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A NOTE ON THE RATES OF CONVERGENCE OF
DOUBLE SEQUENCES

METIN BASARIR

ABSTRACT. In this paper, we define the rates of convergence of dou-
ble sequences and give some theorems on the rates of convergence of
bounded double null sequences with real terms.

1. INTRODUCTION

The rates of convergence of single sequences have been studied in [2], [3],
[4], 5], [7,p-298-301], [8], [9] and [10]. M.Bajraktarevic [8],[9] gave some
theorems on rates of convergence of single null sequences. The aim of this
short paper is to extend the concept of rate of convergence of sequences
into double sequences and is to give the analogues of fundamental theorems
appeared in [8].

First, we give the definition of convergence of double sequences. The
original Pringsheim’s definition ([5], Vol.II, p.303) says that a sequence
{Tmn }s o converges to the limit ¢ if for every ¢ > 0 there is an N such
that

|Zpn — t| < & whenever min(m,n) > N.

A double sequence z is bounded if
l|z|| = sup |z4;] < oo.
4,50
We notice that a convergent double sequence need not be bounded, as the
example in [6, p.321].

Definition 1. Suppose that © = {Zmu}py oo a0d Y = {Ymn }py e are two
bounded double convergent sequences of real terms and that lim,, ,—o0 Tmn
= X, limy oo Ymn = Y, Ymn # Y for all m,n. We say that = converges
faster, slower, at the same rate or completely incomparable rates as y if,
- X
lim M (1)

mmn—00 Ymp — Y
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. Ton — X o

B v (2)

g R e
0< lim xm”‘g Tim 'xmn‘<—|—oo (3)

m,n—o0 ymn — m,n—o0 ymn — Y

- - ~X
lim  |2mn ‘ =0and lim l“mn' = +00 (4)
mn—=00 | Ymn — Y mn—00 | Ymn —

hold, respectively, where lim,, oo = liminf,,,, and lim,;, ,,—;0c = limsup,,,,, .
Term by term quotients are considered in this definition.
Throughout the paper, A will denote a collection of bounded double se-

quences, each of which converges to zero and such that each term is different
from zero.

2. MAIN RESULTS
We have

Theorem 1. There exists a bounded double positive null sequence z =
{Zmn}ﬁn:(); all of whose terms are non-zero, which converges faster than
each v € A if and only if there exists a collection {A,}52 1 of sub-collections
of A with the following properties.

Ay, C Apy for every natural number n, U;> A, = A (5)

and
Yy = inf (|zg|) > 0 for every min(k,!)
x€Ap
> p > ng, for some fized positive integer ng. (6)

Proof. To see that (5) and (6) are necessary conditions, suppose that z =
{#mn }onn—o is a double bounded positive null sequence, all of whose terms
are different from zero, that converges faster than each z € A. Let set

Ap ={x:0 <z < |z, for every min(k,l) > n}. (7)
Clearly (5) holds for the collection {4, }7 ; of sub-collections of A by the
definition of converging faster. Furthermore, there exists a positive integer
ng such that A, # ¢, p > ng. If min(k,l) > p > ng, yu = infreca, (|zp|) >
zk1 > 0 so that (6) is satisfied.
To see the sufficiency of the conditions, suppose that {4,}5°; is a col-
lection of sub-collections of A satisfying (5) and (6). For each = € A,
Pz =min{p : p > ng,z € Ap}. Therefore we have

0 <y < |zk| for every min(k,l) > p,.
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Then y;; — 0, because of x; — 0. Let z = {Zkl}z?l:()v where 2 = yzl for
every k,l. Then z = {z;} is a bounded double positive null sequence and

2k Ykl .
0<+— =9Yn <> < yp;, min(k,l) > p,.
|| ||

and I;]lel — 0. So that z converges faster than x, for every x. O

Theorem 2. There exists a double bounded positive null sequence z =
{Zmnonn—o all of whose terms are non-zero, which converges slower than
each x € A if and only if there exists a collection {A,}22 | non-empty sub-
collections of A, a strictly increasing sequence { Ny }22 | of positive integers
and a decreasing null sequence {,}02 1 with 0 < epy1 < &, < 1 foralln > 1
such that

Ay, C Apy for everyn, Upe, A, =A (8)

sup { sup |xkl|}
min(k,l)G[Nn,Nn+1)ﬂN €A

< &pn, for every n > ng, for some positive integer ng, (9)
where N is the set of positive integers.

Proof. To see that (8) and (9) are sufficient conditions, let define y =
{ymn}?no,n:(] as follows.

Yij =

sup { sup \Uﬁkl!} <éep, if min(i,7) € [Nn, Nptp1) NN, n > ng
min(k,l) €A
E[N7L7Nn+1)mN

1, otherwise.

