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FOURIER SERIES OF FUNCTIONS WITH INFINITE
DISCONTINUITIES

BRANKO SARIC

ABSTRACT. Using the total Hi-integrability concept we shall show that
functions, which take on infinite values in the interval (—m,7) at only
finitely many places, can be expanded into a Fourier series over this
interval.

1. INTRODUCTION

As is well-known, significant progress in Fourier analysis has gone hand
in hand with progress in theories of integration, [4, 11]. Perhaps this can
be best exemplified by using the so-called total value of the generalized
Riemann integrals introduced by Saric in his works [6, 7, 8, 9]. This brand
new theory of integration, which takes the notion of residues of real valued
functions into account, gives us the opportunity to integrate real valued
functions that are not integrable in any of the known integration methods
until now. Accordingly, in the main part of this paper, we shall see that real-
valued functions, with infinite discontinuities within the interval (—m, ), can
be expanded into a Fourier series over [—, 7.

2. PRELIMINARIES

The Lebesgue measure on the set of all real numbers R is denoted by
u, however, for E C R we write |E| instead of u(F). By N we denote
the set of natural numbers. Given the compact interval [—m, 7] let the
collection Z ([—m, m]) be a family of all compact subintervals I of [—m,7].
Any real valued function defined on Z ([—, 7]) is an interval function. For

f i [=m, 7] — R the associated interval function of f is an interval function
f:Z([-m,x]) — R, again denoted by f, [10]. A partition P [—m, x| of [—, 7]
is a finite set (collection) of interval-point pairs ([a;, b;],x;), i = 1,...,v,
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such that the subintervals [a;, b;] are non-overlapping ((a;, b;) N (aj,b;) =0
for i # j, where (a;,b;) is the interior of [a;, bj]), Ui<y [as, bi] = [-7 7T] and
x; € (ag,b;) if x; is an interior point of [—7,7]. The points {x;},., are the
tags of P[—m, x|, [1, 3]. If E is a subset of [—m,7], then the restriction
of P[—m, 7] to E is a finite subset of ([a;,b;], ;) € P[—m, x| such that
each pair of sets [a;, b;] and F intersects in at least one point. In symbols,
Pl—m,7||g = {([ai,bi] ,xi) € P[—m, 7] | [a;, bi] N E # 0}. Tt is evident that
a given partition of [—, | can be tagged in infinitely many ways by choosing
different points as tags. Given ¢ : [—m, 7] — R, named a gauge, a partition
P[—m,x] is called d-fine if [a;,b;] C (x; — () ,2; + 6 (x;)). Let P [—m, 7]
be the family of all partitions P [—m, 7| of [—7, 7]. Then, by Ps [—m, 7| we
denote the family of all d-fine partitions P [—m, x| of [—7, 7] for some given
§:[—m,m — Ry.
For the infinite set of partitions { P, [—7, 7] | P, 7, 7] ={([ai,,, bi, ], zi,)},
n € N}, denoted by (P, [—m,n]), we write (P [—7,7]|) € (P[-7, 7], <),
if P,[—m, 7| < Pnt1|—m, 7] for each n € N. The statement P, [—m, 7] <
n+ 1 [—m, 7] means that for each interval-point pair ([a;,,,bi,.]| i, 1) €
n+ 1 [, 7] there exists a corresponding interval-point pair ([a;,, b;,], i, ) €
[ 7r] such that [a;,,,,bi,.,] C lai,,bi,], and

TL

{"rln | ([G’ZTH Zn:l 7‘Tin) € Pn [_ﬂ-? 7[']}
C {xin+1 | ([ain+17bin+1] ’xinH) € P [_7'(»77]} .

Clearly, for any x € [—m, 7| there exists a directed set (P, [-m,7]) €
(P [—m, 7], <) so that x is a tag for it.

In what follows we will use the following notations AF (I) = F (v)—F (u),
where u and v are the endpoints of I, }, AF([a;,,b;,]) = AF (P, [-7,7])
and >, f (wi,)[[ai,, bi,]| = (fAz) (P, [=m,7]), whenever ([ai,, bi,], zi,) €
P, [—m,m|. In addition, if t € (O,7r) and «y([,t) is an interval function
associated to v (x,t), then

Z[W ([ai,, bi,],t) AF(ai,, bi,]) = (i, 1) |[@i,, bi,]]

= (YAF —~yAz) (P [-m, 7], 1).
The following two definitions come from [2] and [5].

Definition 1. Let f : [—m, 7] — R. The point function f is Hj-integrable
to a real point A on [—m, |, if there exists a gauge § on [—m, 7| such that
for every € > 0 there exists a -fine partition P,_[—m, 7] such that

|(fAZ) (Po [-m,7]) — Al <&,
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whenever P, [—m, 7] € (P, [-m,7), (P, [-m,7]) € (Ps [-m 7],<) and
P, [-m, 7] < P, [—m,x]. In symbols, A := H; — fjﬂ fdz.

