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MULTIVARIATE FRACTIONAL REPRESENTATION
FORMULA AND OSTROWSKI TYPE INEQUALITY

GEORGE A. ANASTASSIOU

ABSTRACT. Here we derive a multivariate fractional representation for-
mula involving ordinary partial derivatives of first order. Then we prove
a related multivariate fractional Ostrowski type inequality with respect
to uniform norm.

1. INTRODUCTION

Let f : [a,b] — R be differentiable on [a,b], and f’ : [a,b] — R be
integrable on [a, b], then the following Montgomery identity holds [3]:

1 b b
f@) =y [ twas [ Ay @, (1)
where P; (z,t) is the Peano kernel
t—a
. b—a’ a S t S Z,
neo={ 5 13,5, ®

The Riemann-Liouville integral operator of order o > 0 with anchor point
a € R is defined by

@)= [ =0 0 3)

Jaf ()= f(2), € a0]. (4)
Properties of the above operator can be found in [4].
When a = 1, J! reduces to the classical integral.
In [1] we proved the following fractional representation formula of Mont-
gomery identity type.
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Theorem 1. Let f : [a,b] — R be differentiable on |a,b], and f': [a,b] — R
be integrable on [a,b], « > 1, x € [a,b). Then

f(z)=(b—2)""T(a)

| {be(b) = Jg 7 (P (,0) £ () + T2 (Py(ab) (b))} 0

When o =1 the last (5) reduces to classic Montgomery identity (1).

We may rewrite (5) as follows

b
o =o-0 | -0t roa

b b
—(a—l)/ (b—1)*2 P, (:v,t)f(t)dt+/ (b— 1) Py (1) f (1) dt] .
(6)

In this article based on (5), we establish a multivariate fractional repre-
sentation formula for f (z), z € [[;~; [a;, b;] C R™, and from there we derive
an interesting multivariate fractional Ostrowski type inequality.

2. MAIN RESULTS
‘We make

Assumption 2. Let f € C* (TT2, [ai, bi]) .

Assumption 3. Let f : [[" [a;,bi] — R be measurable and bounded,
such that there exist 887]_ c T2 [ai, bi) — R, and it is xj—integrable for
allj =1,...,m. Furthermore g—xfz (t1y. oyt @ig1, - Ty it 1S integrable on
Hé‘:1 laj, bj], for alli=1,...,m, for any (ziy1,...,2m) € [[j; 4 [az,0;].

Convention 4. We set

=1 (7)

0
=1

J

Notition 5. Here x = 7_:> (1,...,zm) € R™, m € N— {1}. Likewise
t=1t =(t1,...,tm), and d t = dtydts ...dt,,. We denote the kernel

ti—a;
o b m <t < by,

bi—a;’

(8)

‘We need
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Definition 6. [see [2]] Let [[;%; [a;,b;) € R™, m € N — {1}, a; < b,
ai,b; € R Let a > 0, f € Ly ([[;%; [ai,b;]). We define the left mixed
Riemann-Liouville fractional multiple integral of order a:

a—1
1 x1 Tm [ T
(12, f) (2) ::(F(OO)"”‘/CL;”/% (il_[l(xi—ti)) Fte, .. tm)dty ... dim,
(9)
where z; € [a;,b], i = 1,...,m, and x = (z1,...,2m), a = (a1,...,an),

b= (b1,...,bm).
We present the following multivariate fractional representation formula

Theorem 7. Let f as in Assumption 2 or Assumption 3, « > 1, x; € [a;, b;),
i=1,...,m. Then
([T (b — ) (T ()™
far,. o om) = 5 I3 f) ()
H (bi _ai) ( + )

i=1

i=1 =1

where fori=1,...,m:

N (e (Tl ) o)
i (T, o) = H;;ll (b — o) ) H(J_ i)
j=1lag,b

. (bl — ti)a72 P1 (ZEi, ti) f (tl, e ,ti, Lit1y.-- ,l’m) dtl e dti, (11)

Jj=1

11—«

(It 05 =) z‘
Bi(x1,...,xm) = . b —ts
(e ) Hz_l (bj — a;) /l;lé‘l[aﬁbj] (}31( ’ tj))

j=1
of

. P1 (a:i,ti) 87 (tl, ce 7tz'737i+17 ve ,a:m) dtldtg e dti. (12)

