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A CLASS OF DIFFERENTIAL EQUATIONS OF COMBINED
HADAMARD AND RIEMANN-LIOUVILLE OPERATORS

MOHAMED BEZZIOU, ZOUBIR DAHMANI AND IBRAHIM SLIMANE

ABSTRACT. This paper deals with the study of a class of nonlinear @ulipl
equations of Riemann-Liouville fractional differentiajieations with Hadamard
fractional integral nonlocal conditions. The existencealfitions is established
by the Schauder fixed point theorem. Another result is pravgidg Leray-
Schauder’s degree. Finally, some illustrative examplesiecussed.

1. INTRODUCTION

In this paper, we are concerned with the investigation ofetkistence of solu-
tions for a new class of nonlinear Riemann-Liouville fraokl differential equa-
tions combined with nonlocal Hadamard fractional inte@p@lindary conditions of
the following form

RLDpu f( U RLDp 1V( ))7t€[071]71<p§27
RLqu() alt, U() () rIDYMU(t)), t€[0,1],1<q<2,
u(0) =0, u(l)=AnlPv(E), p>00<E <1,
v(0) = O V(1) =Bnl(§),0>0,0<&<1,

wherer D% denotes the Riemann-Liouville fractional derivative oflera, o
{p,a,p—1,0—1}, ABe R, andylP, 4I° are the Hadamard fractional integrals
of ordersp ando respectively,f,g € C ([0,1] x R3R).

Several interesting results dealing with the existence wandueness of solu-
tions, stabilities and properties of solutions, analytid aumerical methods of so-
lutions for fractional differential equations can be foundhe following research
papers [1-4, 6,8-10, 16, 18-21, 23]. One can also see the [ZZ}evhere the
authors have concentrated on the study of existence andemegs of solutions
for coupled systems of Riemann-Liouville and Hadamardtivaal derivatives of
Langevin equation with fractional integral conditions.

We cite also the paper of B. Ahmad et al. [5], where the authasge investi-
gated the existence of solutions for nonlinear Langeviragqas and inclusions

(1.1)
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involving Hadamard and Caputo type fractional derivatigggipped with nonlo-
cal fractional integral conditions.

Very recently, the authors of the paper [7] have studied a caupled differen-
tial system with nonlinearities involving two unknown fuioms and their deriva-
tives, subject to new kinds of multi-point and multi-stripundary value condi-
tions. Some existence results have been established.

However, it has been observed that most of the papers hawbséaveither the
standard derivatives, or Riemann-Liouville and Caput@tirpctional derivatives.
Besides these two derivatives, there is the Hadamard oris.different kind of
fractional derivatives that has been introduced by Haddnmai892 [15]. This
derivative differs from the other ones in the sense thatetsél contains a loga-
rithmic function of arbitrary exponent, see [11,12,15-17]

The importance of studying the present paper is that, thelgmo(1.1) contains
both of Riemann-Liouville and Hadamard operators. To trst bEour knowledge,
this is the first time that a such problem was introduced.

The paper is organized as follows: In section 2, we recallespreliminaries and
lemmas that will be needed later. In Section 3, we preseninaim results on the
existence of one solution for the problefhl). Some illustrative examples are
presented in the last section.

2. PRELIMINARIES

In this section, we present some useful definitions, natatiand lemmas of
fractional calculus [13].

Definition 2.1. The Riemann Liouville fractional derivative of order-u0 of a
continuous function is defined as:

u 1 d\" t n—p-1
rLD f(U—m(a) /0 (t—s) f(s)ds
where n= [y + 1.
Definition 2.2. : The Riemann Liouville fractional integral of order>10 for a
continuous function f defined ov@d, b) is given by

RUME (1) = ﬁ/ot (t—9* Lf(s)ds

Definition 2.3. The Hadamard fractional derivative of order p for a functién
(0,00) — Ris defined as

1 d\" /t t\n-k-1f (s)
H S _ Y _
nDHE (1) R, (tdt> /O(Iogs) S ds n—l<u<n.

