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COINCIDENCE POINT OF FOUR COMPLETELY
RANDOM OPERATORS SATISFYING GENERALIZED
WEAK CONTRACTIVE CONDITIONS

PHAM THE ANH

ABSTRACT. Contractive conditions were investigated by various authors
(see, e.g [4], [9], [13], [24]). In [22], we introduced the notion of com-
pletely random operators and proved some properties of such operators.
The purpose of this paper is to present some results on the existence
of random coincidence points of four completely random operators sa-
tisfying generalized weak contractive conditions. Some applications to
random fixed point theorems and random equations are given.

1. INTRODUCTION

Let (2, F, P) be a probability space, X, Y be separable metric spaces and
f:QxX — Y be arandom operator in the sense that for each fixed x in X,
the mapping f(.,z) : w+— f(w,x) is measurable. The random operator f is
said to be continuous if for each w in €, the mapping f(w,.) : z — f(w,z)
is continuous. An X-valued random variable £ is said to be a random fixed
point of the random operator f: Q x X — X if f(w,&(w)) =¢§(w) a.s. and
an X-valued random variable £ is said to be a random coincidence point of
the random operators f,g: Q x X — X if f(w,&(w)) = g(w,&(w)) a.s.

The theory of random fixed points and random coincidence points is an
important topic of the stochastic analysis and has been investigated by var-
ious authors (see, e.g. [5], [6], [7], [8], [10], [14], [15], [16], [17], [18]).

In this paper, we are concerned with mapping ® : L (Q) — L ().
Since a random operator f can be viewed as an action which transforms
each deterministic input x in X into a random output f(x) in L§ (£2) while
® : LF(Q) — LY (Q) can be viewed as an action which transforms each
random input u in Lg (Q) into a random output ®u in LY (Q), we call ® a
completely random operator. In the Section 2, we recall some properties of
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completely random operators. Section 3 deals with the notion of random co-
incidence points of completely random operators and gives some conditions
ensuring the existence of a random coincidence point of four completely ran-
dom operators satisfying generalized weak contractive conditions. It should
be noted that the existence of a random coincidence point of completely
random operators does not follow from the existence of corresponding de-
terministic coincidence point theorem as in the case of the random operator.
In the Section 4, some applications to random fixed point theorems and ran-
dom equations are presented.

2. PRELIMINARIES

Let (€2, F, P) be a complete probability space and X be a separable Ba-
nach space. A mapping £ : 2 — X is called an X-valued random variable if
€ is (F, B(X))-measurable, where B(X) denotes the Borel o-algebra of X.
The set of all (equivalent classes) X-valued random variables is denoted by
Lé( (©) and it is equipped with the topology of convergence in probability.
For each p > 0, the set of X-valued random variables £ such that E||£||P < oo
is denoted by L?(Q).

At first, recall that (see, e.g. [20]).

Definition 1. Let X,Y be two separable Banach spaces.

(1) A mapping f : Q x X — Y is said to be a random operator if for
each fixed z in X, the mapping w +— f(w, z) is measurable.

(2) The random operator f:Q x X — Y is said to be continuous if for
each w in € the mapping = — f(w, ) is continuous.

(3) Let f,g : 2 x X — Y be two random operators. The random
operator ¢ is said to be a modification of f if for each x in X, we
have f(w,z) = g(w, ) a.s.

Noting that the exceptional set can depend on .

The following is the notion of the completely random operator.

Definition 2. Let X,Y be two separable Banach spaces.

(1) A mapping ® : L{(Q) — LY (Q) is called a completely random
operator.

(2) The completely random operator @ is said to be continuous if for
each sequence (uy,) in L (Q) such that limwu, = u a.s., we have
lim ®u,, = ®u a.s.

