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A CLASS OF DIFFERENTIAL EQUATIONS OF COMBINED
HADAMARD AND RIEMANN-LIOUVILLE OPERATORS

MOHAMED BEZZIOU, ZOUBIR DAHMANI AND IBRAHIM SLIMANE

ABSTRACT. This paper deals with the study of a class of nonlinear coupled
equations of Riemann-Liouville fractional differential equations with Hadamard
fractional integral nonlocal conditions. The existence ofsolutions is established
by the Schauder fixed point theorem. Another result is provedusing Leray-
Schauder’s degree. Finally, some illustrative examples are discussed.

1. INTRODUCTION

In this paper, we are concerned with the investigation of theexistence of solu-
tions for a new class of nonlinear Riemann-Liouville fractional differential equa-
tions combined with nonlocal Hadamard fractional integralboundary conditions of
the following form















RLDpu(t) = f
(

t,u(t) ,v(t) , RLDp−1v(t)
)

, t ∈ [0,1] ,1< p≤ 2,
RLDqv(t) = g

(

t,u(t) ,v(t) , RLDq−1u(t)
)

, t ∈ [0,1] ,1< q≤ 2,
u(0) = 0, u(1) = A H Iρv(ξ) , ρ > 0, 0< ξ < 1,
v(0) = 0, v(1) = B H Iσu(ξ) , σ > 0, 0< ξ < 1,

(1.1)

whereRLDα denotes the Riemann-Liouville fractional derivative of order α, α ∈
{p,q, p−1,q−1} , A,B ∈ R, andH Iρ, H Iσ are the Hadamard fractional integrals
of ordersρ andσ respectively,f ,g∈C

(

[0,1]×R
3,R
)

.

Several interesting results dealing with the existence anduniqueness of solu-
tions, stabilities and properties of solutions, analytic and numerical methods of so-
lutions for fractional differential equations can be foundin the following research
papers [1–4, 6, 8–10, 16, 18–21, 23]. One can also see the paper [22] where the
authors have concentrated on the study of existence and uniqueness of solutions
for coupled systems of Riemann-Liouville and Hadamard fractional derivatives of
Langevin equation with fractional integral conditions.
We cite also the paper of B. Ahmad et al. [5], where the authorshave investi-
gated the existence of solutions for nonlinear Langevin equations and inclusions
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involving Hadamard and Caputo type fractional derivativesequipped with nonlo-
cal fractional integral conditions.
Very recently, the authors of the paper [7] have studied a newcoupled differen-
tial system with nonlinearities involving two unknown functions and their deriva-
tives, subject to new kinds of multi-point and multi-strip boundary value condi-
tions. Some existence results have been established.
However, it has been observed that most of the papers have involved either the
standard derivatives, or Riemann-Liouville and Caputo type fractional derivatives.
Besides these two derivatives, there is the Hadamard one. Itis different kind of
fractional derivatives that has been introduced by Hadamard in 1892 [15]. This
derivative differs from the other ones in the sense that its kernel contains a loga-
rithmic function of arbitrary exponent, see [11,12,15–17].
The importance of studying the present paper is that, the problem (1.1) contains
both of Riemann-Liouville and Hadamard operators. To the best of our knowledge,
this is the first time that a such problem was introduced.
The paper is organized as follows: In section 2, we recall some preliminaries and
lemmas that will be needed later. In Section 3, we present ourmain results on the
existence of one solution for the problem(1.1). Some illustrative examples are
presented in the last section.

2. PRELIMINARIES

In this section, we present some useful definitions, notations and lemmas of
fractional calculus [13].

Definition 2.1. The Riemann Liouville fractional derivative of order µ> 0 of a
continuous function is defined as:

RLD
µ f (t) =

1
Γ(n−µ)

(

d
dt

)n∫ t

0
(t −s)n−µ−1 f (s)ds,

where n= [µ]+1.

Definition 2.2. : The Riemann Liouville fractional integral of order µ> 0 for a
continuous function f defined over(0,b) is given by

RLI
µ f (t) =

1
Γ(µ)

∫ t

0
(t −s)µ−1 f (s)ds.

Definition 2.3. The Hadamard fractional derivative of order µ for a functionf :
(0,∞) → R is defined as

HDµ f (t) =
1

Γ(n−µ)

(

t
d
dt

)n∫ t

0

(

log
t
s

)n−µ−1 f (s)
s

ds, n−1< µ< n.

Definition 2.4. The Hadamard fractional integral of order µ> 0 of a function f
defined on(0,∞) is given by:
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H Iµ f (t) =
1

Γ(µ)

∫ t

0

(

log
t
s

)µ−1 f (s)
s

ds.

