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A FAST CONVERGENT APPROXIMATION METHOD FOR THE
SOLUTION OF SECOND ORDER LINEAR ORDINARY
DIFFERENTIAL EQUATIONS

GEVORG A. GRIGORIAN

ABSTRACT. The Riccati equation method is used to obtain a fast convergent ap-
proximation method for the solution of second order linear ordinary differential
equations. By using examples it is shown how fast the proposed method can
converge.

1. INTRODUCTION

Let p be a real-valued continuous function on [Ty, T']. Consider the second order
linear ordinary differential equation

o"+p(t)0=0, t€[T,T]. (1.1)

In practice, the problem of finding the values of solutions of differential equations
(in particular, of Eq. (1.1)) arises very often. This problem is solvable in the case
when the solutions of a differential equation (in particular in the case of Eq. (1.1))
are representable in a closed form trough the known data of the equation. How-
ever this occurs in very rare cases. To solve this problem, many numerical methods
have been developed for solving differential equations (in particular for solving Eq.
(1.1)), and many works are devoted to them (see [1-10]) and cited works therein).
Among them notice [4] in which an impressive fast convergent numerical method
for solving second order linear ordinary differential equations is developed. Un-
fortunately, the fast convergence of this method has been demonstrated practically
in some examples, but has not yet been proved mathematically, which is why it is
unclear to which equations it can be effectively applied.

In this paper we propose a new approximation method for the solution of Eq.
(1.1), based on the Riccati equation method. We show with examples how fast this
method can converge.
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2. AUXILIARY PROPOSITIONS

. Let [o, B] be a subset of [Ty, T]. Consider the equation

o'+ p(1)8 =0, 1 € [0 (2.1)
and associated with it the Riccati equation
W =u*+p(t), t€o,pl (2.2)

All solutions u of (2.2), existing on [, B], are connected with solutions 6(z) of Eq.
(2.1) by the relations (see [11], p. 332)

t

0(r) ze(to)exp{—/u(‘t)d‘c}, 0(10) #0, 1,1 € [0, B]. (2.3)

fo
For any x € C([a,, B]) denote by ||x||¢,g) = ||x|| the norm of x in C([a, B]). Set

t T

2
Pl(f)E/p(T)dT, Pn+1(Z)EIP’n([)/IWdT7

o o
t

where P, (1) = exp{Zi’pn(’c)dT}, tela,Bl, n=1,2,....

Theorem 2.1. Let the following conditions be satisfied:
D (B—a)(1+]pl) <15
2) (B—a)(c?+||p|)e®B-%e < ¢ for some ¢ € (0,1].
Then the following assertions are valid:
1) the solution u, of Eq. (2.2) with u.(a) = 0 exists on [o, B];
1) the sequence {p,(t)} =) converges to u, in C'([o,B]) and

o 2(B-a)c
, , 2C€—2(B—oc)c e—4(ﬁ—0¢)c 5
— <——F, — = E =2,3,... 2.
[ — Pl < B a n(P)+ F_ar a1(p), n=2,3, (25)
4
where p = (B—a)e®~*min{||p|,c}, Ei(p) =p* E2(p)=T,
p*
En = - = ) :3747
P =G oy "
Proof. Set M = max w? + p(t)|, h=min{—a,L}, v>0. Since the

refo,B], 0<|ul<y
function f(t;u) = u®> 4 p(t) is continuous on the domain {(t;u) : ¢ € [o,B], 0 <
u <7y}, by Peano’s theorem (see [11] p. 10) Eq. (2.2) has a solution u, on [a, B].
Therefore the assertion I) will be proved if we show that it is always possible to
take h = B — a. If ||P|| = 0, then for y= Bfla, we have h = 3 — o (since in this case
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3 = B—a). If || p|| # 0, then taking 'y— llpll, we obtainM <|Ip|I>+ |Ip|l- By the

condltlon 1), from here it follows that - > HPHHZ +HHPH HPH i B — . Therefore

in this case, we have also 7 = B — a.. The assertion I) is proved. Now we prove II).
By (2.2), we have

u(t) =ui(t)+pi(t), t €lo,Bl, (2.6)

t
where u (t) = [u?(t)dx, t € [o,B]. Using (2.2), from here, we obtain
o

(1) = 2p1(Nu(r) = ui (1) — pi(1) + (1), 1 € [0, B]. (2.7)

Let 91, be an integral operator, acting on C([a, B]) by the rule

() =P1(1) | 55, we (o).