(3) The completely random operator @ is said to be continuous in prob-
ability if for each sequence (u,) in L () such that limwu, = u in
probability, we have lim ®u,, = ®u in probability.
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(4) The completely random operator ® is said to be an extension of a
random operator f: Q x X — Y if for each z in X
dr(w) = f(w,x) as.
where for each = in X, x denotes the random variable u in Lg ()
given by u(w) =z a.s.

Introducing the definition of completely random operator, we proved the
following theorems.

Theorem 1. [22, Theorem 2.3] Let f : Q@ x X — Y be a random opera-
tor admitting a continuous modification. Then, there exists a continuous
completely random operator

DLy () — Ly ()
such that ® is an extension of f.
Proposition 1. [22, Proposition 2.4] Let ® : Li(Q) — LY (Q) be a com-

pletely random operator. Then, the continuity of ® implies the continuity in
probability of ®.

3. RANDOM COINCIDENCE POINTS OF FOUR COMPLETELY RANDOM
OPERATORS

Let f,g:Q x X — X be random operators. Recall that (see, e.g. [3], [5],
[7], [18]), an X-valued random variable £ is said to be a random fixed point
of the random operator f if

fw,§(w)) =¢(w) as.
An X-valued random variable u* is said to be a random coincidence point
of two random operators f, g if

Flw, (@) = glw,u* (@) as.
Assume that f,g are continuous. Then, by Theorem 1 the mappings
O, W LF(Q) — LE () defined respectively by
Pu(w) = f(w,u(w))
Yu(w) = g(w, u(w))
are completely random operators extending f and g, respectively. For each
random fixed point & of f, we get

P¢(w) =&(w) aus.
and for each random coincidence point u* of two random operators f, g, we
have
Pu*(w) = Pu*(w) a.s.
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This led us to the following definition.

Definition 3. (1) Let @ : LFE(Q) — LE(Q) be a completely random op-
erator. An X-valued random variable ¢ in L{ (2) is called a random
fixed point of @ if

o¢ = ¢.
(2) Let @1, ®,...,®, : LF(Q) — LF(Q) be completely random opera-
tors. An X-valued random variable u* in L () is called a random
coincidence point of &1, ®o, ..., P, if

Pyt = Pout = = P u". (1)

(3) Let ®,7 : LE () — L () be completely random operators. A pair
of completely random operators (®,7T) is called weakly compatible
pair if they commute at coincidence points.

In this section, we present some conditions ensuring the existence of a
random coincidence point of four completely random operators.

Theorem 2. Let f : [0,00) — [0,00) be a function such that f(0) =
0,f(t) <t, a:[0,00) = [0 o0) be continuous, nondecreasing function sat-
isfying ot + u) < a(t) + a(u) for all t,u > 0 and «(t) = 0 if and only if
t =0. Put
h(t) = inf Ss) vt > 0. (2)
s>t o)

Assume that h(t) >0 VYt >0, ®, ¥, S and T be four probabilistic completely
random operators satisfying following conditions

(a) S(LX(Q)) T(LE () are closed in L (2);

(b) ®(Lg () € T(LF(Q)), T(LF(Q)) C S(LF ()

(

c) for any random variables u,v in L () and t > 0, we have
Pa(||®u—Wol) > 1) < P(a(||Su—Tv|) = f(a([Su—Tvl))>1t). (3)

Then, the pairs (®,5) and (V,T) have a random coincidence point
if there exist a random variable ug in L () and p > 0 such that

M = Ela (||Pug — Yuq|)]P < oo (4)

where uy s a random variable satisfying Tu; = Pug.
And ®, ¥, S and T have a random coincidence point if the follow-
ing condition is satisfied
(d) the pairs (®,S) and (U, T) are weakly compatible.

