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STARLIKENESS OF DOUBLE INTEGRAL OPERATORS

RASOUL AGHALARY AND SANTOSH JOSHI

Abstract. In this paper we investigate starlikeness of double integral
operators by using second-order differential inequalities. We shall give
some interesting conditions for f(z) defined by double integral operators
to be starlike of order β.

1. Introduction

Let H denote the class of analytic functions in the open unit disc ∆ =
{z ∈ C : |z| < 1} and An denote the class of all functions f in H such that
f has the form

f(z) = z +
∞∑

k=n+1

akz
k,

where n ∈ N is fixed. Set A := A1. For a positive integer n and a ∈ C, we
define the following class of analytic functions:

H[a, n] = {f ∈ H : f(z) = a+ anz
n + an+1z

n+1 + · · · , z ∈ ∆}.
Also let S∗(α) denote the familiar class of functions in A that are starlike

of order α. It is well known that this class is analytically characterized by

Re

(
zf ′(z)

f(z)

)
> α (z ∈ ∆, 0 ≤ α < 1).

For f and g in H, a function f is subordinate to g, written as f(z) ≺ g(z),
if there is an analytic function ω satisfying ω(0) = 0 and |ω(z)| < 1, such
that f(z) = g(ω(z), z ∈ ∆. If g is univalent in ∆, then f is subordinate to
g which is equivalent to f(∆) ⊆ g(∆) and f(0) = g(0).

Many authors have given sufficient conditions for starlikeness of analytic
functions (see [1], [2], [6], [7], [8]). In [4], Kuroki and Owa proved the
following results:
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Theorem 1.1. Let f(z) ∈ An and let 0 ≤ α < n and 0 ≤ β < 1. If f(z)
satisfies

|zf ′′(z)− α(f ′(z)− 1)| < (n+ 1)(1− β)(n− α)

n+ 1− β
then f(z) is starlike of order β in ∆.

Corollary 1.1. Let a function g(z) ∈ H satisfy

|g(z)| ≤ (n+ 1)(1− β)(n− α)

n+ 1− β
,

for some 0 ≤ α < n and 0 ≤ β < 1. Then the function f(z) given by

f(z) = z + zn+1

∫ 1

0

∫ 1

0
g(rsz)rn−α−1sndrds

is starlike of order β in ∆.

We note that by setting β = 0 in Theorem 1.1 and Corollary 1.1 we obtain
the results of Miller and Mocanu [5].

However the case α = n and α ∈ C, which does produce a slightly different
implication, have not been discussed in [4] and [5]. In this paper we aim to
investigate such cases.

For establishing our results, we need the following lemma concerning dif-
ferential subordinations.

Lemma 1.1. [3] Let h(z) be a convex function with h(0) = a and let Reγ >
0. If p(z) ∈ H[a, n] and

p(z) +
zp′(z)

γ
≺ h(z),

then
p(z) ≺ q(z) ≺ h(z),

where

q(z) =
γ

nzγ/n

∫ z

0
h(t)tγ/n−1dt.

This result is sharp.

2. Main results

Theorem 2.1. Let f(z) = z + an+1z
n+1 + · · · ∈ An be such that |an+1| <

1/(n+ 1). Also suppose that 0 < λ ≤ 1− (n+ 1)|an+1|. If f(z) satisfies

|zf ′′(z)− n(f ′(z)− 1)| < λ (2.1)

then f(z) is starlike of order β in ∆, where

β =
(n+ 2)[1− (n+ 1)|an+1| − λ]

(n+ 2)− (n+ 2)|an+1| − λ
. (2.2)
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Proof. We can rewrite the inequality (2.1) in terms of subordination as

zf ′′(z)− n(f ′(z)− 1) ≺ λz. (2.3)

If we set

p(z) := f ′(z)− (n+ 1)
f(z)

z
= −n+ an+2z

n+1 + · · · ∈ H[−n, n+ 1], (2.4)

then p(z) is analytic in ∆, p(0) = −n and p(k)(0) = 0 for k = 1, 2, . . . , n− 1.
Further, (2.3) is seen to be equivalent to

p(z) + zp′(z) ≺ −n+ λz. (2.5)

Applying Lemma 1.1 to (2.5), we obtain

p(z) ≺ 1

(n+ 1)z1/(n+1)

∫ z

0
[−n+ λt]t1/(n+1)−1dt,

or equivalently

f ′(z)− (n+ 1)
f(z)

z
≺ −n+

λ

n+ 2
z. (2.6)

We can rewrite the relation (2.6) as

f ′(z)− (n+ 1)
f(z)

z
= −n+

λ

n+ 2
ω(z), (2.7)

for some ω ∈ Bn. Here,

Bn = {ω ∈ H : ω(0) = ω′(0) = · · · = ω(n)(0) = 0, and

|ω(z)| < 1 for z ∈ ∆}.