Definition 2.4. The Hadamard fractional integral of order O of a function f
defined on(0, «) is given by:
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plHf(t) = Tlu)/ot (Iogtg)ull:)ds

Lemma 2.1. Leta > 0,3 > 0. Then, we have
ul%tP = B~%P and yD%P = potP.
Lemma2.2. Let p> 0, and x C(0,1)NL(0,1). Then the equatiop D"x(t) =0,
has a unique solution(k) :_Ela;t“‘, wheregaeR,i=12 ...nand n-1<pu<n.
i=

Lemma 2.3. Let p> 0, then for xc C(0,1)NL (0,1), we have thag Ik, D*x(t) =
n .
X(t)+ > att',whereacR,i=12,...,nandn—1<p<n.
is1

We also need the following lemma.
Lemma 2.4. Given¢, € C([0,1],RR), the unique solution of the problem

RLDpX(t) = ¢(t)7 te [07 1]71 < p§ 27
RLqu(t) = l.lJ(t), te [07 1]71 < q S 27
X(0) =0,x(1) = AxlPy(§),p>0,0< & < 1,
y(0) =0,y(1) =Bul1°%x(§),0 >0, 0< & < 1,

is given by the expression

t(+_ b1 p-1 1 p-1
e A = L

o [ (002) g s

1 a1
+A(g-1)~Pgat (/0 L—w(s)ds

B & ot E o-1 - dt
_ m/o /0 <Iog¥> (t—s)P 1¢(S)dST>} (2.2)

t . 1 .
=9t et (197
y(t) -—/0 HG) W(s)ds— 5 {/0 Q) Y(s)ds

2.1)

//(Iog) t—s)qllp(s)ds?>}, 2.3)

whereA :=1— AB(p 1) 9(q-1)"PErra—2£0.
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Proof. By Lemma 26 and Lemma Z, we state that the two equations(id1) are

equivalent to:
X(t) =rL1P0 (t) —agtP —aptP 2, (2.4)
y(t) =ru 19 (t) — byt — bt 2, (2.5)
whereay, ay, by, b, € R.
Applying the conditions¢(0) = 0 andy(0) = 0, we geta, = b, = 0.
Now, using the property of the Hadamard fractional integiaén by Lemma 2.5,
we obtain:

{ RUPO (1) = ag + AP ruI () — Aby 1PET,
RUIW (1) = by + Byl gIPd (§) — Bag I 9EP L.
Hence, we have
a1 = 7 [ruIPO (1) — A 1P rUIM(E)
+A(Q—1) PET T (RUW (1) —BHI® rUIPO (2))]
and
by = £ [RUW(1) —BwI® rUIPO (§)
+B(p—1)"7EP (ruIPP (1) — AnIP UMW (E))].
Substitutingay, az, by, by in (2.4) and(2.5), we get(2.2) and(2.3). O
Let us now consider the quantities:

rUK(s,X(8),Y(9) ,R.DP Yy (s)) (N)

= Tlo()/on (n -9 "k(s,x(s),y(s),r D" y(s)) ds
and

1B Ryl k(sx <>,RLD" 'y(s)) (n)

(s)
rara b (o) a9k (sx(9).y(9) aD” y(s) ds
WhereB € {p,o}, ne {t,E,l}, ae€{p,q} andke {f,g}.

3. MAIN RESULTS

Let E = {x|xeC([0,1],R) and letb4tx € C([0,1],R) } denote the Banach
space of all continuous functions froj@ 1] to R endowed with the nornix||z =

sup |x(t)] + sup |DI2x(t)|, where 1< g < 2.
te[0,1] te[0,1
Also let

F={ylyec([0,1],R) andDP'yeC([0,1],R)}
be endowed with the nortfy||- = sup |y(t)|+ sup |[DP~y(t)|, where 1< p< 2.
te[0,1] te(0,1]
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So, the product spad& x F, ||(x,y)]) is also a Banach space with the norm

1Y) llexr = [Xle +IYlle-
In view of Lemma 28, we can define the operatdr: E x F — E x F by

A(xy) () = (ﬁ; &z; E:;) , Where

A1 (%,Y) (1) == R P (t,x(1),y (t) ,RLDP Yy (1))
- % {rUIPf (L,x(1),y(1) ,rLDP 1y(1))
—Aul? Rl (8,%(8),y () RLDYX(E))
+A(Q-1)"PE% 1 [rul%(1,x(1),y(1) ,rLDY x(1))
—Bnl%ruPT(&,X(2),y(E) .R.DP Y (E))] } (3.1)
and
A2(xY) (1) :=rL19g (t,x(t),y(t) ,RLDYT X (1))
- % {rul%(1,x(1),y(1) ,rR.D% (1))
—Bul? ruIPf(E,x(8),y(8) ,RLDpfly(E))
+B(p—1) &P [ruPf (1,x(1),y(1) DYy (1))
—Anl? rul% (&,x(8),y (&) rRDYX(E))]} . (3.2)
Lemma 3.1. Assume that.fj € C ([0,1] x R3 R). Then(x,y) € E x F is a solution

of (1) if and only if(x,y) is the solution of the equatioéﬁz &7;’; E:g) = (;8 )