Then y is a bounded double null sequence, all of whose terms are greater
than zero. 2 = {zmn}ps m0, Where zmp = \/Ymn for every m,n. Suppose
x € Athen x € A, for every n > ng, where ng is some fixed positive integer.
If min(7, j) € [Ny, Npt1) NN, where n > ng, then

Zij _ 1 < Yij ) > 1 > 1
[zl i \ il ) — Ui — VEn
and therefore z converges slower than each x.
To see that (8) and (9) are necessary conditions, suppose z = {zmn} is
a bounded double positive null sequence, all of whose terms are non-zero,
which converges slower than each x € A. Then

. z
lim Mt — 4o for each z € A.
m,n—oo

|Zrmn
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Let

Ap={x € A:0 <|zi| < 2z, for all min(k,l) >n}.
Then clearly (8) holds and furthermore there exists a positive integer ng
such that A,, # ¢, for all n > ng. If min (k,1) > n > ng then

sup {|zwm|} < 2w

IEATL

For all n > ng, there exists a positive N, with N, < Np4+1 such that
2kl < €p, if min (k,1) > Ny,.

Thus
sup {|zx|} < 2w < en, min (k1) > Ny, n > ny.
TEA,
Then
sup {|zw|} < 2z < en, min(k, 1) € [Ny, Npg1) NN, n > no,
T€A,
so that (9) is satisfied. O

Theorem 3. There exists a bounded double null sequence z, all of whose
terms are non-zero such that x and z converge at the same rate for every
x € A if and only if x,y € A implies that x and y converge at the same rate.

Proof. Necessity. Suppose that z = {z,,} converges at the same rate with
the rate of convergence of each z € A and z,,,, — 0. Chose z,y € A (z # y)
arbitrarily. Then

. Z - z
0< k= lim ‘mn'g lim ™M =K < 400
mn—00 | Tmn mn—00 | Tymn
. Zmn —— | ”mn
0<ky= lim |—|< lim |—|= K3 < +o0.
m,nﬁoo ymn m,n%oo ymn

Therefore there exists k* and K* numbers (0 < k* < K* < 400) such that
for all n and m,

z Z
< | < KRR < | <K
Tmn Ymn
Hence
ki < Ymn < E
K* Tonn k*
So that
0< lim Yrmn < lim Yrn < +o0.
m,n—00 | Tmn m,n—00 | Lymn

Sufficiency. Clearly, if we take z € A then the conclusion follows. O
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Theorem 4. Suppose that K1 = (k) and Ky = (k%) be two interwined
sequences of positive integers, {An}o2, and {B,}5>, be two sequences of
non-empty sub-collections of A and a strictly monotone sequence N, with
the following properties.

A, C Anaa (n S Kl), Unek, A, =A (10)
B, C Byt1 (n € KQ), Unek, Bn = A (11)
yw = inf (|zg]) >0 (min(k,l) >p >n, n € Ky) (12)
rCAp
1
sup { sup |xkl|} <— , (neKy). (13)
min(k,l)€[Ny,Np11)NKs L2€B, n

Then there exists a sequence z = {zmn} belonging to A which converges to
zero at a rate completely incomparable with the rate of convergence of each
T € A.

Proof. If © € A, let np, = min{n:n € Kj,z € A,}. From (12), 0 < yg; <
|xg|, for all min(k,l) > n > ng, (n € Kj). Because of zp,, — 0, ymn — 0
(m,n € Ky). We define z = {2, } such that 2, = y2,, (m,n € K1) and
Zmn—y () (m,n — oo, m,n € Kp). Let define

[Zmm |
1 .
Yij =  sup sup |zx| p <—, (n € Kz, min(i,7) € [Np, Npt1)NK?2).
min(k,l) x€By, n
E[Nn,Nn-Q»l)mKQ
Then
1 e

0 < |zg| <yij < - (x € By, min(i,7) € [Ny, Npy1) N Ko, n € Ko).
and

Ykl —0 (k,l—>00), & Z 17

|k

(x € By, min(k,l) € [Ny, Npt1) N Ko, n € Ky).

Suppose 2k = /Yki » (min (k,1) € [Ny, Npt1) N Ko, n € K3) and for others
zp1 it can take arbitrary numbers with zp; — 0. Let x € A. Then, for all
n € Ky, x € By, and for all min (k,l) € [Ny, Ny+1) N K2, we have
2z 1 <ykl)> 1
lzel VU \lzrl/) — Uk

— o0 (kI — 00).

Hence

. Zmn —— Zmn
lim =0, lim

= = 400 for every x € A.
m,n— oo |$mn| m,n— 00

|Zrn

If we take A,, = B,, (n € K3) in Theorem 4 , we have the following theorem.
O
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Theorem 5. Suppose that A is a collection of bounded double sequences,
each of which converges to zero and such that each term is different from
zero. Then for there to exists a sequence z = {zmn}fn"’n:o, Zmn # 0 for every
m and n, which converges to zero at a rate completely incomparable with
the rate of convergence of each x € A, it is sufficient for there to exists two
interwining sequences K1 and Ky of positive integers, a sequence {Ap}22 , of
non-empty sub-collections of A and a strictly monotone sequence {N,} C Ks
with the following properties.

(1
2]

3]

(4]

[10]

Ay, C Apy foralln and Upeg, Ap = A (14)
Yy = inf (|Jzg|) >0 (min(k,l) > n, n € K) (15)
TEAp

(n € Ka). (16)

S |-

sup { sup |xkl]} <

min(k,Z)E[Nn,Nn+1)ﬂK2 z€A,
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