∥p,ω < ∞. □

Corollary 3.2. Let G be a locally compact group. Let 1 ≤ p < ∞. Fix s ∈ G. The
map f 7−→ Γs

ω f is uniformly continuous from Lp
ω(G) into Lp

ω(G).
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Proof. Let f ,g ∈ Lp
ω(G). From Theorem 3.2, we have

∥Γ
s
ω f −Γ

s
ωg∥p,ω = ∥Γ

s
ω( f −g)∥p,ω ⩽C∥ f −g∥p,ω

where C =
[
ω(s−1)

] p−1
p . Thus the map f 7−→ Γs

ω f is uniformly continuous. □

4. THE WEIGHT DEPENDENT CONVOLUTION

In [10], Mahmoodi introduced a generalized convolution product ∗ω that de-
pends on the weight ω. This convolution product is defined by

f ∗ω g(x) =
∫

G
f (y)g(y−1x)

ω(y)ω(y−1x)
ω(x)

dy (4.1)

under the assumption that the latter integral exists. One may observe that

f ∗ω g(x) =
∫

G
f (y)Γy

ωg(x)ω(y)dy.

If ω ≡ 1, then the usual convolution is recovered :

( f ∗g)(x) =
∫

G
f (y)g(y−1x)dy. (4.2)

Through the rest of the paper, we denote by L p
ω(G) the space (Lp

ω(G),∥ · ∥p,ω) as
far as the product ∗ω is considered.

In the following theorem, we provide a sufficient condition under which the
space L p

ω(G) is a Banach algebra.

Theorem 4.1. Let G be a locally compact group. Let p > 1. The space L p
ω(G) is a

Banach algebra if ω∗ω ⩽ ω.

Proof. The Beurling space (Lp
ω(G), ∥·∥p,ω) is known to be a Banach space. Thus,

it suffices to show that

∥ f ∗ω g∥p,ω ⩽ ∥ f∥p,ω∥g∥p,ω, ∀ f ,g ∈ L p
ω(G)

under the hypothesis ω∗ω ⩽ ω. Let f ,g ∈ L p
ω(G).

f ∗ω g(x) =
∫

G
f (y)g(y−1x)

ω(y)ω(y−1x)
ω(x)

dy

=
∫

G
f (y)g(y−1x)

[
ω(y−1x)ω(y)

] 1
p 1

ω(x)

[
ω(y−1x)ω(y)

] p−1
p

dy.

Now, we use the Hölder’s inequality to get
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| f ∗ω g(x)|⩽

⩽

(∫
G
| f (y)|pω(y)|g(y−1x)|pω(y−1x)dy

) 1
p
(∫

G

1

(ω(x))
p

p−1
(ω(y−1x)ω(y))dy

) p−1
p

=

(∫
G
| f (y)|pω(y)|g(y−1x)|pω(y−1x)dy

) 1
p 1

ω(x)

(∫
G

(
ω(y−1x)ω(y)

)
dy
) p−1

p

=

(∫
G
| f (y)|pω(y)|g(y−1x)|pω(y−1x)dy

) 1
p 1

ω(x)

[
W (x)

] p−1
p

where we have set W = ω∗ω. It follows that∫
G
|( f ∗ω g)(x)|p (ω(x))pW 1−p(x)dx ⩽

⩽

(∫
G
| f (y)|pω(y)dy

)(∫
G
|g(y−1x)|pω(y−1x)dx

)
= ∥ f∥p

p,ω∥g∥p
p,ω.

Moreover, W = ω∗ω ≤ ω ⇒W 1−p ≥ w1−p ⇒ ωpW 1−p ≥ ω. Hence,∫
G
|( f ∗ω g)(x)|pω(x)dx ⩽

∫
G
|( f ∗ω g)(x)|p (ω(x))pW 1−p(x)dx.

Thus, ∥ f ∗ω g∥p,ω ⩽ ∥ f∥p,ω∥g∥p,ω.

□

Remark 4.1. The fact that L1
ω(G) is a Banach algebra was proved in [10].

