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MULTIVARIATE FRACTIONAL REPRESENTATION

FORMULA AND OSTROWSKI TYPE INEQUALITY

GEORGE A. ANASTASSIOU

Abstract. Here we derive a multivariate fractional representation for-
mula involving ordinary partial derivatives of first order. Then we prove
a related multivariate fractional Ostrowski type inequality with respect
to uniform norm.

1. Introduction

Let f : [a, b] → R be differentiable on [a, b], and f ′ : [a, b] → R be
integrable on [a, b], then the following Montgomery identity holds [3]:

f (x) =
1

b− a

∫ b

a
f (t) dt+

∫ b

a
P1 (x, t) f ′ (t) dt, (1)

where P1 (x, t) is the Peano kernel

P1 (x, t) =

{ t−a
b−a , a ≤ t ≤ x,
t−b
b−a , x < t ≤ b, (2)

The Riemann-Liouville integral operator of order α > 0 with anchor point
a ∈ R is defined by

Jαa f (x) :=
1

Γ (α)

∫ x

a
(x− t)α−1 f (t) dt, (3)

J0
af (x) := f (x) , x ∈ [a, b] . (4)

Properties of the above operator can be found in [4].
When α = 1, J1

a reduces to the classical integral.
In [1] we proved the following fractional representation formula of Mont-

gomery identity type.
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Theorem 1. Let f : [a, b]→ R be differentiable on [a, b], and f ′ : [a, b]→ R
be integrable on [a, b], α ≥ 1, x ∈ [a, b). Then

f (x) = (b− x)1−α Γ (α)

·
{
Jαa f (b)

b− a
− Jα−1a (P1 (x, b) f (b)) + Jαa

(
P1 (x, b) f ′ (b)

)}
. (5)

When α = 1 the last (5) reduces to classic Montgomery identity (1).

We may rewrite (5) as follows

f (x) = (b− x)1−α
[

1

b− a

∫ b

a
(b− t)α−1 f (t) dt

− (α− 1)

∫ b

a
(b− t)α−2 P1 (x, t) f (t) dt+

∫ b

a
(b− t)α−1 P1 (x, t) f ′ (t) dt

]
.

(6)

In this article based on (5), we establish a multivariate fractional repre-
sentation formula for f (x), x ∈

∏m
i=1 [ai, bi] ⊂ Rm, and from there we derive

an interesting multivariate fractional Ostrowski type inequality.

2. Main results

We make

Assumption 2. Let f ∈ C1 (
∏m
i=1 [ai, bi]) .

Assumption 3. Let f :
∏m
i=1 [ai, bi] → R be measurable and bounded,

such that there exist ∂f
∂xj

:
∏m
i=1 [ai, bi] → R, and it is xj−integrable for

all j = 1, . . . ,m. Furthermore ∂f
∂xi

(t1, . . . , ti, xi+1, . . . , xm) it is integrable on∏i
j=1 [aj , bj ], for all i = 1, . . . ,m, for any (xi+1, . . . , xm) ∈

∏m
j=i+1 [aj , bj ] .

Convention 4. We set
0∏
j=1

· = 1. (7)

Notation 5. Here x = −→x = (x1, . . . , xm) ∈ Rm, m ∈ N − {1}. Likewise

t =
−→
t = (t1, . . . , tm), and d

−→
t = dt1dt2 . . . dtm. We denote the kernel

P1 (xi, ti) =

{
ti−ai
bi−ai , ai ≤ ti ≤ xi,
ti−bi
bi−ai , xi < ti ≤ bi,

(8)

We need
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Definition 6. [see [2]] Let
∏m
i=1 [ai, bi] ⊂ Rm, m ∈ N − {1}, ai < bi,

ai, bi ∈ R. Let α > 0, f ∈ L1 (
∏m
i=1 [ai, bi]). We define the left mixed

Riemann-Liouville fractional multiple integral of order α:(
Iαa+f

)
(x) :=

1

(Γ (α))m

∫ x1

a1

. . .

∫ xm

am

(
m∏
i=1

(xi − ti)

)α−1
f (t1, . . . , tm) dt1 . . . dtm,

(9)
where xi ∈ [ai, bi], i = 1, . . . ,m, and x = (x1, . . . , xm), a = (a1, . . . , am),
b = (b1, . . . , bm) .