Definition 2. Let v : Z[—m,m] — R be an arbitrary interval function.
Then, a point function g : [—m, 7] — R is the Moore-Smith limit of v on
E C [—m, 7], if there exists a gauge § on [—m, 7| such that for every ¢ > 0
there exists a 0-fine partition P,_[—m, 7] such that

1y ([@i,, bin]) = g (i,)| <&,
whenever ([a;,,bi,],xi,) € Po[—m,7||g, Pu[-7,7n] € (Py[—7, 7)), (P
[—7, 7)) € (Ps |[—m,7],=<) and P,_[—m, 7| < P, [—m, 7.

For a primitive F' : [-m, 7| — R, the derivative f on [—7, x| could be
defined as the Moore-Smith limit of the interval function ¢ : Z [—7, 7] — R
defined by

AF(I) AF
I)= =—(
where Az (I) = |I|. In this case, according to Definition 2, given € > 0
there exists a gauge § on [—m, 7] such that for every £ > 0 there exists a 0-
fine partition P,_[—m, x| such that |AF ([ai,,bi,]) — f(xi,) Az ([ai,, bi,])] <
eAz ([a;,, b;,]), whenever ([a;,,b;,],2,) € Pp[—7,7||g, Py|—m 7| € (P,
[_777 7T]>, <Pn [_ﬂ-a 7T]> € (7)6 [_ﬂ-a 7[-] ) <) and Pna [_ﬂ-? 71'] < PTL [_ﬂ-’ W]' Ac-
cordingly, if £ C [—m,n], more precisely if F' : [—7, 7] — R is a function
that is not differentiable on [—7, 7], then for a given £ > 0 in the set
Q" — ((2,1): x € [-m,7] is inside I and |AF (I)| > ¢|1|}

we isolate two subsets:

QK™ — ((2,1) : x € [-7, 7] is inside T and ¢ |I| < |AF (I)] < ¢} and

0L = {(2,1) : x € [-7, ] is inside I and |AF (I)| > e}.

Definition 3. Let F' : [—m, 7] — R. The set (vss) [-m, 7| = {x € [-m, 7] :
for every ¢ > 0 there exists a d-fine (z,1) € QEZ'} is said to be the set of
apparent singular points of F' on [—m,7].

(2.1)

Definition 4. Let F : [—m, 7| — R. The set (vs)[—7, 7] = {z € [-7, 7] :
for every € > 0 there exists a d-fine (z,1) € Qg{} is said to be the set of
singular points of F' on [—m,7].

When working with functions, which have a finite number of discontinu-
ities on [—m, 7], it does not really matter, from the point of view of total-
ization of the Hy integral, how these functions will be defined on the set E
of discontinuities. Hence, we adopt the convention that such functions are
equal to 0 at all points at which they can take values +0o0 or not be defined
at all. Accordingly, we may define point functions Fi, : [-7, 7] — R and
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fex o [-m, 7] — R by extending F' and its derivative f from [—7m, 7|\E to E
by Fey () =0 and fe, (x) =0 for x € E, so that

Fay () = {F(x), ifeel-na\E
“ 0, ifzeF
) f(x), ifze[-ma]\E
Jea (2) = {0, ifreckE ' (2:2)

The following two definitions come from [9].

Definition 5. Let v : Z[—m, 7] — R be an arbitrary interval function
and for F' : [-m,7] — R let ¢ : Z[—m, 7] — R be an interval function
defined by (2.1), that converge, according to Definition 2, to g (z) and f (z),
respectively, almost everywhere on [—m, 7]. A point function g (x) is totally
H;-integrable, with respect to the differential form dF (z) = f (z)dz, to a
real point F on [—m, 7] if there exists a gauge § on [—m, 7| such that for
every € > 0 there exists a d-fine partition P,_[—m,n] such that

|(WAF) (P [=m,7]) = F| <e, (2.3)

whenever P, -7, 7| € (P, -7, 7)), (P |-, 7]) € (Ps|—m,7],<) and P,_
[—7, 7] < P, [—7,m]. In symbols, F := H; — vt flr gdF.

Remark 1. In case, any of the point functions g and f above is the Moore-
Smith limit of the corresponding interval function on [—, 7|, then in the
previous definition (2.3) can be replaced by

|(gAF) (P, [-m,7]) — F| <eor |(vfAz) (P, [-m,7]) — F| < ¢,
respectively.