Acting on both sides of (2.7) by 91; and taking into account that u, (o) = 0, we
obtain

(1) = ua (1) +p2(t), 1 € [ot, B (2.8)

where uy (1) =P (7) J: Iﬁ.g dt,t € [a, B]. Using again (2.2), by the analogy of (2.7),
from here we obtain

W, (1) =2p2 () (1) = u3(t) — p3(1) + p(1), 1 € [0, Bl. (2.9)

Let 91, be an integral operator, acting on C([a, B]) by the rule

(Do) () = Pa (1) / 1;‘2(2) dt, ueC([o,p)).

Acting on both sides of (2.9) by 91, and taking into account that u, (o) = 0, we get
(1) = us(1) + p3(1), 1 € o, B,

t
where u3(t) = P,(r) Hbé((g dt,t € [o,B], and so on. Continuing this process of
o

recursive determination of u;(¢), ua(t), us(z),... for the general case of n (taking
into account (2.6)-(2.9)) we obtain the recursive formulae

u(t) = up(t) + pn(t), t €la,pl, (2.10)
t
where u,(t) =P, (¢) [ MP ES dt, t€[o,B], n=2,3,.... Let us estimate the norms
o n
llucll, |lpall, n=1,2,.... Now we show that

[pnll < ¢, n=1,2,.... (2.11)
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By 2) for n =1, we have

Iprll < (B=0)[Ipll < (B—a)(c® +|pl)e* P~ <.

Therefore (2.11) is valid for n = 1. Suppose (2.11) is valid for some n = k. We
show that it is valid also for n = k+ 1. Since || px|| < ¢, we have

t

Ikl = max | a/exp{zr pils)ds (0 (0)de] < (B [Ipl-+7].

This together with 2) implies (2.11) for n = k+ 1. Therefore (2.11) is valid for all
n=1,2,.... Obviously

()| = | [ @ @d| < - o], 1€ el

From here and from (2.11) we get

— c([_a)3 2
jua (1)) < 2P~ fllu*\la 1€ [o, B,

which together with (2.11) implies
2123 (B-oge (1 — @)’ 23
jus (1)] < ePH)Bee ar lusll™ 7 € e B,
and so on. Continuing this process of successive estimations in the general case of
n we obtain

i (£)] < e@H2 42 (B0 (o)™ ¥, € [0, B]
- I -1 (22— 12 (2n—1) ’ T
n=1,2,.... From here it follows
~2(p-0)e — at)eBoe |y, 117
| < (B ] =1,2,.... (2.12)

B—a (21— (22127 (2 —1)

By the Peano’s Theorem we have ||u.|| < ||p||. This together with 2) implies

o) eBe o 2(B-)e c||pl Il
o)e Ul < o)e pll < < < 1.
B-—a) ]| < (B—a) |l ey e

From here, from (2.10) and (2.12) it follows that the sequence of functions
{pa(t)}= converges to u.(r) in C([a,B]). Then since |ju.|| < | p|land by (2.11)
lpnll < c,n=1,2,... we have

|| < min{][p[[,c}. (2.13)
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This together with (2.6), (2.10) and (2.12) implies (2.4). As far as E,(p) — O for
n — oo then to complete the proof of the theorem it is enough to prove (2.5). It is
not difficult to verify that

W, (1) = p(1) = ty_y (1) +2pu()un(r), n=2,3,....
This together with (2.4), (2.10) and (2.11) implies (2.5). The theorem is proved. [
For any matrix A = (aij)l%j:l (a;j € R, i,j=1,2) denote by [|A] the norm
2
max ¥ |a;j| of A. Then for any matrix B = (b; ;)?

=125 . . .
following relations are valid.