Proof. By (6) we have

b1
f(.%’l, e ,xm) = (bl — .fl)l_a [ 1 / (bl—tl)a_l f (tl,xg, e ,$m) dtl

by — a1/,

by
— (a — 1)/ (bl — tl)a_Q P1 (xl,tl) f (tl,xz, e ,a:m) dtl

ai

o1 a—1 af
+/ (by = )" Py (1) 5 (b1, 0, | (13)
a1 T
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and
[t mo,. . 2,) =

u 1 b2 o
= (bQ—{L‘g)l [b / (bQ—tg) 1f(t1,t2,$3,...,$m)dt2
2 — a2 as

b2
— (a — 1)/ (bg — tz)a_2 P1 (.Tz,tg) f (tl,tg,wg, e ,xm) dtg

a2

b2 a—1 af
—|—/ (b2 —tg) P (5[32,752) ai (tl,tg,ﬂjg,...,:zm) dta| . (14)
as Z2

We plug in (14) into (13). Hence

b1
f(l‘l,...,.’Em) = (bl 7x1)17a |: 1 / (b1 7t1)a71 (bg 71‘2)17&.

b1 —a1 Jg

1 b2 .
|: / (b2_t2)a f(tl,t2,$3,...,l‘m) dt2

by —az J,,

b2
— (a— 1)/ (bo — t2)* 2 Py (22, 2) f (t1, to, @3, . . ., Tm) iz

a2

b2 a—1 af
+/ (bQ—tg) P (:Eg,tg)aixz(tl,tg,xg,...,xm) dtz dtl

az

b1
— (Oé — 1)/ (b1 — tl)a72 P1 (581,751) f (tl,ZCQ, e ,CL‘m) dtl

al

b a—1 8f
+/ (b —t)" P (xl,h)ai(t1,$27---,$m)dt1 . (15)
a1 X1

That is we have so far

(bl . .’El)lia (bg o 332)17&
(b1 —a1) (b2 — a2)

b1 bo
. / / (bl —tl)ail (bg — tg)ailf(tl,tg,l’g,. ..,:Iim) dtldtg
al a2

(—1) (b1 —21) " (by —wp)' ™"
(b1 —a1)

b1 b2
/ / (bl —tl)a_l (bQ —tg)a_l P1 (.%‘2,t2)f(t1,t2,33‘3,...,xm) dtldtQ

ay as

f(z1,...,zm) =

(bl _ xl)l_a (bg _ xQ)l—a

" (b1 —a1)
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b b2 1 1 of
oa— oa—
. / / (b1 — 1) (ba — t2)* " P1 (w2, t2) s (t1,t2, @3, ..., Ty dtrdio
a1 Jas X2

b1
—(a=1) (b1 - wl)la/ (b1 — t1)* 2 P (21, t1) f (t1, 22, ., ) Aty

ai

b1 o
+ (bl — $1)1a/ (bl — tl)ail P1 (561,751) aif (tl, Loy ... ,l‘m) dtl. (16)
a1 x1
Call
Ar (@1, ) = = (@ = 1) (b — 1)

b1
/ (b1 — t1)* % Pi(z1,t1) f (t1, @2,y ) dtr,  (17)

al
Bl (1'1, e ,xm) = (b1 — a;l)l_a

b1 a—1 af
/ (b1 —t1) Pl(xlatl)Twl(tlax%---:wm)dtlv (18)

al

(a0 —1) (by — 1) ™ (by — a0)' ™

A2 (xl,xg,.. . ,(L‘m) = -

(b1 —a1)
b b 1 1
. / / (bl —tl)a_ (bg — tg)a_ P1 (xg,tg)f(tl,tg,wg,... ,wm) dtldtg,
1 2 (19)
and
By (21,2 Tpy) = (br = @1)" ™" (by — 25)""
2 17 2)"'7 m . (bl—al)
b b2 —1 —1 af
. / / (bl — tl)a (bg — t2)a P (xg, tg) 87 (tl, to, 23, ... ,a:m) dt1dts.
a1 Jaz €2
(20)

We rewrite (16) as follows

(b1 — 21) (b2 —x2))'
(b1 — a1) (b2 — a2)

by rbo
/ / ((by —t1) (by — t2))* 7 f (t1, e, @3, . . ., Tp) di1dls

—l—Ag([I}l,..., m)—i—Bg(xl,...,a;m)—|—A1(xl,...,a;m)—i—Bl(a:l,...,xm).
(21)

f(z1,...,zm) =
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We continue with

f(t17t27x3,...7xm) (:)
6) (bs — x I—a  rbs o
3 — a3 as

b3
— (Ol — 1) (bg — .’Eg)lia / (bg — t3)a72 P1 (xg, tg) f (tl, tQ, t3, T4y ,CL‘m) dtg

as

b3
+ (b3 — xs)l_a/ (bs — t3)* " Py (3, t3) 9f

(tl to, 13,4, ... $m) dts.
as axg ) 9 ) ) 9

(22)
Next plug (22) into (21). Hence it holds

_ (b = 1) (b = 2) (by — 3))
Fan) = (b1 — a1) (b2 — a2) (bs — a3)

/bl/b2/b3 (b1 —t1) (b2 — t2) (bs — 13))""

— 1) (b — 1) (bp — w2) (b3 — 23))' ™"
(bl - al) (bg — a2)

b1 pb2  pbs
S e ) = ) s ) Py (o)