Definition 6. Let F': [-m, 7] — R and E C (—n, ) be a set of Lebesgue
measure zero such that E = (vs) [—m, 7] . The linear differential form dF (x)
= f(z)dz, as the Moore-Smith limit of AF (I) = ¢(I)Ax () on [—m, 7],
where I € Z([—m,x]), is said to be basically summable (BSs) to a real
number R on E if there exists a gauge 0 on [—m, 7] such that for every e > 0
there exists a 0-fine partition P,_[—m, 7] such that

|(AF — fe,Az) (P [—7, 7] |g) — R| <,

whenever P, -7, 7| € (P, -7, 7)), (P [-7,7]) € (Ps|—m,7],<) and P,_
[, 7] < P, [—m, ). If in addition E can be written as a countable union
of sets on each of which the linear differential form f (x)dz is BSs, then
[ (z) dx is said to be BSGs on E. In symbols, % := )" . f (z) dz.
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3. MAIN RESULTS

It is an old result (see [9]) that if v : [—7, 7] — R is a point function defined
by v (z,t) = S 2 Tx(z,t) + (x — t) /2, where T'(x,t) = sin[k (x — t)] /k,
for every fixed t € (0, ), then the dispersion of function values on [—m, 7] is
as follows

5, ifze[-m,1)
v(x,t) =<0, ife=t . (3.1)
% if x € (¢, 7]
Let v : Z([—m,n]) — R be the associated interval function of . If I €

Z([—m,n])and v (I,t) =7 (v,t) — 7 (u,t), where v and v are the endpoints
of I, then

+00 I ™, lf t e Znt[
y(ILt) =) Tl t)+ 3 =35 iftistheendpoint of I, (3.2)
k=1 0, ift¢l

where T'y(I,t) = T'g(v,t) — T'k(u,t). In addition, let E C (—m,m) be a set
of Lebesgue measure zero at whose points an arbitrary point function F,
defined and differentiable to f on [—m, 7] \E, can take values oo or not
be defined at all and ¢ ¢ E. If we introduce the analysis of the interval
function 7y (I,t) AF,,(I), as the product of the two interval functions v (I, t)
defind by (3.2) and AF.,(I), whenever I € Z ([-m,7]), then, according to

Definition 5,
™
H1 — 'Ut/
—Tr

where Gy, (z,t) = cos [k (z — t)] is the Moore-Smith limit of I'y(1,t)/Ax (1),
since f (t) is the Moore-Smith limit of interval function ¢ (I)= (AF.;/Ax)
(I) at the point t and therefore there exists a gauge § on [—7, 7] such that
for every € > 0 there exists a J-fine partition P,_[—m, 7] such that

((YPer) (P [=70, 7] 8) = f (8)] = 7 |pea ([, bir ) — f ()] <7e,  (3.4)

whenever P, -7, 7| € (P, -7, 7)), (P [-7,7]) € (Ps|—m,7],<) and P,_
[—m, 7] < P, [—m, 7], where [a;,, b;,], are the subintervals [a;,,b;,] to which
the point ¢ belongs.

On the other hand, considering the fact that Zﬁf{ I'k(I,t) converges
on [—, 7] it follows that > /% (Ty/Az) (P [-m,7],t) = (3225 Tx/Ax)(P
[—7, 7], t), for every P [—m, ] € P [—m,w]. Hence, (3.3) becomes the Fourier

f(x)de=mf(t), (3.3)

+o00 1
Gy (z,t) + B
k=1
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series of f at the point ¢, as follows

fZHl—vt Gk(:r: t)f(m)d:n+217rH1—vt/_7rf(m)d:v:f(t). (3.5)

The following theorem gives us the opportunity to compute the Fourier
coefficients for a function that can take not only finite but infinite values
within [—m, 7], using the H;-integral, [9].

Theorem 1. For [—m, 7] € R let E C (—7, ) be a set of Lebesgue measure
zero such that a primitive F is defined and differentiable on [—m, 7| \E and
its derivative f can take values oo or not be defined at all and let t €
(0,7)/E. If Gy (z,0)dF (z) = Gi (x,0) f (z) dz, as the Moore-Smith limit
of Gy, (z,0) AF.y (I) on [—m, 7], where I € I ([—m,x]), is basically summable
(BSs) on E to the sum Ry and Gy (x,0) ferz (x) is Hi-integrable to a real
number Ay on [—m, |, for each k € N, then

Hy — vt Gi (z,t) f (x)dx = Hy — Gi (z,t) f (x)dz + Ri..  (3.6)
Proof. Let F, and f., be defined by (2.3). Since the point function Gy, (z,0)
fex (z) is Hi-integrable to a real number Ay on [—7, 7] and Gi (z,0) dF (x)
is (BSs) on E to Ry, for each k € N, it follows from Definitions 2 and 6 that
there exists a gauge 01 on [—m, 7] such that for every € > 0 there exists a
d1-fine partition P,_[—m, 7] such that