Lemma 2.1. Let α > 0,β > 0. Then, we have

H Iαtβ = β−αtβ and HDαtβ = βαtβ
.

Lemma 2.2. Let µ> 0, and x∈C(0,1)∩L(0,1). Then the equationRLDµx(t) = 0,

has a unique solution x(t) =
n
∑

i=1
aitµ−i , where ai ∈R, i = 1,2, ...,n and n−1< µ< n.

Lemma 2.3. Let µ> 0, then for x∈C(0,1)∩L(0,1) , we have thatRLI
µ
RLD

µx(t) =

x(t)+
n
∑
i=1

aitµ−i , where ai ∈ R, i = 1,2, ...,n, and n−1< µ< n.

We also need the following lemma.

Lemma 2.4. Givenϕ,ψ ∈C([0,1] ,R) , the unique solution of the problem














RLDpx(t) = ϕ(t), t ∈ [0,1],1< p≤ 2,
RLDqy(t) = ψ(t), t ∈ [0,1],1< q≤ 2,
x(0) = 0,x(1) = AH Iρy(ξ),ρ > 0, 0< ξ < 1,
y(0) = 0,y(1) = BH Iσx(ξ),σ > 0, 0< ξ < 1,

(2.1)

is given by the expression

x(t) :=
∫ t

0

(t −s)p−1

Γ(p)
ϕ(s)ds− tp−1

∆

{∫ 1

0

(1−s)p−1

Γ(p) ϕ(s)ds

− A
Γ(ρ)Γ(q)

∫ ξ

0

∫ t

0

(

log
ξ
t

)ρ−1

(t −s)q−1 ψ(s)ds
dt
t

+A(q−1)−ρ ξq−1
(∫ 1

0

(1−s)q−1

Γ(q) ψ(s)ds

− B
Γ(σ)Γ(p)

∫ ξ

0

∫ t

0

(

log
ξ
t

)σ−1

(t −s)p−1ϕ(s)ds
dt
t

)}

(2.2)

y(t) :=
∫ t

0

(t−s)q−1

Γ(q) ψ(s)ds− tq−1

∆

{∫ 1

0

(1−s)q−1

Γ(q) ψ(s)ds

− B
Γ(σ)Γ(p)

∫ ξ

0

∫ t

0

(

log
ξ
t

)σ−1

(t −s)p−1ϕ(s)ds
dt
t

+B(p−1)−σ ξp−1
(∫ 1

0

(1−s)p−1

Γ(p) ϕ(s)ds

− A
Γ(σ)Γ(q)

∫ ξ

0

∫ t

0

(

log
ξ
t

)σ−1

(t −s)q−1ψ(s)ds
dt
t

)}

, (2.3)

where∆ := 1−AB(p−1)−σ (q−1)−ρ ξp+q−2 6= 0.
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Proof. By Lemma 2.6 and Lemma 2.7, we state that the two equations in(2.1) are
equivalent to:

x(t) =RL I pϕ(t)−a1t
p−1−a2t

p−2
, (2.4)

y(t) =RL Iqψ(t)−b1t
q−1−b2t

q−2
, (2.5)

wherea1,a2,b1,b2 ∈R.

Applying the conditionsx(0) = 0 andy(0) = 0, we geta2 = b2 = 0.
Now, using the property of the Hadamard fractional integralgiven by Lemma 2.5,
we obtain:

{

RLI pϕ(1) = a1+A H Iρ
RLIqψ(ξ)−Ab1 H Iρξq−1,

RLIqψ(1) = b1+B H Iσ
RLI pϕ(ξ)−Ba1 H Iσξp−1.

Hence, we have

a1 =
1
∆ [RLI

pϕ(1)−A H Iρ
RLI

qψ(ξ)

+A(q−1)−ρ ξq−1(RLI
qψ(1)−B H Iσ

RLI
pϕ(ξ))]

and
b1 =

1
∆ [RLI

qψ(1)−B H Iσ
RLI

pϕ(ξ)

+B(p−1)−σ ξp−1(RLI
pϕ(1)−A H Iρ

RLI
qψ(ξ))].

Substitutinga1,a2,b1,b2 in (2.4) and(2.5) , we get(2.2) and(2.3) . �

Let us now consider the quantities:

RLI
αk
(

s,x(s) ,y(s) ,RLDp−1y(s)
)

(η)

=
1

Γ(α)

∫ η

0
(η−s)α−1k

(

s,x(s) ,y(s) ,RLDp−1y(s)
)

ds,

and

H Iβ
RLI

αk
(

s,x(s) ,y(s) ,RLDp−1y(s)
)

(η)

=
1

Γ(β)Γ(α)

∫ η

0

∫ t

0

(

log
η
t

)β−1
(t −s)α−1k

(

s,x(s) ,y(s) ,RLDp−1y(s)
)

ds
dt
t
,

whereβ ∈ {ρ,σ} , η ∈ {t,ξ,1} , α ∈ {p,q} andk∈ { f ,g} .