Proof. The proof is immediate from Lemma& O

For convenience, we impose the hypothesis:

(H1) There exist nonnegative functiohgt), | (t) € L (0,1), such that

3
| (t, X1, %2, X3)| < h(t) + Zhi x|, A >0,0<ri <1,
=

3
9(t, X1, %2,%3)| < I (t) + Zl(*l X[P, @ >0 0<p <1
i=
We also consider the quantities:
_ 1 r(p) p p—q+1
My = (14 5+ e P ) Ph(9) () 41 94 ) (1)
AB|(q— 1) Pga-l
L ABI(@-1) 78

r(p) o
A <1+r(p—q+1)> HI%rUIPh(S)(E),  (3.3)




50 MOHAMED BEZZIOU, ZOUBIR DAHMANI AND IBRAHIM SLIMANE

o AEO-DP (D

+ l> RLI q (S) (l)

A r(p—a+1)
! r(p)
i (W " m> Al 1 RU(S) (8), (3.4)
_ 1 r(a :
e <1+w *m) rU(S) (1) +rUIT P (9)(D)
|AB|(p—1) °&Pt r(q)
i |4 <1+ F(q—p+ 1)) HIP R (5) (8), (3.5)
_BlEgP t(p-1)°° (q)
1 r(a) .
! (Wer) Bl HI% RuIPL(8) (2). (3.6)
K-t 1 ABJEPa-1(q— 1)~
1= Mrp+21) |AIT(p+1) AT (p+1) p°
! 1 |AB|EPTa-1(q—1)"P
" MNp—q+2) + p|AIT (p—q+1) + p°+1\A1\ r(p_q+1)a (3.7)
- A& Al(g—1)Pgat AT (p)&d
27 AT (q+ 1) IAIT (g+1) AT+ )T (p—q+ 1P
AIT (p) (q—1) PEgst
AT (@+ )T (p—q+1)° (3.8)
L=+ . 1 |AB|EPFa-1(p—1)7°
YT (a+D) (AT (9+1) AT (q+1)qP
1 1 |AB| Ep+q—1(p_ 1)—0
+r(q_p+2)+q|A|r(q_p+1) qp+1|A|r(Q—p+1)' (3.9)
L, [BIE&  [Bl(p—1)°&r BIT (q)€P

C[T(e+Dpe " BT (p+D AT (p+ T (a—p+1)p°
BII (q)(p—1)°&"*
AT (p+ DM (@—p+1)
Let us now define the sé®r := {(x,y) € (C([0,1,R)%; (%) |lep < R},
where
max{ (16PN) 7 ,(16Qw) ™ P € {Ky, Lo}, Q€ {Kp, L1}, 16M;, 16N; } <R
Our first main result is the following theorem.

Theorem 3.1. If (H1) holds, then the problerfi..1) has at least one solution on
[0,1].

(3.10)
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Proof. We prove that\ : Qr — Qr.
With some fastidious calculations, we obtain

1AL (%, Y)|| = s[up AL (xY) (t)]+ s[up DAL (x,y) (1))

R
<M1+Ma+ Klzl)\ i %" +Kzziwi P <3,

and
1A2(x,y)|| = sup A2 (x,y) (t)|+ sup [DP Az (x,y) (t)]
te[0,1 te[0,1]

R
<Ni+No+ L1 S R+ L, SART < —.
izl izl I 2

Therefore\ : Qr — Qgr. Hence, we obtain,
INX Y [exe = [IM (Y[ +[IA2 (% Y)[| <R

51

SinceA1 (x,y) (t), A2 (x,y) (t), DI 1AL (x,y) (t) andDP~1A, (x,y) (t) are continu-

ous functions on0, 1], the operatoA\ is also continuous.
Now, we show thaf\ is a completely continuous operator.
Let

C —trer}gtfﬂf(t X(t),y(t) ,rLDP 1y (1))