Proof. Suppose that Ela (|®ug — Yuq|])]’ < oo where uy is the random
variable satisfying Tu; = ®ug for some random variable ug in Lg (Q) and
p > 0. By the assumption (b), there exists a random variable us in Lg ()
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such that Sus = Wu;. By induction, there exists a sequence (u,) in Lg (Q)
such that

Tuy = Pug, Sug = VYuq, ..., Tuspy1 = Puopn, Susnte = Yusnsr n=0,1,...
(5)
We will show that (&,) given by
Eon = Pugp = Tugnt1;  Eont1 = Yugpy1 = Sugnsa n=0,1,...  (6)
in (5) is a Cauchy sequence in L (€2). Define the function g(¢),t > 0 by
f(t)
t)=1—-—=.
9(t) ot)

So, we have
f@t) = (1 —=g(t) alt).

Since f(t) >0 Vt >0, we get g(t) <1 V¢t > 0. For any random variables
u,v in L (), we have

P(a([[®u—Wol)) > 1) < P(a(|Su—Tol) = f(a(|Su—To[))) > ).

Equivalently,

P(a(|®u—Yol)) > 1) < P(g(a([[Su—Tol)) a(||Su—Tvl) > ). (7)
Fix t > 0. For each s >t > 0, we have

o) =1- 1 <1t = a(0)
Since g(t) < 1, we get
{g (a([|Su—Tv[))) a(||Su—Tol) >t} C {a([[Su—Tv|) > t}.
Hence,

P(a([|[®u — Yol) > 1) < P(g(a (|Su—To|)))a (| Su—To]) > t)
= P(g(a (|Su—Tv|)))a (|Su—Tv|) > t,a([|Su—Tv|) > 1)
(g ([|Su—Tol) > t,a(|Su—Tv|) > 1)
(q(t)ex ([|Su —Twll) > t)
= P(a([|Su—Tvl) > t/q(t)) = P(a([|Su—Tv[) > t/q)
where ¢ = ¢(t). Noting that ¢ < 1 since h(t) > 0.
From this for each n, we obtain
P(a([[&2nr2 — &onta) > 1) = Pla([|Puant1 — Yuznal]) > t)
< P(o(|[Suznyz — Tuzn41l]) > t/q)
= P(a([&n+1 — &nll) > t/9),

<P
<P



126 PHAM THE ANH

and

Pla([|€2n+1 — &anll) > 1) = Pl ([[Quzn — Yuznia|]) > 1)
< P(a(||Suzn — Tugni1l|) > t/q)
= P(Oé (”5271 - 5271*1“) > 7f/q)'

By induction and the Chebyshev inequality, we get
Pla([&nv1 = &all) > 8) < Pla([|€n — &nall) > t/q)

IA A

P(a(||& = &ol)) > t/q™)
= P(a([|Wuy — Qug||) > t/q")
q"’

-

< Bl (|ou — v P LY = s

Let r = 2 where ¢ <2 < 1. Then,r>1and(r—1)( —|— L+ )+
L —1 vym>1. Thus,foranyt>0,nZ2andminN,wehave

r

Pla(lgntm = &all) > 1) < Pl (€nsm = &all) > (1 = Tim)t)

S P(a (”€n+m - én-l—m—lH) > t(r - 1)/7"")
+ o+ Pla([[énsr = &ll) > tr = 1)/)
M m\p(ntm—1\p , | P(q™\P
< o @ ]
M NAP P pim— p
= g @ @ e a]
_ M n prpl — (qr)mp
R T
MrP

< q? n>2

[(r = D)tP[1 = (qr)7]
which tends to 0 as n — oo. This implies that (&,) is a Cauchy sequence in
LE(Q). Hence, there exists ¢ in L{ () such that p-lim¢, = . From the
assumption (a), there exists u* in L (Q) such that Su* = £. So, we have
P(a([|®u* - §2n+1|!) >t) = P(a(]|®u” = Yugnia|]) > t)
P(a(||Su” = Tugnia|)) > t)
(I15u” = Tugnia|]) = f (a (|Su” — Tugna])) > t)
(15w = Tugn1ll) > t/q)
( )

H€ - §2nH) > t/q

< P(a
<P(a
P(«a
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Let n — oo, we get P (a(||®Pu* —¢]||) >t) = 0 for all ¢ > 0 implying
du* = € a.s. Hence, £ = du* = Su* a.s and u* is the random coincidence
of ¢, 5.