3. MAIN RESULTS

Let E =
{

x | x∈C([0,1] ,R) and letDq−1x∈C([0,1] ,R)
}

denote the Banach
space of all continuous functions from[0,1] to R endowed with the norm‖x‖E =
sup

t∈[0,1]
|x(t)| + sup

t∈[0,1]

∣

∣Dq−1x(t)
∣

∣ , where 1< q≤ 2.

Also let
F =

{

y | y∈C([0,1] ,R) andDp−1y∈C([0,1] ,R)
}

be endowed with the norm‖y‖F = sup
t∈[0,1]

|y(t)|+ sup
t∈[0,1]

∣

∣Dp−1y(t)
∣

∣ , where 1< p≤ 2.
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So, the product space(E×F,‖(x,y)‖) is also a Banach space with the norm
‖(x,y)‖E×F = ‖x‖E +‖y‖F .

In view of Lemma 2.8, we can define the operatorΛ : E × F → E × F by

Λ(x,y) (t) =

(

Λ1 (x,y) (t)
Λ2 (x,y) (t)

)

, where

Λ1(x,y) (t) := RLI
p f
(

t,x(t) ,y(t) ,RLDp−1y(t)
)

− t p−1

∆
{

RLI
p f
(

1,x(1) ,y(1) ,RLDp−1y(1)
)

−A H Iρ
RLI

qg
(

ξ,x(ξ) ,y(ξ) ,RLDq−1x(ξ)
)

+A(q−1)−ρ ξq−1[
RLI

qg
(

1,x(1) ,y(1) ,RLDq−1x(1)
)

−B H Iσ
RLI

p f
(

ξ,x(ξ) ,y(ξ) ,RLDp−1y(ξ)
)]}

(3.1)

and

Λ2(x,y) (t) :=RL Iqg
(

t,x(t) ,y(t) ,RLDq−1x(t)
)

− tq−1

∆
{

RLI
qg
(

1,x(1) ,y(1) ,RLDq−1x(1)
)

−B H Iσ
RLI

p f
(

ξ,x(ξ) ,y(ξ) ,RLDp−1y(ξ)
)

+B(p−1)−σ ξp−1[
RLI

p f
(

1,x(1) ,y(1) ,RLDp−1y(1)
)

−A H Iρ
RLI

qg
(

ξ,x(ξ) ,y(ξ) ,RLDq−1x(ξ)
)]}

. (3.2)

Lemma 3.1. Assume that f,g∈C
(

[0,1]×R
3,R
)

. Then(x,y)∈E×F is a solution

of (1) if and only if(x,y) is the solution of the equation

(

Λ1 (x,y) (t)
Λ2 (x,y) (t)

)

=

(

x(t)
y(t)

)

.

Proof. The proof is immediate from Lemma 2.8. �

For convenience, we impose the hypothesis:

(H1) There exist nonnegative functionsh(t) , l (t) ∈ L1(0,1) , such that

| f (t,x1,x2,x3)| ≤ h(t)+
3

∑
i=1

λi |xi |r i , λi > 0, 0< r i < 1,

|g(t,x1,x2,x3)| ≤ l (t)+
3

∑
i=1

ωi |xi |ρi , ωi > 0, 0< ρi < 1.

We also consider the quantities:

M1 =

(

1+
1
|∆| +

Γ(p)
|∆|Γ(p−q+1)

)

RLI
ph(s)(1)+RL I p−q+1h(s)(1)

+
|AB|(q−1)−ρ ξq−1

|∆|

(

1+
Γ(p)

Γ(p−q+1)

)

H Iσ
RLI

ph(s) (ξ) , (3.3)
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M2 =
|A|ξq−1(q−1)−ρ

|∆|

(

Γ(p)
Γ(p−q+1)

+1

)

RLI
ql (s)(1)

+

(

1
|∆| +

Γ(p)
|∆|Γ(p−q+1)

)

|A| H Iρ
RLI

ql (s) (ξ) , (3.4)

N1 =

(

1+
1
|∆| +

Γ(q)
|∆|Γ(q− p+1)

)

RLI
ql (s)(1)+RL Iq−p+1l (s) (1)

+
|AB|(p−1)−σ ξp−1

|∆|

(

1+
Γ(q)

Γ(q− p+1)

)

H Iρ
RLI

ql (s) (ξ) , (3.5)

N2 =
|B|ξp−1(p−1)−σ

|∆|

(

Γ(q)
Γ(q− p+1)

+1

)

RLI
pl (s) (1)