,(%y) € Qr}
and

Cz—trrfgq{!g(t X(t),y(t) RLDT X (1)), (xY) € Qr} -

Forty,t; € [0,1], (t1 < t2), we have
AL (XY) (t2) = A1 (X Y) (ta) |

é%/otl <(t2—s)p_1— (tl—s)p_l) [T (s,x(s),y(9) ,RLDpfly(s))|ds

Tlm/tf (t—9)P *|f (sx(s),y(s) RLDP'y(9)) | ds
gt p-1

+E {rUP|f (1,X(1),y(1) ,m D" Yy (1))]

+ A ulP R g (&,X(8),Y(8) mDYX(8))|

+IA(@=1) P& [rl g (1,x(1)y(1) DT X (D))

+ [Bl w1 ru!P | (8,%(8),y(8) rLDP1y(8)) ]}

§% (/Otl ((tz —9P (1) p*l) ds+ tltz (to—9) IOlds,>

-t G GAET  GA(a-1) PEt  Ci[BIEP
T\

r(p+1) r@+1ieo° rg+1) F(p+1)p



52 MOHAMED BEZZIOU, ZOUBIR DAHMANI AND IBRAHIM SLIMANE

(t5—tf)Ca té’l—t{”[ Ci Cs|A[E
- T(p+1 A r(p+1) Tr(@+1)cP
Cpepaaf_ G CilBEP
FIA@-DTE <F(q+1) F(p+1)p°>]
+ Al 1l R g (s,X(5),Y(S) RLDYX(9)) ()]

_ 1\—Pzg-1
AU 8 090g (5 x(9), (9 mcD* x(9) (1)
+ 1Bl wl?wuP|f (5X(5),y(5),R.DP1Y(9)) (B)[]}

t2

gﬁ (/Otl (2=9" "~ (t1=9" ] ds+ [ (tz—s)pqu>
+r<p><‘2p_q—tf‘q>< G GAE
AT (p—a+1) \TF(p+1) T(g+1)oP
C2|Al(q-1) PErt  Cyi[BJEP >
r(a+1) r(p+1)p°
_ <t§7q+l—tf7q+l> C . r(p) (t;iq—tlpfq> [ C Cy|A|Ed
- T(p—a+2 AT (p—q+1) [F(p+1) T(q+1)eP

C N C1|B|&P >]

+\Ar<q—1>-pzq1<r(qH) i

Also, we have
D4 A1 (x,Y) (t2) — DY AL (x,Y) (1) |

Sm (=979 (- 979 | (5x(9). (9 D> (9) s

" m /ﬁtZ (tz— )P f (s,x(5),y(s) ,RLDP ty(s))| ds

r(p) (57 —109)

Ar(p_qry (R | (s:x(9),y(s) LD Y(9)) (1))

_l’_

With the same arguments, we can prove that
N2 (xY) (t2) = N2 (xy) (ta)
1 st _ _ _
<e [ (= 9"~ (=9 [g(sX(9).y(9) DT ()| ds

/ttz (to—9)% g (s.x(s),y(s) ,r.DY X(9)) | ds
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tgfl—tgil < C C1|B|&"  Ci|B[(p—1)%&Pt  C,lA[E >
A rg+1 r(p+1)p° Mr(p+1) ra+1)ao°
-t +t§1—ti“[ C C1|BJEP
- r(g+1 Al r+1) r(p+1)p°

_ogpa( G Co|AIE )]
*[Bl(p=1)7e <F(p+1)+F(Q+1)qP
and

IDP7*A2 () (t2) = DP~*A2 (x,y) (ta) |

- ﬁ/j[“ﬁ)qp—(‘l—sﬂp} |9 (s:x(s).y(5) LD x(9)) |ds

s . - Pla(sx(9.¥(9 D () ds

+t3p—t3p< Co Ci[B[EP  Ci|B|(p—1) 7&P! Cz!A‘Eq>
A r(a+1) F(p+1)p° r(p+1) ra+1)aoP

< (tzq—p+1 _th—p+1) C c CBJE?