From the assumption (a), there exists v* in L{ () such that Tv* = €.
So, we have

P (a(||gan = Wo*[) > 1) = [Puzn — Wo™||) > 1)

[Suzn — Tv|]) > 1)

[Sugn — To*||) = f (a (| Suzn=Tv"|))) > #)
[Suzn —Tv*|)) > t/q)

(I&2n—1 = &ll) > t/q) .

Let n — oo, we get P (a (]| — Yv*||) >¢) = 0 for all £ > 0 implying
Uov* = € a.s. Hence, £ = Uv* = Tv* a.s and u* is the random coincidence
of U, T.

If the condition (d) is satisfied, because ® and S are weakly compatible,
we have ®€ = dSu* = SOu* = S€. Agains, ¥ and T are weakly compatible,
then ¢ = UTu* = TYu* =TE. So we have

P(a(|®6 —el) > t) < P(a (S —T¢|) — f (e (][S§ —T¢[)) > 1)
= P (a([|®€ — ¥E[|) — f (a (@€ — ¥e])) > 1)
= P (a (|| — W¢[]) > t/q)
for all ¢ > 0. Then we have P (t < « (||®§ — ¥¢||) < t/q) for all ¢ > 0. Thus,

a(||®€ — ¥E||) = 0 a.s., which implies ¢ is random coincidence point of
® U, S and T. U

Theorem 3. Let ®, ¥, S, T : LiF(Q) — L (Q) be completely random op-
erators, [ :]0,00) = [0,00) be a continuous, increasing function such that
£(0) =0, limy_,o0 f(t) = 00, q be a positive number in (0,1) and « : [0, 00) —
[0, 00) be continuous, nondecreasing function satisfying o(t+u) > a(t)+a(u)
for all t,u >0 and a(t) =0 if and only if t = 0. If

(a) S(LE (), T(LF(Q)) is closed in L (2);

(b) ©(L§ () € T(LF (), T(Lg () € S(L ()

(c) for any random variables u,v in L{ () and t > 0, we have

Pa(|®u—Wol)) > f(t) < P(a(|[Su—Tul) > f(t/q) - (8)

Then,

(1) Assume that there exists a number ¢ in (q,1) such that

(
(
(
(

IAIA A
e R A
TR

S A < oo 9)
n=1
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Then, the pairs (®,S) and (¥,T) have a random coincidence point
if there exist a random variable ug in L () and p > 0 such that

M = iggtpP (o ([|Pup — Puy|]) > f(t)) < o0 (10)

where uy s a random variable satisfying Tu; = Pug.
(2) Assume that for each t,s >0

ft+s) = f(t) + f(s). (11)
Then, the condition (10) is also sufficient for the pairs (®,S) and
(¥, T) have a random coincidence point.
(3) If the pairs (®,S) and (U, T) are weakly compatible and (9) or (11)
are satisfied, then ®, W, S and T have a random coincidence point.

Proof. Let g = f~! be the inverse function of f. Then, g : [0,00) — [0, 00) is
increasing with ¢(0) = 0, lim;—,~ g(t) = co. The condition (8) is equivalent
to the following

P(g(a(|®u—Wo|) >1t) < P(g(a(|Su—-Tol))>t/q).  (12)

Let up be a random variable in Lg (Q) such that (10) holds and u; is the
random variable such that Tu; = ®uy. By the assumption (b), there exists
a random variable us in L())( (©) such that Suy = Yu;. By induction, there
exists a sequence (uy) in L () by

Tu1 = ‘1>’U,0, SU2 == \I/ul, e ,TUQn+1 == (I)UQn, S’LL2n+2 == \I]u2n+1 n = 1, 2, e
(13)

Put
Son = Puan = Tugnt1;  Sant1 = Pugnt1 = Suzno. (14)

From (12), for each n, we obtain

P (g (o ([|€anv2 — Eans1ll)) > 1)= P (g (a ([|Puzns2 — Yuzn-1]))) > 1)

< P (g (a(||Suznt2 — Tuzns1ll)) > t/q)

P (g (a(l€2n+1 = &nll)) > t/q),
and
[Puan — Yugni1l)) > t)
[Suzn — Tuzn1l))) > t/q)
[€2n—1 — &2nll)) > t/q)
€2 — Eon—1])) > t/q).