+

(

1
|∆| +

Γ(q)
|∆|Γ(q− p+1)

)

|B| H Iσ
RLI

pl (s) (ξ) , (3.6)

K1 =
1

Γ(p+1)
+

1
|∆|Γ(p+1)

+
|AB|ξp+q−1(q−1)−ρ

|∆|Γ(p+1) pσ

+
1

Γ(p−q+2)
+

1
p|∆|Γ(p−q+1)

+
|AB|ξp+q−1(q−1)−ρ

pσ+1 |∆1|Γ(p−q+1)
, (3.7)

K2 =
|A|ξq

|∆|Γ(q+1)qρ +
|A|(q−1)−ρ ξq−1

|∆|Γ(q+1)
+

|A|Γ(p)ξq

|∆|Γ(q+1)Γ(p−q+1)qρ

+
|A|Γ(p) (q−1)−ρ ξq−1

|∆|Γ(q+1)Γ(p−q+1)
. (3.8)

L1 =
1

Γ(q+1)
+

1
|∆|Γ(q+1)

+
|AB|ξp+q−1(p−1)−σ

|∆|Γ(q+1)qρ

+
1

Γ(q− p+2)
+

1
q|∆|Γ(q− p+1)

+
|AB|ξp+q−1(p−1)−σ

qρ+1 |∆|Γ(q− p+1)
. (3.9)

L2 =
|B|ξp

|∆|Γ(p+1) pσ +
|B|(p−1)−σ ξp−1

|∆|Γ(p+1)
+

|B|Γ(q)ξp

|∆|Γ(p+1)Γ(q− p+1) pσ

+
|B|Γ(q) (p−1)−σ ξp−1

|∆|Γ(p+1)Γ(q− p+1)
. (3.10)

Let us now define the setΩR :=
{

(x,y) ∈ (C([0,1] ,R))2 ;‖(x,y)‖E×F ≤ R
}

,

where

max
{

(16Pλi)
1

1−ri ,(16Qωi)
1

1−ρi ,P∈ {K1,L2} ,Q∈ {K2,L1} ,16M j ,16Nj

}

≤ R.

Our first main result is the following theorem.

Theorem 3.1. If (H1) holds, then the problem(1.1) has at least one solution on
[0,1].
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Proof. We prove thatΛ : ΩR → ΩR.

With some fastidious calculations, we obtain

||Λ1 (x,y)||= sup
t∈[0,1]

|Λ1 (x,y) (t)|+ sup
t∈[0,1]

∣

∣Dq−1Λ1 (x,y) (t)
∣

∣

≤ M1+M2+K1

3

∑
i=1

λi |xi |r i +K2

3

∑
i=1

ωi |xi |ρi ≤ R
2
,

and

||Λ2 (x,y)||= sup
t∈[0,1]

|Λ2 (x,y) (t)|+ sup
t∈[0,1]

∣

∣Dp−1Λ2 (x,y) (t)
∣

∣

≤ N1+N2+L1

3

∑
i=1

ωiR
ρi +L2

3

∑
i=1

λiR
r i ≤ R

2
.

Therefore,Λ : ΩR → ΩR. Hence, we obtain,
||Λ(x,y)||E×F = ||Λ1 (x,y)||+ ||Λ2 (x,y)|| ≤ R.

SinceΛ1 (x,y) (t) , Λ2 (x,y) (t) , Dq−1Λ1 (x,y) (t) andDp−1Λ2 (x,y) (t) are continu-
ous functions on[0,1] , the operatorΛ is also continuous.
Now, we show thatΛ is a completely continuous operator.
Let

C1 = max
t∈[0,1]

{
∣

∣ f
(

t,x(t) ,y(t) ,RLDp−1y(t)
)
∣

∣ ,(x,y) ∈ ΩR
}

and
C2 = max

t∈[0,1]

{∣

∣g
(

t,x(t) ,y(t) ,RLDq−1x(t)
)∣

∣ ,(x,y) ∈ ΩR
}

.

For t1, t2 ∈ [0,1] ,(t1 < t2) , we have

|Λ1 (x,y) (t2)−Λ1(x,y) (t1) |

≤ 1
Γ(p)

∫ t1

0

(

(t2−s)p−1− (t1−s)p−1
)

∣

∣ f
(

s,x(s) ,y(s) ,RLDp−1y(s)
)
∣

∣ds

+
1

Γ(p)