In what follows, we set ω̌(y) = ω(y−1), y ∈ G.

Theorem 4.2. Let G be a locally compact group. Let p > 1 and q be such that
1
p +

1
q =1. If f ω̌

1
q ∈ L1

ω(G) and g ∈ L p
ω(G), then f ∗ω g ∈ L p

ω(G) and

∥ f ∗ω g∥p,ω ≤ ∥ f ω̌
1
q ∥1,ω∥g∥p,ω.

Proof. Let f , g and ω be as in the hypothesis. We have

∥ f ∗ω g∥p,ω =

∥∥∥∥∫G
f (y)Γy

ωg(·)ω(y)dy
∥∥∥∥

p,ω

≤
∫

G
| f (y)|∥Γ

y
ωg(·)∥p,ωω(y)dy (Minkowski’s inequality)

≤
∫

G
| f (y)|[ω(y−1)]

p−1
p ∥g∥p,ωω(y)dy (Theorem 3.2)

≤ ∥ f ω̌
1
q ∥1,ω∥g∥p,ω.

□
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Theorem 4.3. Let G be a locally compact unimodular group. Let p > 1. If
f ∈ L p

ω(G), g ∈ L1
ω(G) and gω̌ ∈ L1

ω(G), then f ∗ω g ∈ L p
ω(G) and

∥ f ∗ω g∥p,ω ≤ ∥gω̌∥
1− 1

p
1,ω ∥g∥

1
p
1,ω∥ f∥p,ω.

Proof. Let p > 1 and let q be such that
1
p
+

1
q
= 1.

|( f ∗ω g)(x)|⩽
∫

G
| f (y)||g(y−1x)|ω(y)ω(y

−1x)
ω(x)

dy

⩽
∫

G
| f (y)|Γy

ωg(x)|ω(y)dy

⩽
∫

G
| f (y)||Γy

ωg(x)ω(y)|
1
p |Γy

ωg(x)ω(y)|
1
q dy

⩽

(∫
G
|Γy

ωg(x)ω(y)|| f (y)|pdy
) 1

p
(∫

G
|Γy

ωg(x)ω(y)dy|
) 1

q

⩽

(∫
G
|Γy

ωg(x)ω(y)|| f (y)|pdy
) 1

p
(∫

G
|g(y

−1x)ω(y−1x)
ω(x)

ω(y)|dy
) 1

q

⩽

(∫
G
|Γy

ωg(x)ω(y)|| f (y)|pdy
) 1

p
(∫

G
|g(y)ω(y)

ω(x)
ω(xy−1)|dy

) 1
q

⩽

(∫
G
|Γy

ωg(x)ω(y)|| f (y)|pdy
) 1

p
(∫

G
|g(y)ω(y)ω(y−1)|dy

) 1
q

⩽

(∫
G
|Γy

ωg(x)ω(y)|| f (y)|pdy
) 1

p
(∫

G
|g(y)ω(y−1)ω(y)|dy

) 1
q

⩽

(∫
G
|Γy

ωg(x)ω(y)|| f (y)|pdy
) 1

p

∥gω̌∥
1
q
1,ω

⩽ ((|g| ∗ω | f |p)(x))
1
p ∥gω̌∥

1
q
1,ω.

Therefore,∫
G
|( f ∗ω g)(x)|pω(x)dx ⩽

∫
G
(|g| ∗ω | f |p)(x)∥gω̌∥

p
q
1,ωω(x)dx

⩽ ∥gω̌∥
p
q
1,ω

∫
G
(|g| ∗ω | f |p)(x)ω(x)dx

⩽ ∥gω̌∥
p
q
1,ω∥g∥1,ω∥| f |p∥1,ω

⩽ ∥gω̌∥
p
q
1,ω∥g∥1,ω∥ f∥p

p,ω.