By induction, we obtain for each n

P (g (a([[ént1 = &nl) > 1)
< P (g (e(llg&r = &l)) > t/q") = P (g (a(||Puo — Yul])) > t/¢"). (15)



COINCIDENCE POINT OF FOUR COMPLETELY RANDOM OPERATORS 129

(1) From (10), we have

P (g (0 (|@us — Wual)) > ) = P(a([ug — Vs ) > f (s)) < . (16)
From (15) and (16), we get
P(g (@ (fensn —&al) > 1) < 207 a17)
Taking ¢t = ¢", from (17), we get
np
P(g(a (g —&l) > ) < ML (18)
i.e. np
P (g1 = &ll) > £ (1) < MIZ. (19)
Since

[ele} e np
ZlP(a(ugnH —&ll) > f(e") < le q* < 0

by the Borel-Cantelli Lemma, there is a set D with probability one such
that for each w in D there is N (w)

a([gns1 = &nll) < f(e") Vn > N(w).

By (9), we conclude that Y 7, a (|41 — &nl]) < oo for all w in D, which
implies that there exists lim &, (w) for all w in D. Consequently, the sequence
(€,) converges a.s. to & in L (Q). From the assumption (a), there exists u*
in L () such that Su* = £. So, we have

P (a(||du* — Eonit]) > f(£)= P (a (|®u* — Tuspii|) > f(1))
< P(a(|Tu* — Tugnial]) > f(t/q))
=P (a(]|€ = &nl) > f(t/q)).

Let n — oo, we get P (a(||Pu* —¢]|) > f(t)) = 0 for all £ > 0 implying
Pyt = ¢ = Su* a.s. and u* is the random coincidence of @, S.

Again, from the assumption (a), there exists v* in Lg (Q) such that Tv* =
&. So, we have

P(a(([€an — To*|)) > f(2))

P (a(|[Puzn — Wo*[) > f(1))
P (o ([|Sugn — ®0™[]) > f(t/q))
P(a([&2n-1—=¢l) > f(t/q) .

Let n — oo, we get P (a(||€2n, — Yv*||) > f(t)) = 0 for all ¢ > 0 implying
Uo* =& =Tv* a.s. and v* is the random coincidence of ¥, T

IN

(2) Tt is easy to see that for each ¢, s > 0
g9(s +1) < g(t) + g(s)-
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Hence, for a = E;Zl si, we have

g(ia ([&n+i — §n+i—1H)) > a>

i=1

Zg H£n+z £n+i71H)) > a)

=1

| /\

P(g (O‘(”fn-‘rl - an)) >a S (

Ms

< P(g(a(lénti — &nri-tll)) > si).
i=1
From (10), we have
M (n+i—1)p
P (g (@ ([€n+s = Ensrimal) > 81) < ———. (20)

(2

Put r = £ where ¢ <2 <1 and s; = s(r — 1)/rt. An argument similar to
that in the proof of Theorem 2 yields

lim P (g (& ([[€ntm —&nll)) > s) =0 Vs >0,

n—oo

SO
nli_)l’ngP(Ck(”gn_Fm - fn”) > f(s)) =0 Vs>0.

Thus, we obtain

hm P(a(|nsm —&nl)) >t) =0 Vt>0.

Consequently, the sequence (§,,) converges in probability to £ in Lé< (Q).
By the same argument as above, we receive that the pairs (®,.S) and (¥, T)
have a random coincidence point.