∫ t2

t1
(t2−s)p−1 ∣

∣ f
(

s,x(s) ,y(s) ,RLDp−1y(s)
)∣

∣ds

+
tp−1
2 − tp−1

1

|∆|
{

RLI
p
∣

∣ f
(

1,x(1) ,y(1) ,RLDp−1y(1)
)∣

∣

+ |A| H Iρ
RLI

q
∣

∣g
(

ξ,x(ξ) ,y(ξ) ,RLDq−1x(ξ)
)∣

∣

+ |A|(q−1)−ρ ξq−1[
RLI

q
∣

∣g
(

1,x(1) ,y(1) ,RLDq−1x(1)
)∣

∣

+ |B| H Iσ
RLI

p
∣

∣ f
(

ξ,x(ξ) ,y(ξ) ,RLDp−1y(ξ)
)
∣

∣

]}

≤ C1

Γ(p)

(∫ t1

0

(

(t2−s)p−1− (t1−s)p−1
)

ds+
∫ t2

t1
(t2−s)p−1 ds

)

+
tp−1
2 − tp−1

1

|∆|

(

C1

Γ(p+1)
+

C2 |A|ξq

Γ(q+1)qρ +
C2 |A|(q−1)−ρ ξq−1

Γ(q+1)
+

C1 |B|ξp

Γ(p+1) pσ

)

,
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≤
(

tp
2 − tp

1

)

C1

Γ(p+1)
+

tp−1
2 − tp−1

1

|∆|

[

C1

Γ(p+1)
+

C2 |A|ξq

Γ(q+1)qρ

+ |A|(q−1)−ρ ξq−1
(

C2

Γ(q+1)
+

C1 |B|ξp

Γ(p+1) pσ

)]

+ |A| H Iρ
RLI

q
∣

∣g
(

s,x(s) ,y(s) ,RLDq−1x(s)
)

(ξ)
∣

∣

+
|A|(q−1)−ρ ξq−1

Tq−1

[

RLI
q
∣

∣g
(

s,x(s) ,y(s) ,RLDq−1x(s)
)

(1)
∣

∣

+ |B| H Iσ
RLI

p
∣

∣ f
(

s,x(s) ,y(s) ,RLDp−1y(s)
)

(ξ)
∣

∣

]}

≤ C1

Γ(p−q+1)

(∫ t1

0

[

(t2−s)p−q− (t1−s)p−q]ds+
∫ t2

t1
(t2−s)p−qds

)

+
Γ(p)

(

tp−q
2 − tp−q

1

)

|∆|Γ(p−q+1)

(

C1

Γ(p+1)
+

C2 |A|ξq

Γ(q+1)qρ

+
C2 |A|(q−1)−ρ ξq−1

Γ(q+1)
+

C1 |B|ξp

Γ(p+1) pσ

)

≤

(

tp−q+1
2 − tp−q+1

1

)

C1

Γ(p−q+2)
+

Γ(p)
(

tp−q
2 − tp−q

1

)

|∆|Γ(p−q+1)

[

C1

Γ(p+1)
+

C2 |A|ξq

Γ(q+1)qρ

+ |A|(q−1)−ρ ξq−1
(

C2

Γ(q+1)
+

C1 |B|ξp

Γ(p+1) pσ

)]

.

Also, we have

|Dq−1Λ1 (x,y) (t2)−Dq−1Λ1 (x,y) (t1) |

≤ 1
Γ(p−q+1)

∫ t1

0

(

(t2−s)p−q− (t1−s)p−q)∣
∣ f
(

s,x(s) ,y(s) ,RLDp−1y(s)
)∣

∣ds

+
1

Γ(p−q+1)

∫ t2

t1
(t2−s)p+q ∣

∣ f
(

s,x(s) ,y(s) ,RLDp−1y(s)
)
∣

∣ds

+
Γ(p)

(

tp−q
2 − tp−q

1

)

|∆|Γ(p−q+1)

{

RLI
p
∣

∣ f
(

s,x(s) ,y(s) ,RLDp−1y(s)
)

(1)
∣

∣

With the same arguments, we can prove that

|Λ2 (x,y) (t2)−Λ2(x,y) (t1) |

≤ 1
Γ(q)

∫ t1

0

(

(t2−s)q−1− (t1−s)q−1
)

∣

∣g
(

s,x(s) ,y(s) ,RLDq−1x(s)
)∣

∣ds

+
1

Γ(q)

∫ t2

t1
(t2−s)q−1 ∣

∣g
(

s,x(s) ,y(s) ,RLDq−1x(s)
)
∣

∣ds
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+
tq−1
2 − tq−1

1

|∆|

(

C2

Γ(q+1)
+

C1 |B|ξp

Γ(p+1) pσ +
C1 |B|(p−1)−σ ξp−1

Γ(p+1)
+

C2 |A|ξq

Γ(q+1)qρ

)

≤
(

tq
2 − tq

1

)