- r@-pt+2 {F(qH) r(p+1)p°

Coen Ci Co|A|EY
*IBl(p—1) Ep1<F(|0+1)+F(Q+1)qf’>]'

Ast; — to, we obtain

AL(%Y) (t2) = AL (xY) (ta)| = O, [DI AL (xY) (t2) = DI AL (x,Y) (ta)| = O,

A2 (%,Y) (t2) = A2 (%,Y) (ta)| = O, [DP A2 (xY) (t2) = DP~ A2 (xY) (t1)| — O.
Then,[A(xy) (t2) =A(xY) (t1)| = O.
Therefore A (Qg) is equicontinuous, also it is uniformly boundede&g) C Qr.
By Arzela-Ascoli theorem, we conclude thiats a completely continuous operator.

Hence, by the Schauder fixed point theorem, we state(iha) has a solution on
[0,1]. O

In the following second result, we prove the existence aitsahs via the Leray-
Schauder degree. We have

Theorem 3.2. Let f,g: [0,1] x R® — R be two continuous functions and assume
that:

(H2) There exist constanig,n; > 0,i = 1,2,3 and Dy, D, > 0, such that
3
[ (t, X1, %2, %3)| < Zlyi ;| + Dy for all (t,xq,%2,x3) € [0,1] x R3,
i=

3
|g(t,X1,X2,X3)| < erll |X||+ D2 for all (t7X17X27X3) € [07 l] X Rs'
i=
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3 3

In addition, assume thaiK; +Lz) S vi + (Ko+L1) ¥
i=1 i=1

are given by(3.7),(3.8) respectively and L(j = 1,2) are given by(3.9),(3.10)

respectively

Then,(1.1) has a least one solution d0,1] .

ni <1, where K (j=1,2)

Proof. We define the operatdx = (A1,A\2) :ExF — ExF asin(3.1),(3.2) and
we consider the fixed point problem

X /\l (X> y) )
= . 3.11
( y ) ( N2 (X,Y) (3.11)
Now, we prove that there exists a fixed pofrty) € E x F, satisfying(3.11).
It is sufficient to show thaf\ : Qr — E x F satisfies

X(t) PA1 (X,Y)
<y(t) > 7 <u/\2 (X,Y) > LV (x(1),y(t)) € 0Qr, V€ [0,1], (3.12)

where Qr = {(x,y) € ExF; [[(xY)|lgxe <R}. We defineS(p, (x(t),y(t))) =
PA (X(t),y(t)). As it is shown in theoreni3.2), the operator\ is continuous,
uniformly bounded and equicontinuous. Then by the Arzesaoh Theorem, a
continuous maf,, defined by
Tu(xy) = (xy) = S(l, (x(t),y(t)))
= (va) - W\ (X(t) 7y(t)) )
is completely continuous. If3.12) is true, then the following Lery-Schauder de-
grees are well defined and by the homotopic invariance oflogieal degree, it
follows that:
deg(Ty, Qr,0) = deg(l — pA, Qr,0) = deg(Ty, Qr,0)

= deg(To, Qr,0) = deg(l,Qr,0) =1

#0, 0€Qp,
wherel denotes the identity operator. By the nonzero property ohy-&chauder
degree; (X,y) = (X,Y) —A(x,y) = O for al least onéx,y) € Q. In order to prove

(3.12), we assume thédix,y) = pA(x,y) for somep € [0,1] and for allt € [0,1].
Then

IAL(XY) (1)

<gruP (i\ﬁ %[+ D1> (1) + ﬁ {RL' P (i\ﬁ X[+ D1> (1)

3
SNIMLINE (-Zim y>qy+Dz> ()
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3
+|A(g—1)PEat [qu <_Zﬂi x|+ D2> (1)
3
+ [B| ul° reIP (le |Xi|+D1> (E)) }

| | < l + |AB|ED+CI—1(q_ 1)_p>
B Ziy % r(p+1) IAIF(p+1) AT (p+1) p°
1 1 \AB\ap+ql<q—1>“’>
D
" 1<r<p+1>+mrr<p+1> AT (pr1)p°

3 —Pzg-1
v |A| &9 |Al(q—1)""&q
+i;n'w<wr(<1+l)qp+ AT (q+1) >

AE |A/(qo1)PE!
“’2<|A|r<q+1>qp+ NG >

and

DY AL (%) (1))

