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NECESSARY AND SUFFICIENT CONDITIONS FOR TWO
SUBCLASSES OF ANALYTIC FUNCTIONS ASSOCIATED WITH
PASCAL DISTRIBUTION SERIES

BASEM AREF FRASIN

ABSTRACT. In the present paper, we determine necessary and suffamadt-

tion for
hd (n+ m-—2

o=z 3 (") da-ar

whose coefficients are probabilities of Pascal distributmbe in the class
Hr (B1,B1,---,Bk; o) of analytic functions with negative coefficients defined in
the open unit disk. Further, we give necessary and sufficendition for the

integral operatoggqf (2) = bzq)qmt(t) dt to be in the class;(B1,B1, ..., Bk a).

1. INTRODUCTION

Let 4 denote the class of the normalized functions of the form
f(2) =2+ Y a7, (1.1)

which are analytic in the open unit difk= {ze€ C: |z < 1}. Further, letZ be a
subclass of7 consisting of functions of the form

f(z) =z— i|an|z“, zeU. (1.2)

Forsome 6<a < landB; >0, j=1,2,---,kand functions of the form (1.1), we
let H (B1,B1,---,PBk;a) be the subclass df satisfying the analytic criteria

{12 1 pua Dy g (CEy (D)9 > a zew),
and also, leG (B1,B1,. .-, Bk o) be the subclass dl satisfying the analytic criteria

m{ £(2) + Brzt" (2) + B2 1" (2) +.--+Bkzkf<k+1>(z)} >a(ze ).
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Also denote

Hyr(B1,B1, .-, Bk ) = H(B1,B1,...,B,0)NT
and

Gr(B1,B1s-- -, B @) = G(B1, By, .., Biso) N T
The classesH (B1,B1,-..,Bx a) and G(B1,B1,- ..,k a) were introduced by
Frasin [9] (see also, [10]). In particular, the clagg0,0,...,0;a) = B(a) was
studied by Chen [3, 4] and Goal [14], and the cl&g®,0,...,0;a) = C(a) was
studied by Sarangi and Uralegaddi [25], Owa and Uralegai find Srivastava
and Owa [27] (see also, [8]).
Afunction f € 4 is said to be in the clasg ' (A, B),t € C\{0}, -1<B<A<1,
if it satisfies the inequality
f'(z—1
(A—B)1—B[f'(2) — 1]
This class was introduced by Dixit and Pal [7].

<1 zel.

A variable X is said to be a Pascal distribution if it takes the valugs® 3, ...
with probabilities
m AM1-9)™ ¢'mm+1)(1-q)" ¢’m(m+1)(m+2)(1—-q)"

(l_q) ! 1| 1 2| ) 3| PRI
respectively, wherg andm are called the parameters, and thus
r+m-—1
PX=r)= [(1-q9™ r=0,1,23,....
(X=r) (m_l>q( a)m, r=0123,

Very recently, EI-Deeb et al. [6] (see also, [2,18]) introdd a power series whose
coefficients are probabilities of Pascal distribution} ika

S /M+m—2\
Wi(2) = z+ ;( 1 >q” Y1-qM2, ze U,
n—=

wherem> 1, 0< g< 1, and we note that, by the ratio test the radius of convemenc
of the above series is infinity. We also define the series
i (n +m-2

o'(2) =2z LI—'g‘(z) =z— Z o1

0 >q”1(1— Q" zeU. (1.3

n=2
Let us consider the linear operatQ{,n : 4 — A4 defined by the convolution or
Hadamard product

I'f(2) =¥ (2« f(2) =z+ 22 <n ;TI 2) " (1-qMa.2", ze U,
n=

wherem>1and 0< g < 1.
Inspired by earlier results on relations between diffemriiclasses of analytic
and univalent functions by using hypergeometric functi¢see for example, [5,
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13, 16, 26, 28]) and by using various distributions such de-8imon distribu-
tion, Logarithmic distribution, Poisson distribution, ®imial distribution, Beta-
Binomial distribution, Zeta distribution, Geometric dibtition and Bernoulli dis-
tribution (see for example, [1,11,12], [17]- [23]), we dwhténe the necessary and
sufficient condition for®f' to be in the clasgir (B1,B1, - .-, Bk ).

Furthermore, we give a sufficient condition ISR (A, B)) C Gz (B1,B1, - -, Bk; @)
and finally, we give a necessary and sufficient condition fier functionf such

that its image by the integral operatgg‘f(z) = ozwdt belongs to the class

g‘f(Bl?Blv .- '>Bk;a)'

To establish our main results, we need the following Lemmas.

Lemmal.l. [9] Afunction f € T ofthe form (1.2) is in the clas& (B1,B1,- - -, Bk;
a) if and only if

> [1+B1(0-1)+ B0 1)(1-2) -+ Bln-1(1-2) - (1K <1-a. (1)

n=

The result (1.4) is sharp.

Lemmal.2. [9] Afunction f e 7 ofthe form (1.2) is in the clas§s (B1,B1, .-, Bk;
a) if and only if

S MA+Be(n—1)+Bo(n—1)(1—2)+---+Be(n—1)(n—2) - (n—K)]ad < 1—a.

n=2
(1.5)
The result (1.5) is sharp.