C2

Γ(q+1)
+

tq−1
2 − tq−1

1

|∆|

[

C2

Γ(q+1)
+

C1 |B|ξp

Γ(p+1) pσ

+ |B|(p−1)−σ ξp−1
(

C1

Γ(p+1)
+

C2 |A|ξq

Γ(q+1)qρ

)]

and

|Dp−1Λ2(x,y) (t2)−Dp−1Λ2 (x,y) (t1) |

≤ 1
Γ(q− p+1)

∫ t1

0

[

(t2−s)q−p−(t1−s)q−p]∣
∣g
(

s,x(s) ,y(s) ,RLDq−1x(s)
)
∣

∣ds

+
1

Γ(q− p+1)

∫ t2

t1
(t2−s)q−p ∣

∣g
(

s,x(s) ,y(s) ,RLDq−1x(s)
)∣

∣ds

+
tq−p
2 − tq−p

1

|∆|

(

C2

Γ(q+1)
+

C1 |B|ξp

Γ(p+1) pσ +
C1 |B|(p−1)−σ ξp−1

Γ(p+1)
+

C2 |A|ξq

Γ(q+1)qρ

)

≤

(

tq−p+1
2 − tq−p+1

1

)

C2

Γ(q− p+2)
+

[

C2

Γ(q+1)
+

C1 |B|ξp

Γ(p+1) pσ

+ |B|(p−1)−σ ξp−1
(

C1

Γ(p+1)
+

C2 |A|ξq

Γ(q+1)qρ

)]

.

As t1 → t2, we obtain

|Λ1 (x,y) (t2)−Λ1 (x,y) (t1)| → 0,
∣

∣Dq−1Λ1 (x,y) (t2)−Dq−1Λ1 (x,y) (t1)
∣

∣→ 0,

|Λ2 (x,y) (t2)−Λ2(x,y) (t1)| → 0,
∣

∣Dp−1Λ2 (x,y) (t2)−Dp−1Λ2 (x,y) (t1)
∣

∣→ 0.

Then,|Λ(x,y) (t2)−Λ(x,y) (t1)| → 0.
Therefore,Λ(ΩR) is equicontinuous, also it is uniformly bounded asΛ(ΩR)⊂ ΩR.
By Arzela-Ascoli theorem, we conclude thatΛ is a completely continuous operator.
Hence, by the Schauder fixed point theorem, we state that(1.1) has a solution on
[0,1] . �

In the following second result, we prove the existence of solutions via the Leray-
Schauder degree. We have

Theorem 3.2. Let f,g : [0,1]×R
3 → R be two continuous functions and assume

that:
(H2) There exist constantsγi ,ηi ≥ 0, i = 1,2,3 and D1,D2 > 0, such that

| f (t,x1,x2,x3)| ≤
3

∑
i=1

γi |xi |+D1 for all (t,x1,x2,x3) ∈ [0,1]×R
3
,

|g(t,x1,x2,x3)| ≤
3

∑
i=1

ηi |xi |+D2 for all (t,x1,x2,x3) ∈ [0,1]×R
3
.



54 MOHAMED BEZZIOU, ZOUBIR DAHMANI AND IBRAHIM SLIMANE

In addition, assume that(K1+L2)
3
∑

i=1
γi +(K2+L1)

3
∑

i=1
ηi < 1, where Kj ( j = 1,2)

are given by(3.7) ,(3.8) respectively and Lj ( j = 1,2) are given by(3.9) ,(3.10)
respectively.
Then,(1.1) has a least one solution on[0,1] .

Proof. We define the operatorΛ = (Λ1,Λ2) : E×F → E×F as in(3.1) ,(3.2) and
we consider the fixed point problem

(

x
y

)

=

(

Λ1 (x,y)
Λ2 (x,y)

)

. (3.11)

Now, we prove that there exists a fixed point(x,y) ∈ E×F, satisfying(3.11).
It is sufficient to show thatΛ : ΩR → E×F satisfies

(

x(t)
y(t)

)

6=
(

µΛ1 (x,y)
µΛ2 (x,y)

)

, ∀(x(t) ,y(t)) ∈ ∂ΩR,∀µ∈ [0,1] , (3.12)

where ΩR =
{

(x,y) ∈ E×F; ‖(x,y)‖E×F ≤ R
}

. We defineS(µ,(x(t) ,y(t))) =
µΛ(x(t) ,y(t)). As it is shown in theorem(3.2), the operatorΛ is continuous,
uniformly bounded and equicontinuous. Then by the Arzela-Ascoli Theorem, a
continuous mapTµ defined by

Tµ(x,y) = (x,y)−S(µ,(x(t) ,y(t)))

= (x,y)−µΛ(x(t) ,y(t)) ,

is completely continuous. If(3.12) is true, then the following Lery-Schauder de-
grees are well defined and by the homotopic invariance of topological degree, it
follows that:

deg(Tµ,ΩR,0) = deg(I −µΛ,ΩR,0) = deg(T1,ΩR,0)