If we consider

g(z) =
f(z)

z
− 1

then the relation (2.7) can be written as

zg′(z)− ng(z) =
λ

n+ 2
ω(z).

An algebraic computation implies that

g(z) = an+1z
n +

λ

n+ 2

∫ 1

0

ω(tz)

tn+1
dt.

As ω(z) ∈ Bn, Schwarz’s lemma gives that |ω(z)| ≤ |z|n+1 for z ∈ ∆ and
therefore,

|g(z)| ≤ |z|n
(
|an+1|+

λ

n+ 2
|z|
)
, z ∈ ∆
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which is ∣∣∣∣f(z)

z
− 1

∣∣∣∣ < |an+1|+
λ

n+ 2
, z ∈ ∆.

So that ∣∣∣∣f(z)

z

∣∣∣∣ > 1− |an+1| −
λ

n+ 2
=: k.

Also from (2.6) it follows that∣∣∣∣f ′(z)− (1 + n)
f(z)

z

∣∣∣∣ < n+
λ

n+ 2
.

Combining these last two inequalities, we see that

k

∣∣∣∣zf ′(z)f(z)
− (1 + n)

∣∣∣∣ < ∣∣∣∣f(z)

z

∣∣∣∣ ∣∣∣∣zf ′(z)f(z)
− (1 + n)

∣∣∣∣
=

∣∣∣∣f ′(z)− (1 + n)
f(z)

z

∣∣∣∣ < n+
λ

n+ 2

which simplifies to ∣∣∣∣zf ′(z)f(z)
− (1 + n)

∣∣∣∣ < n

k
+

λ

(n+ 2)k
.

This gives us

Re

(
zf ′(z)

f(z)

)
> β,

where

β =
(n+ 2)[1− (n+ 1)|an+1| − λ]

(n+ 2)− (n+ 2)|an+1| − λ
.

�

We introduce the following examples to illustrate Theorem 2.1:

Example 2.1. Let the function f(z) = z + an+1z
n+1 + an+2z

n+2 be such
that (n+ 1)|an+1|+ (n+ 2)|an+2| < 1. Then the function f is starlike.

By putting an+1 = 0 and λ = (n + 2)(1 − γ)/(n + 2 − γ), (0 ≤ γ < 1) in
Theorem 2.1 we obtain

Example 2.2. The function f(z) = z + (n+2)(1−γ)
(n+2−γ) zn+2, (0 ≤ γ < 1) is

starlike of order γ.

Remark 2.1. We note that by using Theorem 2.1 we proved that Example
2.1 holds true, while from Theorem 1.1 it is not easy to show.

By making use of Theorem 2.1, we obtain the following result concerning
the starlikeness of the double integral operator.
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Theorem 2.2. Let c be a complex number with |c| < 1/(n+ 1) and 0 < λ ≤
1− |c|(n+ 1). Also suppose that g(z) ∈ H satisfies

|g(z)| < λ,

then the function f(z) given by

f(z) = z + czn+1 + zn+2

∫ 1

0

∫ 1

0
g(rsz)sn+1drds

is starlike of order β in ∆, where β is given by (2.2).

Proof. First let the function f(z) ∈ An be the solution of the differential
equation

zf ′′(z)− n(f ′(z)− 1) = zn+1g(z), (2.8)

then we have

|zf ′′(z)− n(f ′(z)− 1)| ≤ |zn+1||g(z)| < λ.

Thus, from Theorem 2.1, we conclude that f(z) is starlike of order β, where
β is given by (2.2). The solution of (2.8) can be obtained by integrating
twice. By setting ϕ(z) = f ′(z)− 1, we can rewrite the equation (2.8) as

zϕ′(z)− ϕ(z) = zn+1g(z),

which has solution ϕ(z) given by

ϕ(z) = czn + zn+1

∫ 1

0
g(rz)dr.

Since ϕ(z) = f ′(z)− 1, we have

f ′(z)− 1 = czn + zn+1

∫ 1

0
g(rz)dr,

that is

f(z) = z + czn+1 + zn+2

∫ 1

0

∫ 1

0
g(rsz)sn+1drds.

�

Example 2.3. Let c and k be complex numbers such that (n+1)|c|+|k| < 1.
Then for the function g(z) = kz, we have

f(z) = z + czn+1 +
k

2(n+ 3)
zn+3

and this function is starlike.
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Example 2.4. Let c and k be complex numbers such that (n+1)|c|+|k| < 1.
Then for the function g(z) = k, we have

f(z) = z + czn+1 +
k

(n+ 2)
zn+2

and this function is starlike.