AA +uB|| < [MIAN+ |ull[BIl, AR, AB| < [|A]l[B]| (2.14)

(bij eER, i,j= 1,2) the

By (2.3) under the conditions of Theorem 2.1 we have a solution of Eq. (2.1) of

the form
t

8o(1) = exp{—/u*(r)d’c}, € [, Bl.

Another solution of Eq. (2.1), linearly independent of 8(¢), can be given by the
formula (see [11], p. 327)

t

01(1) = 0o(r) G(Zjlgc)’ t € [o,Bl. (2.15)
Set t |
O1.0(t) ECXP{— / pn(T)dr}, 0.1 () = 0,0(1) ef(lfm,

(6 0 _ ([ Bno(t) 8n1(r)
0= (o) o) &0 =(so0) o1(n) - r<labl n=120

Corollary 2.1. Let the conditions of Theorem 2.1 be satisfied. Then the sequences
{8,0(t)}/ = and {8,,1 (1)}, converge respectively to 0y(t) and 0, (t) in C* ([, B])
and

180 —0n0]| < e P=%E,(p), n=1,2,..., (2.16)
1
166 — 6,0/l < [B_aﬂ e POE,(p), n=12,... (217
_(B—a)e 4B 2
165 — 8ol < llplle” P~ E,(p) + {ggrr (En1(P) +En(p))", n=2,3,... (2.18)
161 —8,1]| < e B=%€E, (p), n=1,2,..., (2.19)

187 — 61| < [2+ce P~*<E,(p), n=1,2,..., (2.20)
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167 =671 1| < [|plle™ P~ En(p) + g (Eat () +En(p)) ", n=2,3,... (2:21)
10(1) ~©,(1)| < Soe™ P~ E,(p), 1€ ol m=12...,  (222)

where Sy = max{1 + ﬁ +c,3+c}

Proof. The inequality (2.22) we can obtain easily from (2.16), (2.17), (2.19)
and (2.20) by using (2.14). The convergence of the sequences {6,0(¢)},~ and
{6,.1(t)},= respectively to 6y(t) and 8y (t) in C?([ar, B]) follows immediately from
(2.16)-(2.21). Therefore to complete the proof of the corollary it is enough to prove
(2.16)-(2.21). We have

eXP{—/u*( } eXP{ jpn }
exp{ ju*(T)dT, |

This together with (2.4), (2.11) and (2.13) implies (2.16). Obviously by (2.11) and
(2.13) we have

160(£) =60(1)| =

<! [tw0-nos pale)

},te[oc,B].

80| < =<, {180 < P~ (2.23)
From here and from (2.16) it follows: ||9’0— n70|| = || — 80+ pnBro|| < ||80]| |1t —

Pall+11pall 1180 —8n0ll < e P9 ju, — py ||+ || palle™ P~ E,(p), n=1,2,.... This
together with (2.4) and (2.11) implies (2.17). We prove (2.18). Using the easily
verifiable equalities

p;z(t) :2pn*1(t)pn(t)+p(t)_pl%—l(t)7 re [(X, B]7 I’l:2,3,...,

we obtain
Z,O(t) = ([pn(t) _pn—l(t)]z_p(t))en,oa re [OC?BL n=2,3,...
Then
60 (1) =8y, () = p(1)(Bn.0(t) = 80(t)) — [pn(t) = pu1 (1)]*8n0(r), 1 € a1, B].
From here it follows
186 — 85 ol < [l [P0 — Pt 1800l + 11l 11640 — 80l <
< (llus = pull 4 [t = pu11)? 1180l + 1 1I 16,0 — B0l

This together with (2.4), (2.16) and (2.23) implies (2.18). It is not difficult to verify
that

1611 < (B— e, [16,1]] < (B—a)eP ", n=1,2,3,... (2.24)
We have
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161(£) =81 (1) =

t t T

/exp{—/u*(s)ds+ju*(3)ds}a’t—/texp{—/lu*(s)dﬁ_/u*(s)ds}dT
/t ( j (14 (8) = pu(s)|ds— / [”*(S)pn(s)]ds> X

o o T
t T

X exp{max { ‘—/ u*(s)ds—i—/ u(s)ds
T o

This together with (2.4), (2.11) and (2.13) implies (2.19). Since

01 (1) =001 (1) =5~ © 1

<

)

}htehﬁL

n=1273....