= deg(T0,ΩR,0) = deg(I ,ΩR,0) = 1

6= 0, 0∈ ΩR,

whereI denotes the identity operator. By the nonzero property of Leray-Schauder
degree,T1 (x,y) = (x,y)−Λ(x,y) = 0 for al least one(x,y) ∈ ΩR. In order to prove
(3.12) , we assume that(x,y) = µΛ(x,y) for someµ∈ [0,1] and for allt ∈ [0,1].
Then

|Λ1 (x,y) (t) |

≤ RLI
p

(

3

∑
i=1

γi |xi |+D1

)

(1)+ 1
|∆1|

{

RLI
p

(

3

∑
i=1

γi |xi |+D1

)

(1)

+ |A| H Iρ
RLI

q

(

3

∑
i=1

ηi |xi |+D2

)

(ξ)
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+ |A|(q−1)−ρ ξq−1

[

RLI
q

(

3

∑
i=1

ηi |xi|+D2

)

(1)

+ |B| H Iσ
RLI

p

(

3

∑
i=1

γi |xi |+D1

)

(ξ)

)]}

≤
3

∑
i=1

γi |xi |
(

1
Γ(p+1)

+
1

|∆|Γ(p+1)
+

|AB|ξp+q−1(q−1)−ρ

|∆|Γ(p+1) pσ

)

+D1

(

1
Γ(p+1)

+
1

|∆|Γ(p+1)
+

|AB|ξp+q−1(q−1)−ρ

|∆|Γ(p+1) pσ

)

+
3

∑
i=1

ηi |xi |
( |A|ξq

|∆|Γ(q+1)qρ +
|A|(q−1)−ρ ξq−1

|∆|Γ(q+1)

)

+D2

( |A|ξq

|∆|Γ(q+1)qρ +
|A|(q−1)−ρ ξq−1

|∆|Γ(q+1)

)

,

and

|Dq−1Λ1(x,y) (t) |

≤
3

∑
i=1

γi |xi |
(

1
Γ(p−q+2)

+
1

p|∆|Γ(p−q+1)
+

|AB|ξp+q−1(q−1)−ρ

pσ+1 |∆|Γ(p−q+1)

)

+D1

(

1
Γ(p−q+2)

+
1

p|∆|Γ(p−q+1)
+

|AB|ξp+q−1(q−1)−ρ

pσ+1 |∆|Γ(p−q+1)

)

+
3

∑
i=1

ηi |xi |
( |A|Γ(p)ξq

|∆|Γ(q+1)Γ(p−q+1)qρ +
|A|Γ(p)(q−1)−ρ ξq−1

|∆|Γ(q+1)Γ(p−q+1)

)

+D2

( |A|Γ(p)ξq

|∆|Γ(q+1)Γ(p−q+1)qρ +
|A|Γ(p)(q−1)−ρ ξq−1

|∆|Γ(q+1)Γ(p−q+1)

)

.

Thus,

||Λ1 (x,y) ||
= sup

t∈[0,1]
|Λ1 (x,y) (t)|+ sup

t∈[0,1]

∣

∣Dq−1Λ1 (x,y) (t)
∣

∣

≤
3

∑
i=1

γi |xi |
[

1
Γ(p+1)

+
1

|∆|Γ(p+1)
+

|AB|ξp+q−1(q−1)−ρ

|∆|Γ(p+1) pσ

+
1

Γ(p−q+2)
+

1
p|∆|Γ(p−q+1)

+
|AB|ξp+q−1(q−1)−ρ

pσ+1 |∆|Γ(p−q+1)

]

+
3

∑
i=1

ηi |xi |
[ |A|ξq

|∆|Γ(q+1)qρ +
|A|(q−1)−ρ ξq−1

|∆|Γ(q+1)
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+
|A|Γ(p)ξq

|∆|Γ(q+1)Γ(p−q+1)qρ +
|A|Γ(p) (q−1)−ρ ξq−1

|∆|Γ(q+1)Γ(p−q+1)

]

+D1

[

1
Γ(p+1)

+
1

|∆|Γ(p+1)
+

|AB|(q−1)−ρ ξq−1p−σξp

|∆1|Γ(p+1)

+
1

Γ(p−q+2)
+

1
p|∆|Γ(p−q+1)

+
|AB| p−σ (q−1)−ρ ξp+q−1

p|∆|Γ(p−q+1)

]

+D2

[

q−ρξq

|∆|Γ(q+1)
+

|A|(q−1)−ρ ξq−1

|∆|Γ(q+1)

+
|A|Γ(p)

|∆|Γ(p−q+1)

(

ξqq−ρ

Γ(q+1)
+

(q−1)−ρ ξq−1

Γ(q+1)

)]

≤ K1

(

3

∑
i=1

γi |xi |+D1

)

+K2

(

3

∑
i=1

ηi |xi |+D2

)

.