[(GrfexAz) (P [—m,7],0) — Ag| <,

whenever P, [—m, x| € (P, [-7,7|), (P, [-7,7]) € (Ps, [-m,7],<) and P,_
[, 7] < P, [—m, 7], as well as a gauge d2 on [—m, 7] such that for every
e > 0 there exists a d,-fine partition P, [—m, 7] such that

|(GkAFea: kae:pr)( [ ™ 7'['] |E ) ) §Rk| <kg,

whenever P, [—7, 7| € (P, [—7,n]), (P, [—7,7]) € (Ps, [—7,7|,=<) and P,_
[, 7] < Py [—m,7]. In add1t1on fex () = 0 on E and G, (z,0) dF (x) is the
Moore-Smith hmlt of Gy, (z,0) AF(I) on [—m, 7| \E, that means that there
exits a gauge d3 on [—m, 7] such that for every € > 0 there exists a da-fine
partition P,_ [—m, 7] such that

(GHAF = GifAx) (P, [~m, 7] \Py [~ 7] | ,0)] < 2re,

whenever P, [—m, 7| € (P, [-m,7|), (P, [-7,7]) € (Ps, [-m,7],=<) and P,_
[—7,m] < P, [—7,m]. A gauge 6 may be chosen so that § () = min (§; (x),
92 (x),03 (z)) on [—7,w]. Hence, there exists a gauge § on [—, 7] such that
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for every € > 0 there exists a d-fine partition P,_[—m, 7] such that

(GrAFe) (P [—7,7],0) — A, — Ri| < [(GrfeaDz) (P [—7,7],0) — Ay
+ [(GrAFer — Gpfea Ax) (P [—7, 7], 0) — Ry|,

that is,
‘(GkAFew - kaeach) ( [ ] 70) §Rk|
< |(GRAF — Gk.anf) (P, [=m, 7| \Py [-7, 7] |E ,0)]
+ ’(GkAFex kaean}) (Pn [ 77'('] ‘E ,0) — %k‘ < (271' + 1) g,
whenever P, -7, 7| € (P, -7, 7|), (P [-m,7]) € (Ps|—m,7],<) and P,_

[—7, 7] < P, [—m, 7], so that there exists a gauge d on [—m, 7] such that for
every € > 0 there exists a d-fine partition P,_[—m,n] such that

(GrAFey) (P [—m,7],0) — A — Ri| <2(1+7)e,

whenever P, -7, 7| € (P, -7, 7)), (P [-m,7]) € (Ps|—m,7],<) and P,_
[-7, 7] < P, [—m,n]. Therefore,

Hy — vt Gr (2,0) f (z)dx = Hy — Gi (2,0) fex () dz + Ry

—T —T

O

If H(x) is the Heaviside (unit) step function, then dH (x) = 6 (z)dx,
where § (z) is the Dirac delta function that is zero everywhere except at zero,
is the Moore-Smith limit of the interval function AH (1), associated to H (z),
on [—m,m| \Ep, where Ey = {0}. Since there exists a gauge § on [—m,7]
such that for every ¢ > 0 there exists a 0-fine partition P,_[—m, x| such
that |[AH(P, [-m,7]) — 1| < ¢ and |[(GxkAH)(P, [-m,7],0) — 1] < €, when-
ever P, [—m, 7| € <P [—7, 7)), (P [-m,7]) € (7753[ ), <), Po [—m, 7] <
P, [—m, 7| and k € N, it follows from Definition 5 that

Hy — ot Gr (z,0)dH () =1, (3.7)
for each k € Ny, where Ng = NU {0}.

By Theorem 1 and Definition 6, we see that Hy — [7_ Gy (,0) 0ey (2) do =
0, for each k € Ny, since Gy, (z,0) dH (z) are basically summable (BSs) to
1 on Ej, for each k € Ny. Finally, it follows from (3.5) that

+oo
S Gr(0,1) + % — x5 (8, (3.9)
k=1

at every point ¢ belonging to the set [ 7,7 \Eo. This confirms that ;5 G
(z,t) is the Moore-Smith limit of "> T'x(I,t)/Ax (I) on [~7, 71| \ Ey, where
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E; ={t} and t € (—m, 7). In addition, for any real-valued periodic function
f (z) of period 2w, which is defined at a point t € (—m, ), it follows from
(3.5) that

TI'f(t):Hl—Ut/ﬂﬂ’(S(aj‘—t)f(J))dJ?
m +too N 1 +oo T
_Hlvt/ [ZGk(x,t)+§]f(x)dx:ZH1fvt Gy (z,t) f (z) dz
T k=1 k=1 -
—I—%Hl—vt 7rf(x)da: (3.9)
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