—/pn(s)ds+jpn(s)ds

(1) ==pn(1)Bn1(1)=

Jtela,Bl, n=1,2,...

o(t)’ w1 0n.0()
we have
1 1
||ea—e:,,1||suu*nuel—en,ln+||en,1||||u*—'pnu+Heo—e | n=12..... @29

We have also

1 1

90(1‘) en’o(l‘)

t

= ‘exp{/tu*(r)dr} —exp{/pn('c)d'c}
exp{max{ [ /tpn(’t)d’c }},te[a,ﬁ],nzl,z,....

/ u.(1)dt
o
This together with (2.4), (2.11) and (2.13) implies

<e B=%E (p), n=1,2,....

1 1
6 6,0
From here, from (2.4), (2.13), (2.24) and (2.25) we obtain it follows (2.20). It is
not difficult to verify that
1 (1) = [(Pa(t) = pa1(0))* = p(0)]0a1 (1), 1 € [0L,B]. n=2.3,....
Then since 6/ (1) = —p(1)0: (1), t € [o, ], we have
07 (1) =6}, 1 (1) =811 (1) (Pa(1)—Pu-1(1))*=p (1) (81 (1) =01 (1)), 1 €[00, B],n =2,3, ...
From here it follows
167 =81 | < [[P1 1181 — 81 |+ 181l ([l — el + | Pt — s )*.

This together with (2.4), (2.19) and (2.24) implies (2.21).
The corollary is proved. (]

<

Y

Sl/t[u*(f)—pn(f)]df
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3. FAST CONVERGENT APPROXIMATION METHOD

From the conditions of Theorem 2.1 is seen that they are satisfied if B — o is
small enough. This suggests how to to use Theorem 2.1 to construct approximate
solutions for Eq. (1.1) on arbitrarily large intervals [7p,7]. Obviously to do this
it is enough to partition the interval [T, T] in a sum (union) of small intervals so
that for each of them Theorem 2.1 holds, and after that to construct an approximate
solution on each of the partitions and then “glue” them properly. Next we show
how we realize this idea.

Let Tp =19 <t <...>tov = T be the partition of the interval [Ty, T'] so that for
each [tg,fr+1] = [0, B] (k= 0,2V — 1) the conditions of Theorem 2.1 are satisfied.
Then according to Theorem 2.1 for every k = 0,2V — 1 the equation

Y =y 4 p(t), 1€ [t tir1]
has a solution y; () on [tg,i1] with y;(f) = 0. Set

¢o,k<t>zexp{— / yZ(T)dT}, 01.4(1) = 004(1) ¢2dr<t)
Ik f Ok
t p ‘- )
P1al) E/p(”")dfv pn,k(Z)EPn—l,k(t)/WdT’

where

t
Pn—l,k(t) Eexp{2/pn_1,k(r)dr}, t e [tk,lk+1], k:O,2N— 1, I’l:2,3,...,
I

t t d
On0.4(7) EGXP{—/Pn,k(T)dT}, On.1.4(1) E¢n,07k(t)/¢2r(t)7
i i n,0,k
_ (00k(t) O14(t) _ (On0k(t)  On1i(t)
2= (§0) §100) =Gkl §r0) et
k=0,2N—1, n=1,2,.... It is not difficult to verify that
&y (1) = Pop(te) = <(1) (1)) L k=02—1, n=12,....  (3.1)