In the next results we generalize the results obtained in [4].

Theorem 2.3. Let 0 ≤ β < 1 and α be a complex number with max{0, |α|+
β − 1} ≤ Reα < n and let f(z) ∈ An. If f(z) satisfies

|zf ′′(z)− α(f ′(z)− 1)| < (n−Reα)(n+ 1)[1 +Reα− |α| − β]

n+ 1− β
, (2.9)

then f(z) is starlike of order β in ∆.

Proof. The inequality (2.9) can be written as follows

zf ′′(z)− α(f ′(z)− 1) ≺ (n−Reα)(n+ 1)[1 +Reα− |α| − β]

n+ 1− β
z. (2.10)

If we set

p(z) = f ′(z)− (1 + α)f(z)/z

= −α+ (n− α)an+1z
n+1 + ... ∈ H[−α, n],

then (2.10) becomes

p(z) + zp′(z) ≺ −α+
(n−Reα)(n+ 1)[1 +Reα− |α| − β]

n+ 1− β
z.

Applying Lemma 1.1 as well as using the proof of Theorem 2.1, we conclude
that

p(z) ≺ 1

nz1/n

∫ z

0

(
−α+

(n−Reα)(n+ 1)[1 +Reα− |α| − β]

n+ 1− β
t

)
t1/n−1dt,

or equivalently

p(z) ≺ −α+
(n−Reα)[1 +Reα− |α| − β]

n+ 1− β
z. (2.11)

Hence from (2.11) it follows that

f ′(z)− (1 + α)
f(z)

z
≺ −α+

(n−Reα)[1 +Reα− |α| − β]

n+ 1− β
z. (2.12)

We can rewrite (2.12) as

f ′(z)− (1 + α)
f(z)

z
= −α+

(n−Reα)[1 +Reα− |α| − β]

n+ 1− β
ω(z), (2.13)
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for some ω(z) ∈ Bn−1. If we consider

g(z) =
f(z)

z
− 1,

then (2.13) can be rewritten as

zg′(z)− αg(z) =
(n−Reα)[1 +Reα− |α| − β]

n+ 1− β
ω(z).

An algebraic computation implies that

g(z) =
(n−Reα)[1 +Reα− |α| − β]

n+ 1− β

∫ 1

0

ω(tz)

tα+1
dt.

As ω(z) ∈ Bn−1, Schwarz’s lemma gives that |ω(z)| < |z|n for z ∈ ∆ and
therefore

|g(z)| < 1 +Reα− |α| − β
n+ 1− β

|z|n,

which is ∣∣∣∣f(z)

z
− 1

∣∣∣∣ < 1 +Reα− |α| − β
n+ 1− β

,

or ∣∣∣∣f(z)

z

∣∣∣∣ > 1− 1 +Reα− |α| − β
n+ 1− β

=
n−Reα+ |α|
n+ 1− β

.

Also from (2.12) we obtain∣∣∣∣f ′(z)− (1 + α)
f(z)

z

∣∣∣∣ < |α|+ (n−Reα)[1 +Reα− |α| − β]

n+ 1− β

=
(1 +Reα− β)(|α|+ n−Reα)

n+ 1− β
.

Combining these two last results, we observe that

n−Reα+ |α|
n+ 1− β

∣∣∣∣zf ′(z)f(z)
− (1 + α)

∣∣∣∣ < ∣∣∣∣f(z)

z

∣∣∣∣ ∣∣∣∣zf ′(z)f(z)
− (1 + α)

∣∣∣∣
=

∣∣∣∣zf ′(z)− (1 + α)
f(z)

z

∣∣∣∣ < (1 +Reα− β)(|α|+ n−Reα)

n+ 1− β
,

which implies that ∣∣∣∣zf ′(z)f(z)
− (1 + α)

∣∣∣∣ < 1 +Reα− β,

or

Re

(
zf ′(z)

f(z)

)
> (1 +Reα)− (1 +Reα− β) = β.

and the proof is complete. �
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We note that when in Theorem 2.3, α is a real number we get Theorem
1.1. In the same way is in the proof of Theorem 2.2 we obtain the following
result, the details are thus omitted.

Theorem 2.4. Let a function g(z) ∈ H satisfy

|g(z)| ≤ (n−Reα)(n+ 1)[1 +Reα− |α| − β]

n+ 1− β
,

for some 0 ≤ β < 1 and max{0, |α|+ β − 1} ≤ Reα < n. Then the function
f(z) given by

f(z) = z + zn+1

∫ 1

0

∫ 1

0
g(rsz)rn−α−1sndrds,

is starlike of order β in ∆.
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