(3) Because ® and S are weakly compatible, we have ®¢ = &Su* = SPu* =
SE&. Agains, ¥ and T are weakly compatible, then ¥¢ = VTu* = TYu* =
T¢. So we have

P(a (|9 —¥el)> f(t) <P (a(||S€—T¢|)— f (a (|15 = T¢])) > f(t/q))
= P(a(||®5—wEl) > f(t/q))

for all t > 0. Then we have P (f(t) < a (||®€ — VE||) < f(t/q)) for all t > 0.
Thus, « (]|®€ — ¥¢||) = 0 a.s., which implies £ is random coincidence point
of ®, ¥, S and T.

O
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4. APPLICATIONS TO RANDOM FIXED POINT THEOREMS AND RANDOM
EQUATIONS

In this section, we present some applications to random fixed point theo-
rems and random equations.

Theorem 4. Let ® : L{(Q) — LE(Q) be a completely random operator,
f:[0,00) = [0,00) be a continuous, increasing function such that f(0) =
0,limy 00 f(t) = 00 and q be a positive number in (0,1) and « : [0,00) —
[0,00) be continuous, nondecreasing function satisfying a(t+u) < a(t)+a(u)
for allt,u >0 and a(t) = 0 if and only if t = 0. Assume that for each pair
u,v in L (Q)

P(a([|[®u—Pol)) > f(t) < P(a(llu—vl) > f(t/q)). (21)
Then

(1) Assume that there exists a number c in (q,1) such that

Zf(c”) < 00. (22)
n=1

Then, ® have a unique random fized point if there exist a random
variable ug in Li(Q) and p > 0 such that

M = supt’P (oz(H@uo—(I)QuoH) > f(t)) < oo. (23)
>0
(2) Assume that for each t,s >0
ft+s) = ft) + f(s)- (24)

Then, the condition (23) is also sufficient for ® to have a unique
random fized point.

Proof. Consider the completely random operators ¥, .S and T given by Yu =
du, Su = Tu = u. By Theorem 3, ® and ¥ have a random coincidence point
& which is exactly the random fixed point of ®.

Let &, be two random fixed points of ®. Then, for each ¢ > 0, we have

Pla(l§=nl) > f(#t) = P(a(l®s - 2nl) > f(#))
< Pla(llE =nll) > f(t/q)).
By induction, it follows that

Pla(ll€=nll) > f(t) < P(a(ll€ =nll) > f(t/q")) Vn.

Since lim,,,~ f(t/q") = +00, we conclude that P (a(||€ —nl||) > f(t)) for
each ¢t > 0. Hence, g(a (|| —n]])) =0 a.s., with g is the inverse function
of f. So, we have £ =7 a.s. as claimed. ([
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Theorem 5. Let ®,5 : LF(Q) — L (Q) be completely random operators,
f:1]0,00) = [0,00) be a mapping such that f(t) = 0 if and only if t = 0,
f(t) <t Vt>0and a:[0,00) = [0,00) be a continuous, nondecreasing
function satisfying a(t +u) < a(t) + a(u) for all t,u > 0 and a(t) = 0 if
and only if t = 0. For each t > 0, define

(25)

Assume that h(t) >0 VYt >0 and
(a) S(LX(Q)) is closed in L (Q);
(b) @(L§ () C S(Lg ());
(c) For each pair u,v in L (Q) and t > 0, we have
Pa(|®u—@v])) > ) < P(a([|Su—Sol) — f (e (|Su = Svl])) > t)(; |
26
(d) the pair (®,S) is weakly compatible.
Then, ® and S have a unique common random fixed point if there exist a
random variable ug in Li(Q) and p > 0 such that
M = Ela (||Pug — Quq|))]P < oo (27)

where uy is the random variable satisfying Suy = Puyg.