1 |AB|EPTA~L(q— 1)_p>
<zly'w< (p— q+2) PIAIT (p—qg+1) pott|AIT (p—q+1)
1 1 AB|EPHa-1 (g 1)P>
+Dl< F(p-q12  PAT(P-a+1)  pPLAr(p-q+1)
|AIT (p) &Y AT (p)(q—1)Pgat
+Z”""<1A\ @O (e TF T BT @D <p—q+1>>
|AIT (p) &9 IAIT (p) (q—1) P& 1>
D .
" 2<|A|r<q+1> Fo-arDF @D =arT
Thus,
[[AL(X%Y) ]
= sup [Ar(x,y) (t)|+ sup DY AL (xy) (1)]
te[0,1] te[0,1]
1 |ABJEPTAL(q—1)"°
<ZV'”'[ Fpr D) AT (i) | AT (pr 1) pe
. 1 ABjEP -2 (g 1)
M (p— q+2) PIAIT (p—q+1)  p° AT (p—g+1)

AE Aoy P
*Z”"”'Lm F+De | AT @D
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N |AIT (p) &Y IAIT (p) (q—1)"Pgat }
AT (q+1)TF (p—ag+21)oP  [AIT(g+1)T (p—qg+1)
1 1 |AB| (q— 1) PgI1p9gP
+D1L%p+n*WAw<n+n AT (p1 D)
b Aelor(a—D) Pey
F(p—a+2) plAlr(p—qg+1) pIAIT (p—q+1)
+D2[ q PEd |Al(q—1)Pgat
IAIT (g+1) IAIT (q+1)
IAIT (p) ( g +(q—1)“’2q—1>}
AT (p—q+21) \l'(g+1) r(g+1)
(Zlv |>q|+D1>+Kz<Zn.I>q|+Dz>
z KJDJ+L NJ)
Thus, [|(x,y)]| < L

1- ((K1+L2)_§1\ﬁ +(K2+L1)§1ﬂi> -

2
3 (KiDj+LiN;) o
If R= L ——~ + 1, then(3.12) is valid. O
1— <(K1+L2)i§1w+(K2+L1)i§1r“)

4. |LLUSTRATIVE EXAMPLES

In this section, we give two examples illustrating our résul

Example 4.1
Consider the following problem:
1 1 D%y(t) %
3 =z RL!
wDIX(0) = S + iy + g +EAE 1),
1 7
vt )2 (RL02X(t)> (4.1)

3
RLDzy(t) = 5"13(5312(et> +27e\/tT+ 4521

x(0) =0, (1) = venlty ().
y(o):OJ y(l)_eH|4X(\/é)7

=3 p=30=8,E= A= \eB=L =% r=1r=1
P3=

where p=
P1= % P2

[l cwlon

q
2
5

1 1
and f (t,x(t), y(t), DP-ly(t)) = 207 4 E}E—Jr T+ €,
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2

1 \7
(RLDzXOO

g(t,x(t), y(t), DY x(1)) = SIr.]:’(S)th(e‘) + 27e(\}tT+ prorea S

3 .
Since|f (t,x1,X%2,%3)| < h(t) + z)\i 1|, g (t, X1, X2, X3)| < | (t)+_2100i x|,
i=

1
Where,)\]_: 3i87)\2 497)\3 4567 W = 357-[27(*)2:.%797(*)3: 15
andh(t) =€, | (t) =t+ 1 are nonnegative functions

and 1-AB(p—1)"°(q—1)"P&P+92=3.3340x 102 # 0.

Thus, Theorem .2 implies that(4.1) has at least one solution ¢@, 1] .

Example 4.2
Consider the following coupled problem:

e
R'-D\/_X( t) = 41et+1 + 55e2((t>+1) + LD:«:O(t2+1 +Vmte0,1]
2

RIDZY() = 5 Et)+(2)) + 57(t(421) + RL§;+X1(U +etel0), (4.2)
X(0) =0, X(1) = I;éy(a%

[ ¥(0) =0, y(1) =+ m@,

wherep = \/7q 3P ﬁE:%’A_B_l

_ \F
and f (t,x(t).y(t),DP 1y<t>> = 412&1 + sy T M VI

9(6xX0):9():07 () = 2 + oy + wDf 5

where Z Vi = 4.4766x 1072, Z Ni = 4.6982x 102, K; = 4.0509 L; = 3.6062
Ko— 19957 L, — 2.4533,

Therefore, it is found thatky + L) Z Vi + (Ko+ L) Z ni = 0.55436< 1.

Hence, all conditions of theorem:Bare true, WICh |mpI|es thg#d.2) has at least
one solution or0, 1].
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