We present the following multivariate fractional representation formula

Theorem 7. Let f as in Assumption 2 or Assumption 3, α ≥ 1, xi ∈ [ai, bi),
i = 1, . . . ,m. Then

f (x1, . . . , xm) =
(
∏m
i=1 (bi − xi))1−α (Γ (α))m∏m

i=1 (bi − ai)
(
Iαa+f

)
(b)

+

m∑
i=1

Ai (x1, . . . , xm) +

m∑
i=1

Bi (x1, . . . , xm) , (10)

where for i = 1, . . . ,m:

Ai (x1, . . . , xm) :=
− (α−1)

(∏i
j=1 (bj−xj)

)1−α
∏i−1
j=1 (bj − aj)

∫
∏i

j=1[aj ,bj ]

(
i−1∏
j=1

(bj−tj)

)α−1

· (bi − ti)α−2 P1 (xi, ti) f (t1, . . . , ti, xi+1, . . . , xm) dt1 . . . dti, (11)

and

Bi (x1, . . . , xm) :=

(∏i
j=1 (bj − xj)

)1−α
∏i−1
j=1 (bj − aj)

∫
∏i

j=1[aj ,bj ]

(
i∏

j=1

(bj − tj)

)α−1
· P1 (xi, ti)

∂f

∂xi
(t1, . . . , ti, xi+1, . . . , xm) dt1dt2 . . . dti. (12)

Proof. By (6) we have

f (x1, . . . , xm) = (b1 − x1)1−α
[

1

b1 − a1

∫ b1

a1

(b1−t1)α−1 f (t1, x2, . . . , xm) dt1

− (α− 1)

∫ b1

a1

(b1 − t1)α−2 P1 (x1, t1) f (t1, x2, . . . , xm) dt1

+

∫ b1

a1

(b1 − t1)α−1 P1 (x1, t1)
∂f

∂x1
(t1, x2, . . . , xm) dt1

]
, (13)
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and

f (t1, x2, . . . , xm) =

= (b2 − x2)1−α
[

1

b2 − a2

∫ b2

a2

(b2 − t2)α−1 f (t1, t2, x3, . . . , xm) dt2

− (α− 1)

∫ b2

a2

(b2 − t2)α−2 P1 (x2, t2) f (t1, t2, x3, . . . , xm) dt2

+

∫ b2

a2

(b2 − t2)α−1 P1 (x2, t2)
∂f

∂x2
(t1, t2, x3, . . . , xm) dt2

]
. (14)

We plug in (14) into (13). Hence

f (x1, . . . , xm) = (b1 − x1)1−α
[

1

b1 − a1

∫ b1

a1

(b1 − t1)α−1 (b2 − x2)1−α ·[
1

b2 − a2

∫ b2

a2

(b2 − t2)α−1 f (t1, t2, x3, . . . , xm) dt2

− (α− 1)

∫ b2

a2

(b2 − t2)α−2 P1 (x2, t2) f (t1, t2, x3, . . . , xm) dt2

+

∫ b2

a2

(b2 − t2)α−1 P1 (x2, t2)
∂f

∂x2
(t1, t2, x3, . . . , xm) dt2

]
dt1

− (α− 1)

∫ b1

a1

(b1 − t1)α−2 P1 (x1, t1) f (t1, x2, . . . , xm) dt1

+

∫ b1

a1

(b1 − t1)α−1 P1 (x1, t1)
∂f

∂x1
(t1, x2, . . . , xm) dt1

]
. (15)

That is we have so far

f (x1, . . . , xm) =
(b1 − x1)1−α (b2 − x2)1−α

(b1 − a1) (b2 − a2)

·
∫ b1

a1

∫ b2

a2

(b1 − t1)α−1 (b2 − t2)α−1 f (t1, t2, x3, . . . , xm) dt1dt2

− (α− 1) (b1 − x1)1−α (b2 − x2)1−α

(b1 − a1)

·
∫ b1

a1

∫ b2

a2

(b1 − t1)α−1 (b2 − t2)α−1 P1 (x2, t2) f (t1, t2, x3, . . . , xm) dt1dt2

+
(b1 − x1)1−α (b2 − x2)1−α

(b1 − a1)
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·
∫ b1

a1

∫ b2

a2

(b1 − t1)α−1 (b2 − t2)α−1 P1 (x2, t2)
∂f

∂x2
(t1, t2, x3, . . . , xm) dt1dt2

− (α− 1) (b1 − x1)1−α
∫ b1

a1

(b1 − t1)α−2 P1 (x1, t1) f (t1, x2, . . . , xm) dt1

+ (b1 − x1)1−α
∫ b1

a1

(b1 − t1)α−1 P1 (x1, t1)
∂f

∂x1
(t1, x2, . . . , xm) dt1. (16)

Call

A1 (x1, . . . , xm) := − (α− 1) (b1 − x1)1−α

·
∫ b1

a1

(b1 − t1)α−2 P1 (x1, t1) f (t1, x2, . . . , xm) dt1, (17)