Proof. Suppose that (27) holds. By Theorem 2, there exists u* such that
du* = Su* =&. For t > 0, we have

P(a (@€ =&l)) > t) = P(a(®§ — u’) > 1) < P(a([SE - Su™|]) > t/q)
= P(a(|SPu” —¢l) > t/q) = P(a(®Su™ — &) > t/q)
= P(a(og &) > 1/a).
By induction, it follows that P (a (||®€ — &) > t) < P (a ([P —&||) > t/q")
for any n € N. Let n — oo, we have P (a (||®§ —¢£]||) >t) = 0 for any
t > 0. Thus, & = € i.e. £ is a random fixed point of ®. We have
S& = SPu* = dSu* = & = ¢. So € is also a random fixed point of S.

Let & and & be two common random fixed points of ® and S. For each
t > 0, we have

Pa(|a—&l)>t) = P(a(|®& — &) > t) < P (a(||S& — S&l|) > t/q)
=P (a(||é1 = &) > t/q) > t/q)
<< Pla(é—-&ll) >t/q").

Let n — oo, we have P («a (||[§&1—&2||) >t) = 0 for all ¢ > 0. Hence, & =
. (]
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Corollary 1. Let ® : LF(Q) — L (Q) be a completely random operator.
Assume that there exists a number q in (0,1) such that

Pa(|®u—v) > ) < P(a(|u—wvl)>1t/q)

for all random variables u,v in L{(Q) and t > 0, and a : [0,00) — [0,00)
be a continuous, nondecreasing function satisfying a(t + u) < a(t) + a(u)
for all t,u > 0 and a(t) = 0 if and only if t = 0. Then, ® has a unique
random fized point if there exist a random variable ug in Léf(Q) and p >0
such that

E[a (H<I>u0 — <I>2u0H)]p < 00.

Proof. Consider S : L () — L (2) given by Su = u, the function f(t) =
(1—¢g)t and h(t) =1 —¢g > 0. Then ®,S and f(t) satisfy the conditions
stated in the Theorem 5 and ®, S commute. Thus, ® and S have a common
random fixed point & i.e. ® has a random fixed point &. U

Theorem 6. Let ®,5 : LF(Q) — L () be probabilistic completely random
operators where

Pla(||®u—vl)) > f(1)) < P(a(|[Su—Svl) > f(t/q)) (28)

for all w,v in LF(Q), t > 0 and f : [0,00) — [0,00) be a continuous,
increasing function such that f(0) = 0,lim_,~ f(t) = oo satisfying either
(22) or (24) and q is a positive number, « : [0,00) — [0,00) is continuous,
nondecreasing function satisfying a(t +u) < a(t) + a(u) for all t,u > 0 and
a(t) =0 if and only if t = 0. Consider random equation of the form

du — ASu=n (29)

where X is a real number and 1 is a random variable in L ().
Assume that

S(LE(Q)) is closed in L (Q) (30)

O(Lg () CAS(Lg () +1 (31)
r(#)

M TE @

where ¢’ in (0,1). Then the equation (29) has a unique random solution if
there exist a random variable ug in L () and a number p > 0 such that

M = sup t"P (o (|A|[|®uo — Pua]) > f (t)) < o0 (33)
t>0

where uy is a random variable satisfying Su; = W.
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Proof. Suppose that the condition (33) holds. Define a completely random

operator © by
Pu —n

Ou = 3

From (31) and (33) it follows that
O(Lj ()  S(Lg (@)
M =supt’P (a (||@ug — Ouq]|) > f(t)) < oo.
>0

where u; is a random variable satisfying Su; = q)“?\_” = Oug.Let g = f~be

the inverse function of f. Then, ¢ : [0,00) — [0, 00) is continuous, increasing
with ¢(0) = 0,limy—o g(t) = oco. For each ¢ > 0, there exists ¢’ so that
F@) =|Af(t) ie. ' =g(JAlf(t)). So, we have

P(a([|0u—00l)) > f (1)) = P(a([|®u—2v]) > [Af(?))
(o ([@u — @v])) > £ ())
(a |Su— Sv||) > f (t /q))

<a 15U — Sl]) >f<t qqi))
(

i,t) Then, we deduce g (JA\|f (t)) >

From (32), we receive |A|f (t) > f

%t. So, t' > % t and qq—i > 1. Hence,

P(atisu=sul)> £ (525)) < P adlisu=so) > £ (1)
which implies

P(a([|0u—0vl) > f () < P(a(|Su—Svl) > f(t/d))-
Consequently, © and S satisfy the conditions stated in the Theorem 3.