By induction on m define: t; x =tor, k=0,2V"1—1, ty1x =tmok, k=0,28""—1,
m=1,N,

0 v | Pult), t€tu,tonr1]
D, (1) =
’ Doty 1 (1) Pk (t2k41), t € [tors1,2rs2)5
0 [ Puk(t), t € [tokstorg1)s
Lak(t) =
D,y 2441 (1) Por(t2n41), t € [tokr1,12%42)-
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The matrix functions ®y(t), ®,x(t) and the intervals [f,fx41], k = 0,2V —1,
n=1,2,... we will call the matrix functions and the intervals of level O respec-
tively, and the matrix functions @Y (1), @Y, ,(r) and the intervals [ty x, 1 4+1], k=
0,2V-1 -1, n=1,2,... we will call the matrix functions and the intervals of level
1 respectively. Let q)&k(t) and <I>21 wi(t), k=02N-m—1 n=1,2,... be ma-
trix functions of level m on the intervals [t k,tmk+1], kK = 0,2V=" —1 of level

m. Define by induction on m the matrix functions ¢° ,(¢) and ®° (1), k =
0,2V-m=1 — 1, n=1,2,... on the intervals [tyi1x,tmt1k+1], k= 0,2V"m=1—1

of level m+1 respectively as follows:

D0 (1), 1€ [tmkrtmr1]s

q)21+1.k (1) = 0 0
i (bm/k—‘,-] (t)¢m7k (tmk+1 )7 re [tm,k+1 9 tmk+2] 9

0
®° () = { D, (1), 1€ [tk tmki ]

Lk q)0m7n,k+1(t)q)gn,n,k(&kﬂ), 1€ [tmit 15 tmir2]
k=02N-m"1_1 m=1N—1, n=1,2,....
Set: @,(t) = DY (1), Pun(t) =P, (1), 1 € [tno,tva] = [To, T], n=1,2,....

Since B0(Ty) = o (Tp) = <(1) )
matrix function ®%(¢) is a fundamental matrix of Eq. (1.1) on [T, T]. Next our

goal is to estimate

) by the uniqueness theorem and (2.3), (2.15) the

D, (1) —P.n(t)]-
max [@,(0) =@, ()]

Let ¢, be a constant for which the conditions of Theorem 2.1 with [o, B] = [fx, t+1]
are satisfied (k = 0,2V —1). Set:

di = 1Pl ) P = (trgt —t) e W% min{dy, i}, p=max{ps, k=0,2V — 1},

SkHEmax{l—l— +ck,3+ck}, k=02 —1, S=max{S;, k=1,2V}.

Ter1 — Ik
Then by Corollary 2.1 (see (2.22)) we have
| @k (t) — Pui(t)|| < SEn(p), t € [tkstiy1], k=0,2V—1, n=1,2,... (3.2)
Set

App= max max || Dy(r) — Dui(1)],
k=0,2V—1 1€[ti tir1]
Ap,= max max ||<I>9n7k(t)—¢'0 ®)], m=1,N, n=1,2,....

m,n,k
k=0,2N-m_1t€ [tm,kytm,k-ﬂ} Y

By (2.4) we have
109 (1) = DY, (O] = [Py 1 (1) Do (t2141) = Prgk1 (1) P 2k (t2a 1) || < (| Pk () —

Dy 21 (1) || || D2k (t2r4-1) | 4[| P2k (t2r4-1) || | P2k (F2k41) — Pk (F2k41) ||, T € (2041, t2042).-
Hence,
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190 (1) = DY, (O] < 1| Pk (1201 ]| @t 1 (8) — P21 (1) |+
+|Popr1 (1) — Proir 1 ()| [ P2kt (2r41) — P2kt (2rg1) ||+
| Pai1 () || P2 (s 1) — P (tarsr) ], £ E [t tawsa), k=02 — 1. (3.3)
For any € € [Ty, T] denote by ®(;¢) the fundamental matrix of Eq. (1.1) with

(G, 0) = ((1) (1)> Set M = max max ||®(E;7)||. Then from (3.3) it follows
CG[T&T] IE[C,,T]

”q’(l),k(f) - q)(l),mk(t)” <2MA,, +A(2),m t € [tos1,t0k12]
By obvious inequality M > 1 from here it follows
”q)(l),k(f) —cp(l),n,k(t)” < 2MAO,n"‘A(Z),na t € [t t 1]

Hence
Aip < 2MAg, + A,

and in general for any m =0,1,...,N — 1 it can be shown that
Apiin <2MAup+ A, (3.4)