Hence, ∥ f ∗ω g∥p,ω ≤ ∥gω̌∥
1− 1

p
1,ω ∥g∥

1
p
1,ω∥ f∥p,ω. □

We recall the following fact which we may use in the sequel.
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Theorem 4.4. [5, Corollary 12.5] Let f1, f2, ..., fn be nonnegative functions in
L1(G) and let α1,α2, ...,αn be positive numbers such that α1 +α2 + · · ·+αn = 1.
Then,

f α1
1 f α2

2 · · · f αn
n ∈ L1(G)

and
∫

G
f α1
1 f α2

2 · · · f αn
n ⩽∥ f1∥α1

1 ∥ f2∥α2
1 · · ·∥ fn∥αn

1 .

Theorem 4.5. Let p and q be real numbers such that

1 < p < ∞, 1 < q < ∞,
1
p
+

1
q
> 1.

Let r =
pq

p+q− pq
, so that

1
p
+

1
q
− 1

r
= 1. Let G be a locally compact unimodular

group. Let f ∈ L p
ωp(G) and g ∈ Lq

ωq(G). Then f ∗ω g ∈ Lr(G) and

∥ f ∗ω g∥r ⩽ ∥ f∥p,ωp∥g∥q,ωq .

Proof. Set A = |( f ∗ω g)(x)|. We have

A ⩽
∫

G
| f (y)g(y−1x)

ω(y)ω(y−1x)
ω(x)

|dy

⩽
∫

G
| f (y)g(y−1x)ω(y−1x)ω(y)|dy

=
∫

G

[
| f p(y−1x)gq(y)ωp(y−1x)ωq(y)|

] 1
r |g(y)ω(y)|1−

q
r | f (y−1x)ω(y−1x)|1−

p
r dy

=
∫

G

[
| f p(y−1x)gq(y)ωp(y−1x)ωq(y)|

] 1
r |gq(y)ωq(y)|

1
q−

1
r | f p(y−1x)ωp(y−1x)|

1
p−

1
r dy.

Since 1
p −

1
r =

q−1
q and 1

q −
1
r =

p−1
p , by applying Theorem 4.4, one has∫

G
| f (y−1x)g(y)

ω(y−1x)ω(y)
ω(x)

|dy ⩽
[
|
∫

G
f p(y−1x)gq(y)ωp(y−1x)ωq(y)|dy

] 1
r

×

×
(∫

G
|gq(y)ωq(y)|dy

) p−1
p

×
(∫

G
| f p(y−1x)ωp(y−1x)|dy

) q−1
q

. It follows that

|( f ∗ω g)(x)|r ⩽(∥ f∥p,ωp)
pr(q−1)

q (∥g∥q,ωq)
qr(p−1)

p

∫
G
| f p(y−1x)gq(y)ωp(y−1x)ωq(y)|dy.

Set B =
∫

G
|( f ∗ω g)(x)|rdx. Then,
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B ⩽ (∥ f∥p,ωp)
pr(q−1)

q (∥g∥q,ωq)
qr(p−1)

p

∫
G

∫
G

[
| f p(y−1x)gq(y)ωp(y−1x)ωq(y)|

]
dydx

⩽(∥ f∥p,ωp)
pr(q−1)

q (∥g∥q,ωq)
qr(p−1)

p

[∫
G

(∫
G
| f (y−1x)|pω

p(y−1x)dx
)
|g(y)|qω

q(y)dy
]

=(∥ f∥p,ωp)
pr(q−1)

q (∥g∥q,ωq)
qr(p−1)

p (∥ f∥p,ωp)p
[∫

G
gq(y)ωq(y)|dx

]
=(∥ f∥p,ωp)

pr(q−1)
q (∥g∥q,ωq)

qr(p−1)
p (∥ f∥p,ωp)p (∥g∥q,ωq)q

⩽(∥ f∥p,ωp)p+ pr(q−1)
q (∥g∥q,ωq)q+ qr(p−1)

p = ∥ f∥r
p,ωp∥g∥r

q,ωq .