Lemmal3. [7]If f € R'(A,B)is of the form (1.1) , then
7]

|an| < (A—=B)", ne N—{1}.

The result is sharp for the function

t(2) :/02(1+(A_B)

tl’l—l

TrgEndt 2eUineN—{1)).

2. NECESSARY AND SUFFICIENT CONDITION FORP]' € Hr(B1,B4,. .., Bk; O)

In order to prove our main results, we will use the followirgation, form> 1
and 0<qg< 1:

o n+m—1> no 1 - <n+m—2> N 1
n;< m-—1 a (1_q)m’ n; m—2 a (1_q)m_1’

o (N+m\ , 1 o (N+m+1\ 1
nZO m q - (:l'_Q)rTHLl7 nZO m+1 q B (l_q)m+2
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By simple calculations we derive the following relations:

i(n;rf12> N1 _Z<n+m l> "4

&
- ﬁ 1, 2.1)
gl (e
_ ﬁ, (2.2)
ni(n ~1)(n-2) <n ;TI 2) gt
— ?m(m+ 1) ni (”;TI 1) N % ~2 2%. (2.3)
and in general, we have
DR R G L
= g'm(m+1)- - (m+k—1) ni (”;T*lr 1) n
- qkm(mtlli - (m+k-1) _ k!qk(l(?i% (2.4)

Unless otherwise mentioned, we shall assume in this papeOth a < 1 and
Bi=>0,j=12--- k,whilem>1land0<qg<1.
Firstly, we obtain the necessary and sufficient conditioretfgj to be in the class

%(817 Bla ey Bk: G)-
Theorem 2.1. The seriesby' € #;(B1,B1, .- ,Bk; @), if and only if
oy

k
Z Lo BJ —q) <(1-9"-a. (2.5)

Proof. Since®y' is defined by (1.3), in view of Lemma 1.1 it is sufficient to show
that

00

111 1) +Ba(n-1)(1-2) oo Byl 1)(1-2) - (1K)

n=

n+m-2 n-1 m
—q"<1-a.
X(m—l )q (1-g9"<1-a
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Using (2.112.4), we get

;[1""81(”_1)"‘[32(”_1)(n_2)+’ - +Bk(n=1)(n-2)--- (n—k)]

n—=

n+m-—2 174 ~\M
x< m_1 )q (1-a)

~au s -0 e

+:3 (n-n-2)"1 " Zria—ar

et 3 (-2 (") ) g

o (N+m-—2 14  ~\m
w3 (M) e
gm | g?m(m+1) g“m(m+1)--- (m+k—1) m
but this last expression is upper bounded byd. if and only if (2.5) hold. O

_|_..._|_Bk

3. SUFFICIENT CONDITION FORI§"(R'(A,B)) C Gz (B1,Bu,-- -, Bk a)

Making use of Lemma 1.3, we will study the action of the Pasitstribution
series on the clas§s(B1,B1, - . ., Bk O).

Theorem 3.1. If f LIC(A B) and the inequality
('““ )
(A-B)[T] ZJ q’B Sl (1-(1-qM) | <1-a
-q)’
is satisfied, theri"f € gq(Bl,Bl,...,Bk, ).

Proof. According to Lemma 1.2 it is sufficient to show that

[ee]

> M1+Ba(n—=1)+B2(n—=1)(n=2)+ - +Px(n—1)(n—2)--- (N K)]

=2
2
(”*m )“ gl <1-a.

Sincef € R'(A,B), using Lemma 1.3 we have
(A—B)t|
n

3

X

|an| < , ne N\ {1},

therefore
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8

5 L+ Ba(n— 1)+ Paln—1)(n—2)+ -+ B~ 1(n-2)--- (1K)
nrm- 2) 11— g a|

<(A- B)!T\[Zz[lJrBl(n—l)+Bz(n—1)(n—2)+

3

X

—~

#Bdn=2(m-2) k0] ("1™ ) -],

The remaining part of the proof is similar to that of Theorerh, 2nd so we omit
the details. O

4. INTEGRAL OPERATOR

Theorem 4.1. If the functionG{ is given by

2 @fi(t)
. q
Gq(2) .:/0 " dt, ze U,
thenGy' € Gr(B1,Ba, .-, Bk; @) if and only if the inequality (2.5) holds.
Proof. According to (1.3) it follows that

— _Z <n+m 2> 1(1—q)m§,zeU

Using Lemma 1.1, the functiogg’(z) belongs toGz (B1,B1, .-, Bk a) if and
only if

[ee]

> N1+ 31— 1)+ Baln = (1= 2) +-o- 4 Beln— (- 2) -+ (1K)

1/n+m—-2\ 4 m
z — <1l-—aqQ.
Xn( m—-1 >q (1-g7<1-a

By a similar proof like that of Theorem 2.1 we get tt@lf'f € G (B1,B1, .., Bk @)
if and only if (2.5) holds. O
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