Hence, © and S has a random coincidence point ¢ i.e. the equation (29) has
a random solution &. O

q

Corollary 2. Let ® : Ly (Q) — L{() be a completely random operator
satisfying the following condition

P(a([|[®u—Pvl)) > f(t) < P(a(lu—vl) > f(t/q9) (34)
for all w,v in LE (), t > 0, where f : [0,00) — [0,00) is a continuous,
increasing function such that f(0) = 0,lim;,~ f(t) = oo satisfying either
(22) or (24) and q be a positive number, « : [0,00) — [0,00) is continuous,
nondecreasing function satisfying a(t +u) < a(t) + a(u) for all t,u > 0 and
a(t) = 0 if and only if t = 0. Consider random equation of the form

Qdu— Au=n (35)
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where X is a real number and 1 is a random variable in L (€2).
Assume that

X 2 sup f§<>> (30

where ¢' in (0,1). Then the equation (35) has a unique random solution if
there exist a random variable ug in L () and a number p > 0 such that

M = Su%)tpP (a (|A|)|Pug — QPur|]) > f (1)) < o0 (37)
t>

where u; = qu’\_".

Proof. Apply Theorem 6 for the completely random operator S given by
Su = u. O

Corollary 3. Let ®,5 : LE(Q) — L (Q) be two completely random opera-
tors satisfying the following condition

Pa(||®u—®vl]) > ) < P(a(][Su - Sv|) > t/q) (38)

where o : [0,00) — [0,00) is continuous, nondecreasing function satisfying
alt +u) < a(t) + a(u) for all t,u > 0 and a(t) = 0 if and only if t = 0.
Consider the random equation

du—ASu=n (39)

where A is a real number and n is a random variable in Lff((l), p> 0.
Assume that

S(LE(Q)) is closed in L (Q)
®(Ly (2)) C AS(Ly () + 11
Al > g.

Then, the random equation (39) has a solution if there exists a random
variable ug in Li(Q) such that

Ela (||| @uo — Pual])]” < oo (40)
where uy is a random variable satisfying Su; = W.

Proof. Suppose that there exists a random variable ug in Lg (Q2) such that
(40) holds. So, ® and S satisfy (34) where f(t) = ¢. Take ¢ < s < ||, then

¢ =q/s <1 and
q
q 7/ (#)
g  f@)
Moreover, for each t > 0, by the Chebyshev inequality, we have
tPP (a (|A]|Pug — Puql|) > t) < Ela (|A]||Pug — Puql)]P < oo.

IA| > s =
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Hence, the condition (33) is satisfied. By Theorem 6, we conclude that the
equation (39) has a random solution. O

Taking the completely random operator S given by Su = u, we obtain:

Corollary 4. Let ® : LF(Q) — L (Q) be a completely random operator
satisfying the following condition

P(a(||®u—dv]) > ) < P(a(u—wvl)) >t/q) (41)

where a : [0,00) — [0,00) is continuous, nondecreasing function satisfying
alt +u) < at) + a(u) for all t,u > 0 and a(t) = 0 if and only if t = 0.
Consider the random equation

du— A\u =17 (42)

where X is a real number satisfying |\ > q and n is a random variable
in Li((Q), p > 0. Then, the random equation (42) has a unique random

solution if there exists a random variable ug in L () such that

Ela ([A[[|@up — Pus))]” < oo (43)

where u; = %.
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