((bl - 1‘1) (b2 — 1'2) (b3 _ xg))l—cx
(bl - al) (bg — a2)

/bl/bg/bg (b = t1) (ba — 1) (bs — £3))" " Pt (w3, t3)

f (tl,tQ,t3,1‘4, e ,iL‘m) dtldtgdtg— (

. f (tl, to,t3, 24, ... 7:1:m) dtldtgdtg, +

(tl,tz,tg,x4,..., )dtldtgdtg,
3x
—|—A1(xl,...,:rm)—|—A2(x1,...,:nm)—l—Bl(ml,...,xm)+Bg($1,...,xm).
(23)
Call
1 - o o 11—«
Ag (21, 1) = — (= 1) ((br — z1) (bp — x2) (b3 — x3))

(b1 — a1) (b2 — a2)

/b1 /b2 /b3 (by —t1) (bg — t2))*™ (b _ t3)a*2 Py (23, t3)

S f(ti,te, t3, g, .. ) dtidtadts,  (24)
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and

(b — @) (b — @) (by — 3))' ™
B3 ($1,..., ) (bl—al) (b2_a2)

/%/w/mbr41m—mﬂw—%ﬁ P (@ ts)

of
O3

(tl, t2, tg, Lhyeony .Tm) dtldthtg. (25)
Thus we have proved

(I s =)
Hi:1 (b; — aiz

3

a—1
/ \ :l_‘[(bZ —ti) f(tl,tg,t3,$4,...,xm) dt1dtadts
Hi:l[a‘ivbi] i=1

3 3
+Y Ai(mr,. o am) + Y Bi(@,. o). (26)
=1 =1

f(z1,...,zm) =

Working similarly we finally obtain the fractional representation formula

TR (b — )" u T
f(l‘b.“’xm)_ Hil(bz_aﬂ) : / (H(bl_tl)> f(t>dt

iz [aibi] =1
m m
-+ ZAZ (xl,...,xm) —i—ZBZ ($1,...,$m) . (27)
i=1 i=1
The proof of the theorem is now completed. O

We make

Remark 8. Let f € C'(TT2, [aibi]), « > 1, @ € [a;,bi), i = 1,...,m
Denote by
IFI%" = sup  [f(2)|. (28)
z€] T2 [as,bi]
We observe that

(12) (Hé‘:l (b; *%’)) ) .
Bi L1yeeyTm = i b -
| ( 1 )| < Hz.:l (b] — (Ij) /HJ 1la; b5 (H tj )

J=1 =

sup

of
O:Ui 00

. |P1 (:L'i,ti)’ dtl e dtz)
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(i G5 =) |27 (i o
- [T5= (b — ay) (]Hl /aj i) 1dtj)
b;
. (/a (bi —t:)* | Py (a:i,ti)|dti) (30)
(T =) BT (i - a)”
i a) [T (b —ay) it
. [/x (bi — t:)* 1 (t; — a;) dt; + /b (bi — 1) (b — ;) dti]
_ ) L Zp (H§=1 (b — xj))l_a (Hé';ll (b — aj)>a_1 a1

Oéifl (bl — ai)

(b’L - l’i)a+1
a—+1

) [/”“" (b; — ti)a—l [(b; — a;) — (b; — t;)] dt; +

- o7, i:p (Hé‘:l (bio;_f‘”lj()l?::aai()né;ﬁ (bj — aj))a_l )

- ,7aia i*fﬁ'ia iiaioﬁrl i*xiaJrl
'[(bi_ai) _(bl o ) _(b o ! ]_(b oz—f—?l +2(ba+1) ]
| (s - )" (T b =)™

Oéi_l (bZ — CLZ')

. [(b@ . ai)aJrl 2 (bz - xi)a+1 . (bz _ ai) W] . (33)

a(a+1) a+1 a
We have proved for i = 1,...,m, that

| (-1 - "’”ﬂ)l_a (I s - w))a_l

i—1

of sup
dz;

x

|Bz (l‘l,.. . ,.I‘m)| S

a

(bl — ai)a 2 (bl — ﬂii)aJrl . (bl — ﬂfi)a
ala+1)  (a+1) (b —ai) a ] - 34

We have established the following multivariate fractional Ostrowski type
inequality.
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Theorem 9. Let f € C' ([T [ai bi]), o > 1, @ € [a;,b;), i = 1,...,m.
Then

‘f(afl,-..,xm)

(T2 (b — @) " (D (@)™ (T f) (0)
- - Hm (bi—ai) a —Z:Ai(l‘l,...,xm)

=1

sup

af
n H ox;

<II§:1(bj__ay)>14{y(IIz;i(bj—-aj))ail

at—1

>

<

i=1

(bz — ai)o‘ 2 (bl — mi)a"'l (bz — $i)a
ala+1)  (a+1) (b —a;) !
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