From here we obtain
Amion < (M) A+ (2M+(2M)*)A,  +4AMA,, A A, . m=0,282n=12, ...,

m,n»
Amzn < M) A +[(2M)*+(2M)> +(2M)*]A,, , +16MA +
[AM2+48M3 1 16M*|AY,  +[24M2 +32MP)AS,  +[AM+8M2|AS, , +8MA],  +AS, ..

m,n
and finally

0 [.(0) = B0, 0)] = A < (200" B0, 83, 00(M0,). =12,
0

where Qy(t) is a polynomial of degree 2V — 2, with positive coefficients (depending
only on M) such that Qn(0) # 0. From here and from (3.2) we obtain the following
immediately

Theorem 3.1. The sequence {®, (1)} = converges to the fundamental matrix

n=1
®.(1) of Eg. (L1) <<I>*(T0)= ((1) ;

formly in t and the following estimates are valid

max || @, (1) — Pun(r) || < (2M)VSE(p) + (SEa(p))*On(SEn(p)), n=1,2,....

>> on [Ty, T] by the norm of matrices uni-

4. EXAMPLES

In this section we show how fast the proposed approximation can converge.
Consider the Mathieu equation (see [12], [13], p. 111)

0"+ (1 —e+8cos2t)p =0, t € [Ty, T). (4.1)
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In the case € = & = 0 this equation becomes an equation with constant coefficients,
that is:
o' +0=0, t€[T,T.
Obviously for this equation the matrix function
cos(t—C) sin(r—C
;) = . < (<<
Po(1:5) <—sm(t 0 cosr-g))rosEstsT)
1 0
01
obvious that | ®y(£;)|| < V2, Ty <{ <t <T. Due to this we will assume that
the parameters € and J are so small, that

[0 <2, H<{<t<T, (4.2)

is its fundamental matrix with ®y(; ) = ( ) for all € € [Tp,T]. It is also

where ®(r;C) is the fundamental matrix for Eq. (4.1) with ®({;C) = <(1) ?) for
all { € [To, T].

Example 4.1. Let n =2, [Tp,T] = [0,1]. Take ty = %, k=0,8. For this case we
have ||p|| <1, N =3 and by (4.2) M = 2. Then it is not difficult to check that the
conditions of Theorem 2.1 with [0, B] = [tx,ti41] ek =+ (k = 0,1) are satisfied for
Eq. (4.1). It is not difficult to verify also, that for this case p = max py = 51—6651*6 <
k=0,8
%. ThenS =148+ %, and SE>(p) < % (%)4. Then applying (3.4) three times for
successive estimation of A1z, Ao, A3 via SE>(p) (Ay2 via Ay = SE>(p), Axa
via A1 and A3 o via A; ») from here we obtain

|®.(t) — Pun(2)]| < 0.00003, £ € [0,1].

Exampled.2. Letn =2, [Ty,T]=0,8]. Take t; = 1=, k=0,128. For this case we
have N =7, M =2. Then it is not difficult to verify that for c; = %( k=0,127)
the conditions of Theorem 2.1 with [0, B] = [tx, tx+1] for Eq. (4.1) are satisfied. It is

. . . T
also not difficult to verify that for this case p = max p; = ﬁem < ﬁ. Hence,
k=0,128

since for this case S = 215—56, we have

256/ 1 \*
Ao = SE 200 1)
02 =SE2(p) < 135 <238>

Then applying (3.4) for successive estimations of A1, ...,A72 via Ay from here
we obtain
| ®.(t) — Ds2(2)|| <0.000001, £ € [0,8].

Example 4.3. Letrn=3, [To,T|=[0,128|. Take t = %, k=0,512. For this case

we have N =9, M =2. Then it is not difficult to verify that for ¢y = %( k=0,511)
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the conditions of Theorem 2.1 with [, B] = [tx, tx+1] for Eq. (4.1) are satisfied. For

this case we have p = max px = ﬁellfz < ﬁ Hence, since for this case S = 176,
k=0,128 :
we have .
16 /1
Aor =SE <— = .
02=5E2(p) 189(11)

Then applying (3.4) for successive estimations of A, ...,A92 via Ay from here
we obtain

|®. (1) — ..3(2)|| <0.00004, € [0,128].