B1 (x1, . . . , xm) := (b1 − x1)1−α

·
∫ b1

a1

(b1 − t1)α−1 P1 (x1, t1)
∂f

∂x1
(t1, x2, . . . , xm) dt1, (18)

A2 (x1, x2, . . . , xm) := −(α− 1) (b1 − x1)1−α (b2 − x2)1−α

(b1 − a1)

·
∫ b1

a1

∫ b2

a2

(b1 − t1)α−1 (b2 − t2)α−1 P1 (x2, t2) f (t1, t2, x3, . . . , xm) dt1dt2,

(19)

and

B2 (x1, x2, . . . , xm) :=
(b1 − x1)1−α (b2 − x2)1−α

(b1 − a1)

·
∫ b1

a1

∫ b2

a2

(b1 − t1)α−1 (b2 − t2)α−1 P1 (x2, t2)
∂f

∂x2
(t1, t2, x3, . . . , xm) dt1dt2.

(20)

We rewrite (16) as follows

f (x1, . . . , xm) =
((b1 − x1) (b2 − x2))1−α

(b1 − a1) (b2 − a2)

·
∫ b1

a1

∫ b2

a2

((b1 − t1) (b2 − t2))α−1 f (t1, t2, x3, . . . , xm) dt1dt2

+A2 (x1, . . . , xm) +B2 (x1, . . . , xm) +A1 (x1, . . . , xm) +B1 (x1, . . . , xm) .
(21)
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We continue with

f (t1, t2, x3, . . . , xm)
(6)
=

(6)
=

(b3 − x3)1−α

b3 − a3

∫ b3

a3

(b3 − t3)α−1 f (t1, t2, t3, x4, . . . , xm) dt3

−(α− 1) (b3 − x3)1−α
∫ b3

a3

(b3 − t3)α−2 P1 (x3, t3) f (t1, t2, t3, x4, . . . , xm) dt3

+ (b3 − x3)1−α
∫ b3

a3

(b3 − t3)α−1 P1 (x3, t3)
∂f

∂x3
(t1, t2, t3, x4, . . . , xm) dt3.

(22)

Next plug (22) into (21). Hence it holds

f (x1, . . . , xm) =
((b1 − x1) (b2 − x2) (b3 − x3))1−α

(b1 − a1) (b2 − a2) (b3 − a3)

·
∫ b1

a1

∫ b2

a2

∫ b3

a3

((b1 − t1) (b2 − t2) (b3 − t3))α−1

·f (t1, t2, t3, x4, . . . , xm) dt1dt2dt3−
(α− 1) ((b1 − x1) (b2 − x2) (b3 − x3))1−α

(b1 − a1) (b2 − a2)

·
∫ b1

a1

∫ b2

a2

∫ b3

a3

((b1 − t1) (b2 − t2))α−1 (b3 − t3)α−2 P1 (x3, t3)

· f (t1, t2, t3, x4, . . . , xm) dt1dt2dt3 +
((b1 − x1) (b2 − x2) (b3 − x3))1−α

(b1 − a1) (b2 − a2)

·
∫ b1

a1

∫ b2

a2

∫ b3

a3

((b1 − t1) (b2 − t2) (b3 − t3))α−1 P1 (x3, t3)

· ∂f
∂x3

(t1, t2, t3, x4, . . . , xm) dt1dt2dt3

+A1 (x1, . . . , xm) +A2 (x1, . . . , xm) +B1 (x1, . . . , xm) +B2 (x1, . . . , xm) .
(23)

Call

A3 (x1, . . . , xm) := −(α− 1) ((b1 − x1) (b2 − x2) (b3 − x3))1−α

(b1 − a1) (b2 − a2)

·
∫ b1

a1

∫ b2

a2

∫ b3

a3

((b1 − t1) (b2 − t2))α−1 (b3 − t3)α−2 P1 (x3, t3)

· f (t1, t2, t3, x4, . . . , xm) dt1dt2dt3, (24)
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and

B3 (x1, . . . , xm) :=
((b1 − x1) (b2 − x2) (b3 − x3))1−α

(b1 − a1) (b2 − a2)

·
∫ b1

a1

∫ b2

a2

∫ b3

a3

((b1 − t1) (b2 − t2) (b3 − t3))α−1 P1 (x3, t3)

· ∂f
∂x3

(t1, t2, t3, x4, . . . , xm) dt1dt2dt3. (25)

Thus we have proved

f (x1, . . . , xm) =

(∏3
i=1 (bi − xi)

)1−α
∏3
i=1 (bi − ai)

·
∫
∏3

i=1[ai,bi]

(
3∏
i=1

(bi − ti)

)α−1
f (t1, t2, t3, x4, . . . , xm) dt1dt2dt3

+
3∑
i=1

Ai (x1, . . . , xm) +
3∑
i=1

Bi (x1, . . . , xm) . (26)