Thus, ||(x,y)|| ≤
2
∑
j=1
(K j D j+L j Nj)

1−
(

(K1+L2)
3
∑

i=1
γi+(K2+L1)

3
∑

i=1
ηi

) .

If R=

2
∑
j=1
(K j D j+L jNj)

1−
(

(K1+L2)
3
∑

i=1
γi+(K2+L1)

3
∑

i=1
ηi

) +1, then(3.12) is valid. �

4. ILLUSTRATIVE EXAMPLES

In this section, we give two examples illustrating our results.

Example 4.1

Consider the following problem:














































RLD
5
3 x(t) = x(t)

1
3

38et + y(t)
1
4

49(t+1) +

(

RLD
2
3 y(t)

)
1
5

45et+1 +et , t ∈ [0,1] ,

RLD
3
2 y(t) = sin(t)x(t)

2
3

35π2et + y(t)
2
5

27e
√

t+1
+

(

RLD
1
2 x(t)

)
2
7

45et2−1
+ t +1, t ∈ [0,1] ,

x(0) = 0, x(1) =
√

e H I
3
5 y
(√

e
2

)

,

y(0) = 0, y(1) = 1
e H I

e
4 x
(√

e
2

)

,

(4.1)

where p= 5
3, q= 3

2, ρ = 3
5, σ = e

4 , ξ =
√

e
2 , A=

√
e, B= 1

e, r1 =
1
3, r2 =

1
4, r3 =

1
5,

ρ1 =
2
3, ρ2 =

2
5, ρ3 =

2
7

and f
(

t,x(t) , y(t) , Dp−1y(t)
)

= x(t)
1
3

38et + y(t)
1
4

49
√

t+1
+

(

RLD
2
3 y(t)

)
1
5

45et+1 +et ,
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g
(

t,x(t) , y(t) , Dq−1x(t)
)

= sin(t)x(t)
2
3

35π2et + y(t)
2
5

27e
√

t+1
+

(

RLD
1
2 x(t)

)
2
7

45et2+1
+ t +1.

Since| f (t,x1,x2,x3)| ≤ h(t)+
3
∑
i=1

λi |xi |r i , |g(t,x1,x2,x3)| ≤ l (t)+
3
∑

i=1
ωi |xi |ρi ,

where,λ1 =
1
38,λ2 =

1
49,λ3 =

1
45e, ω1 =

1
35π2 , ω2 =

1
27e, ω3 =

1

45e
and h(t) = et , l (t) = t +1 are nonnegative functions
and 1−AB(p−1)−σ (q−1)−ρ ξp+q−2 = 3.3340×10−2 6= 0.
Thus, Theorem 3.2 implies that(4.1) has at least one solution on[0,1] .

Example 4.2

Consider the following coupled problem:






























RLD
√

10
7 x(t) = x(t)

41et+1 +
y(t)

55e2(t+1) +
RLD

√
10
7 −1y(t)

30(t2+1) +
√

π, t ∈ [0,1]

RLD
e
2 y(t) = sin(t)x(t)

70(t+2) +
y(t)

57(t+1) +
RLD

e−2
2 x(t)

66et2+1
+ 1

e, t ∈ [0,1] ,

x(0) = 0, x(1) =H I
√

π
3 y
(

2
e

)

,

y(0) = 0, y(1) =H I
√

e
5 x
(

2
e

)

,

(4.2)

wherep=
√

10
7 , q= e

2, ρ =
√

π
3 , σ =

√
e

5 , ξ = 2
e,A= B= 1

and f
(

t,x(t) ,y(t) ,Dp−1y(t)
)

= x(t)
41et+1 +

y(t)
55e2(t+1) +

RLD

√
10
7 −1y(t)

30(t2+1) +
√

π,

g
(

t,x(t) ,y(t) ,Dp−1y(t)
)

= sin(t)x(t)
70(t+2) +

y(t)
57(t+1) +

RLD
e
2−1x(t)

66et2+1
+ 1

e,

where
3
∑

i=1
γi = 4.4766×10−2,

3
∑

i=1
ηi = 4.6982×10−2, K1 = 4.0509, L1 = 3.6062,

K2 = 1.9957,L2 = 2.4533.

Therefore, it is found that(K1+L2)
3
∑

i=1
γi +(K2+L1)

3
∑

i=1
ηi = 0.55436< 1.

Hence, all conditions of theorem 3.3 are true, wich implies that(4.2) has at least
one solution on[0,1].
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