Thus, ∥ f ∗ω g∥r ⩽ ∥ f∥p,ωp∥g∥q,ωq . □

Theorem 4.6. Let p and q be real numbers such that 1 < p < ∞, 1 < q < ∞,
1
p
+

1
q
> 1, and let r =

pq
p+q− pq

, so that
1
p
+

1
q
− 1

r
= 1. Let G be a locally compact

unimodular group. Let f ∈ L p
ωp+1(G) and g ∈ Lq

ωq+1(G). Then f ∗ω g ∈ Lr
ω(G) and

∥ f ∗ω g∥r,ω ⩽ ∥ f∥p,ωp+1∥g∥q,ωq+1 .

Proof. In the proof of Theorem 4.5 we established that

|( f ∗ω g)(x)|r ⩽ (∥ f∥p,ωp)
pr(q−1)

q (∥g∥q,ωq)
qr(p−1)

p

∫
G
| f p(y−1x)gq(y)ωp(y−1x)ωq(y)|dy.

Set A =
∫

G
|( f ∗ω g)(x)|rω(x)dx. We have

A ⩽ (∥ f∥p,ωp)
pr(q−1)

q (∥g∥q,ωq)
qr(p−1)

p

∫
G

∫
G

[
| f p(y−1x)gq(y)ωp(y−1x)ωq(y)|

]
dyω(x)dx

⩽(∥ f∥p,ωp)
pr(q−1)

q (∥g∥q,ωq)
qr(p−1)

p

[∫
G

(∫
G
| f (y−1x)|pω

p(y−1x)ω(x)dx
)
|g(y)|qω

q(y)dy
]

=(∥ f∥p,ωp)
pr(q−1)

q (∥g∥q,ωq)
qr(p−1)

p

[∫
G

(∫
G
| f (x)|pω

p(x)ω(yx)dx
)
|g(y)|qω

q(y)dy
]

⩽(∥ f∥p,ωp)
pr(q−1)

q (∥g∥q,ωq)
qr(p−1)

p

[∫
G

(∫
G
| f (x)|pω

p+1(x)dx
)
|g(y)|qω

q+1(y)dy
]

=(∥ f∥p,ωp)
pr(q−1)

q (∥g∥q,ωq)
qr(p−1)

p
(
∥ f∥p,ωp+1

)p
[∫

G
gq(y)ωq+1(y)|dx

]
=(∥ f∥p,ωp)

pr(q−1)
q (∥g∥q,ωq)

qr(p−1)
p
(
∥ f∥p,ωp+1

)p (∥g∥q,ωq+1

)q

⩽
(
∥ f∥p,ωp+1

)p+ pr(q−1)
q
(
∥g∥q,ωq+1

)q+ qr(p−1)
p = ∥ f∥r

p,ωp+1∥g∥r
q,ωq+1

because ∥ f∥p,ωp ⩽ ∥ f∥p,ωp+1 for f ∈ L p
ωp+1(G) and ∥g∥q,ωq ⩽ ∥g∥q,ωq+1 for

g ∈ Lq
ωq+1(G). Thus ∥ f ∗ω g∥r,ω ⩽ ∥ f∥p,ωp+1∥g∥q,ωq+1 . □



180 ABUDULAÏ ISSA AND YAOGAN MENSAH

Now, we look for a convolution theorem. Let us denote by Ĝ the unitary dual of
the group G, that is the set of unitary irreducible representations of G. For a class
π ∈ Ĝ, denote by Hπ its representation Hilbert space. Define the weighted Fourier
transform Fω( f ) of a function f ∈ L1

ω(G) by

Fω( f )(π) =
∫

G
π(x)∗ f (x)ω(x)dx, π ∈ Ĝ.

Here, π(x)∗ denotes the adjoint of the operator π(x).

Theorem 4.7. Let G be a locally compact group. If f ,g ∈ L1
ω(G), then ∀π ∈ Ĝ,

Fω( f ∗ω g)(π) = Fω(g)(π)Fω( f )(π).