Working similarly we finally obtain the fractional representation formula

f (x1, . . . , xm) =
(
∏m
i=1 (bi − xi))1−α∏m
i=1 (bi − ai)

∫
∏m

i=1[ai,bi]

(
m∏
i=1

(bi − ti)

)α−1
f
(−→
t
)
d
−→
t

+
m∑
i=1

Ai (x1, . . . , xm) +
m∑
i=1

Bi (x1, . . . , xm) . (27)

The proof of the theorem is now completed. �

We make

Remark 8. Let f ∈ C1 (
∏m
i=1 [ai, bi]), α ≥ 1, xi ∈ [ai, bi), i = 1, . . . ,m.

Denote by
‖f‖sup∞ := sup

x∈
∏m

i=1[ai,bi]

|f (x)| . (28)

We observe that

|Bi (x1, . . . , xm)|
(12)

≤

(∏i
j=1 (bj − xj)

)1−α
∏i−1
j=1 (bj − aj)

∫
∏i

j=1[aj ,bj ]

(
i∏

j=1

(bj − tj)

)α−1
(29)

· |P1 (xi, ti)| dt1 . . . dti)
∥∥∥∥ ∂f∂xi

∥∥∥∥sup
∞
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=

(∏i
j=1 (bj − xj)

)1−α ∥∥∥ ∂f∂xi∥∥∥sup∞∏i−1
j=1 (bj − aj)

i−1∏
j=1

∫ bj

aj

(bj − tj)α−1 dtj


·
(∫ bi

ai

(bi − ti)α−1 |P1 (xi, ti)| dti
)

(30)

=

(∏i
j=1 (bj − xj)

)1−α ∥∥∥ ∂f∂xi∥∥∥sup∞
(bi − ai)

∏i−1
j=1 (bj − aj)

(∏i−1
j=1 (bj − aj)

)α
αi−1

·
[∫ xi

ai

(bi − ti)α−1 (ti − ai) dti +

∫ bi

xi

(bi − ti)α−1 (bi − ti) dti
]

=

∥∥∥ ∂f∂xi∥∥∥sup∞ (∏i
j=1 (bj − xj)

)1−α (∏i−1
j=1 (bj − aj)

)α−1
αi−1 (bi − ai)

(31)

·

[∫ xi

ai

(bi − ti)α−1 [(bi − ai)− (bi − ti)] dti +
(bi − xi)α+1

α+ 1

]

=

∥∥∥ ∂f∂xi∥∥∥sup∞ (∏i
j=1 (bj − xj)

)1−α (∏i−1
j=1 (bj − aj)

)α−1
αi−1 (bi − ai)

(32)

·

[
(bi − ai)

[
(bi − ai)α

α
− (bi − xi)α

α

]
− (bi − ai)α+1

α+ 1
+

2 (bi − xi)α+1

α+ 1

]

=

∥∥∥ ∂f∂xi∥∥∥sup∞ (∏i
j=1 (bj − xj)

)1−α (∏i−1
j=1 (bj − aj)

)α−1
αi−1 (bi − ai)

·

[
(bi − ai)α+1

α (α+ 1)
+

2 (bi − xi)α+1

α+ 1
− (bi − ai)

(bi − xi)α

α

]
. (33)

We have proved for i = 1, . . . ,m, that

|Bi (x1, . . . , xm)| ≤

∥∥∥ ∂f∂xi∥∥∥sup∞ (∏i
j=1 (bj − xj)

)1−α (∏i−1
j=1 (bj − aj)

)α−1
αi−1

·

[
(bi − ai)α

α (α+ 1)
+

2 (bi − xi)α+1

(α+ 1) (bi − ai)
− (bi − xi)α

α

]
. (34)

We have established the following multivariate fractional Ostrowski type
inequality.
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Theorem 9. Let f ∈ C1 (
∏m
i=1 [ai, bi]), α ≥ 1, xi ∈ [ai, bi), i = 1, . . . ,m.

Then

|f (x1, . . . , xm)

−
(
∏m
i=1 (bi − xi))1−α (Γ (α))m

(
Iαa+f

)
(b)∏m

i=1 (bi − ai)
−

m∑
i=1

Ai (x1, . . . , xm)

∣∣∣∣∣
≤

m∑
i=1


∥∥∥ ∂f∂xi∥∥∥sup∞ (∏i

j=1 (bj − xj)
)1−α (∏i−1

j=1 (bj − aj)
)α−1

αi−1

·

[
(bi − ai)α

α (α+ 1)
+

2 (bi − xi)α+1

(α+ 1) (bi − ai)
− (bi − xi)α

α

]}
. (35)
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