Example 4.4. Letn =4, [Ty, T] =[0,1048576]. Take t;, = %, k =0,512. For this
case we have N =22, M =2,

16 1 1\
E Y (N
SE«(p) < 3 347215<11>

and, finally, the estimate
|®. (1) — @, 4(2)|| < 0.0000001, 7€ [0,1048576].

Remark 4.1. The values of the elements of the matrices @, ,(f), n = 1,2 can be

bj

] €j
l‘+Cj

t2+f] )

N .
effectively calculated in the particular case when p(t) = Y. |a;t/ +
j=1

_l’_

t+cj# 0, f;>0,j=1,N, t>1.

REFERENCES

[1] A. A. Anulo, A. Sh. Kibrit, G. G. Gonfa, A. D. Negasa, Numerical Solution of Linear Second
Order Ordinary Differential Equations with Mixed Boundary Conditions by Galerkin Method,
Mathematics and Computer Science, vol. 2, issue 5, 2017, pp. 66-78.

[2] E W. J. Olver, Numerical Solution of Second-Order Linear Difference Equations. Journal of
Research of the National Bureou of Standards - B, Mathematics and Mathematical Physics,
vol. 71 B, Nos. 2 and 3, 1967, pp. 111-129.

[3] Y. A. Yahaya and A. M. Badmus, A class of collocation methods for general second order ordi-
nary differential equations, African Journal of Mathematics and Computer Sciences Research,
vol 2 (4) 2009, pp. 069-072.

[4] T. Chen, W. Chen, G. Chen, H. He, Recursive formulation of WKB solution for linear time-
varying dynamic systems, Acta Mech., vol 232, 2021, pp. 907-920.

[5] O. A. Taivo and J. A. Osilagun, On Approximate Solution of Second Order Differential Equa-
tions by Iterative decomposition Method, Asian Journal of Mathematics and Statistics, 4 (1),
2011, pp. 1-7.

[6] Md. J. Hossein, Md. Sh. Alam, Md. B. Hossein, A Study on Numerical Solution of Second
Order Initial Value Problem (IVP) for Ordinary Differential Equations with Four order and
Butcher’s Fifth Order Runge Kutta Method, American Journal of Computational and Applied
Mathematics, 7 (5), 2017, pp 129-137.

[7]1 N. Waeleh & Z. A. Majid, Numerical Algorithm of Block Method for General Second Order
ODEs using Variable Step Size, Sains Malaysiana, 46 (5), 2017, pp. 817-824.



A FAST CONVERGENT APPROXIMATION METHOD FOR THE SOLUTION OF SECOND ... 253

[8] N. Echi, Approximate Solution of Second-Order Linear Differential Equation, Open Access
Scientific Reports, vol. 2, issue 1, 2013, pp. 1-5.

[9] J. E. Mamadu, I. N. Njoseh, Tau-Collocation Approximation Approach for Solving First and
Second Order Ordinary Differential Equations, Journal of Applied Mathematics and Physics,
4,2016, pp. 384-390.

[10] T. G. Nezbajlo, Theory of integration of linear ordinary differential equations, Sanct Peterburg,
2007, 160 pages.

[11] Ph. Hartman, Ordinary differential Equations. Second Edition, SIAM, 2002.

[12] N. W. McLachlan, Theory and Application of Mathieu Functions. Oxford: Claredon Press,
1947.

[13] L. Chezari, Asimptoticheskoe povedenie i ustoichivost reshenii obyknovennykh differentsial-
nykh uravnenii, Mir, M., 1964.

(Received: February 13, 2023) Gevorg A. Grigorian

(Revised: October 18, 2023) Institute of Mathematics NAS of Armenia
0019 Armenia c. Yerevan, str. M. Bagramian 24/5
phone: 098 62 03 05, 010 3548 61
e-mail: mathphys2 @instmath.sci.am