Proof.
Fω( f ∗ω g)(π) =

∫
G
( f ∗ω g)(x)π(x)∗ω(x)dx

=
∫∫

G×G
π(x)∗ f (y)g(y−1x)ω(y−1x)ω(y)dydx

=
∫∫

G×G
π(x)∗ f (y)g(y−1x)ω(y−1x)ω(y)dydx

=
∫∫

G×G
π(yx)∗ f (y)g(x)ω(x)ω(y)dydx

=
∫∫

G×G
π(x)∗π(y)∗ f (y)g(x)ω(x)ω(y)dydx

=
∫

G
π(x)∗

(∫
G

π(y)∗ f (y)ω(y)dy
)

g(x)ω(x)dx

=
∫

G
π(x)∗g(x)ω(x)dx

∫
G

π(y)∗ f (y)ω(y)dy.

Thus Fω( f ∗ω g)(π) = Fω(g)(π)Fω( f )(π). □

5. MULTIPLIERS FOR THE PAIR (L1
ω(G),L p

ω(G))

According to Corollary 3.1, f ∈ L p
ω(G) if and only if Γs

ω f ∈ L p
ω(G). Therefore

we are able to define multipliers in our framework.

Definition 5.1. A linear operator T : L1
ω(G) −→ L p

ω(G) is said to be a multiplier
for the pair (L1

ω(G),L p
ω(G)) if T commutes with every operator Γs

ω, s ∈ G. That is,

T Γ
s
ω = Γ

s
ωT.

We denote by M 1,p
ω (G) the set of multipliers for the pair (L1

ω(G),L p
ω(G)). Let

us mention that the multipliers of the space L1
ω(G) have been studied in [6]. There-

fore, one may assume here that p > 1.
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For f ∈ L p
ω(G) and h ∈ Lq

ω(G) with
1
p
+

1
q
= 1, we set

⟨ f ,h⟩ω =
∫

G
f (x)h(x−1)ω(x)dx.

Theorem 5.1. Let T ∈ M 1,p
ω (G). Then ∀ f ,h ∈ L1

ω(G),

T ( f ∗ω h) = f ∗ω T h.

Proof. Let T ∈M 1,p
ω (G). Let f ,h∈L1

ω(G) and ξ∈Lq
ω(G). Let

T ∗:Lq
ω(G)−→ (L1

ω(G))∗

be the adjoint operator of T . Then

⟨ f ∗ω T h,ξ⟩ω =
∫

G
( f ∗ω T h)(x)ξ(x−1)ω(x)dx

=
∫∫

G×G
f (y)T h(y−1x)

ω(y)ω(y−1x)
ω(x)

ξ(x−1)ω(x)dydx

=
∫∫

G×G
f (y)Γy

ωT h(x)ω(x)ω(y)ξ(x−1)dxdy (Funibi’s Theorem)

=
∫∫

G×G
f (y)T Γ

y
ωh(x)ω(x)ω(y)ξ(x−1)dxdy

=
∫

G
⟨T Γ

y
ωh,ξ⟩ω f (y)ω(y)dy

=
∫

G
⟨Γy

ωh,T ∗
ξ⟩ω f (y)ω(y)dy

=
∫∫

G×G
Γ

y
ωh(x)T ∗

ξ(x−1)ω(x)ω(y) f (y)dxdy

=
∫∫

G×G
f (y)h(y−1x)

ω(y−1x)ω(y)
ω(x)

T ∗
ξ(x−1)ω(x)dydx

=
∫

G
( f∗ωh)(x)T ∗

ξ(x−1)ω(x)dx

= ⟨ f∗ωh,T ∗
ξ⟩ω = ⟨T ( f∗ωh),ξ⟩ω.

Since ξ is arbitrary, then T ( f ∗ω h) = f ∗ω T h. □

6. CONCLUSION

Some properties of a generalized translation operator are obtained. Using these
properties, a convolution product on Beurling spaces have been studied. A convo-
lution theorem related to a weight Fourier transform is obtained. Multipliers for
the pair (L1

ω(G),L p
ω(G)) are introduced. As a perspective of this work, it would be

interesting to characterize the multipliers as weight convolution operators by the
means of the weight Fourier transform. It would also be interesting to study the
case p = ∞.
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