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ON CODIMENSION GROWTH OF GRADED
PI-ALGEBRAS

DUSAN PAGON

Dedicated to the memory of Professor Marc Krasner

ABSTRACT. Two finite dimensional simple Lie algebras over an alge-
braically closed field are isomorphic if and only if they satisfy the same
polynomial identities (A. Koshkulei, Y. Razmyslov, 1983). As an al-
ternative approach to the characterization of finite dimensional simple
Lie algebras, some numerical invariants of the algebra identities can be
used. We associate with a finite dimensional Lie algebra L a sequence
of integers ¢, (L), called the n-th codimensions of L. It appears that
these quantities grow asymptotically like k™, for some nonnegative inte-
ger k < dim L (A. Giambruno, M. Zaicev, 1999). Moreover, k = dim L
iff algebra L is simple.

1. INTRODUCTION

Color Lie superalgebras as a natural generalisation of Lie algebras and
Lie superalgebras play an important role in mathematics and some parts
of physics. To the first significant results in their investigation belong the
J. Feldvoss’s description of the representations of color Lie superalgebras
[5], as well as R. Farnsteiner’s studies of derivations and central extensions
H?(L,L) of graded Lie algebras over finite fields GF(p*) [4] in 90s. Some
years later M. Wilson [19] and K. Price [13] investigated the universal en-
veloping algebras of color Lie superalgebras, while M. Scheunert and R.
Zhang introduced and studied their cohomology groups [17, 18]. In this
survey we list some latest results related to various graded algebras and
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their polynomial identities. At the beginning we shortly recall the main
definitions.

Let F' denote an arbitrary field, F* = F'\ {0} the group of its units and
(G, +) some abelian group. An algebra A over F' is called G-graded if we
have the grading of the related vector space A = € e A, and the condition
AgAp C Agyp holds for all g, h € G. Traditionally, in case of a Lie algebra
L the product of two elements x,y € L will be written with a Lie bracket:
[z, 9]

An element = of a G—graded algebra A is said to be homogeneous of
the degree g when there exists such g € G that x € A,. Evidently, each
element of a G—graded algebra A has a unique presentation as the sum
of homogeneous elements x = Zle Zg,, where each z,4 belongs to some
component A, .

We call a subspace U C A homogeneous (graded) if for each element
T = Zle x4, from U this subspace contains all its homogeneous components
Zg,. In a similar way a graded subalgebra K C A and graded ideal I < A of a
G—graded algebra A are defined.

Finally, to introduce color Lie superalgebras we need some special scalar
forms, acting on the abelian group G.

A map 8 : GXxG — F*is called a skew-symmetric bicharacter if it satisfies
the following properties for arbitrary elements g, h, k from the group G:

(1) B(g + h,k) = B(g,k)B(h, k);
(2) B(g,h+ k) = pB(g,h)B(g,k) and
(3) B(h,g) = B(g,h)~".

Evidently, the following properties hold for all skew-symmetric bicharacters.

Corollary 1. For every bicharacter 3, acting on abelian group G and all
elements g of the group G we have:

(a) B(0,9) = B(g,0) =1 and
(b) B(g,9) = 1.

A G—graded algebra L is called a color Lie superalgebra or, more precisely,
a (G, B)-color Lie superalgebra for some abelian group G and a bicharacter
B on G if for all homogeneous elements x € Ly, y € Ly, 2 € Lj, we have:

(1) [z,y] = —B(z,y)[y, z] and
(2) Bz, @)z, [y, 2]] + B(z, )|y, [z, 2] + By, 2) 2, [z, y]] = 0.

Here and later on we are always shortening the expressions of the form
B(deg x, deg y) = (g, h) to a more convenient form S(z,y).

The following examples illustrate that all Lie algebras and Lie superalge-
bras are special cases of the just introduced structure.
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1. Every Lie algebra is a color Lie superalgebra, if we choose a trivial group
G = {0} and trivial bicharacter £(0,0) = 1.

2. For an arbitrary abelian group G every G-graded Lie algebra L is a color
Lie superalgebra if we assume that 8(g,h) =1 for all g,h € G.

3. In case of G = Zy and f(i,5) = (—1)"7 for all 4,5 € G our definition of
color Lie superalgebra turns into the usual definition of a Lie superalgebra.

4. Every Lie color algebra is by the definition a (G, )-color Lie superalgebra
with the bicharacter § satisfying the condition 3(g,g) = 1 for all g € G.

5. Finally, if A is an arbitrary G-graded associative algebra and f is a bichar-
acter on G, the bilinear map defined as (z,y) — zy — B(x,y) yz leads to a
color Lie superalgebra structure on A, called the associated color Lie super-
algebra L(A).

The following constructions play an essential role in the studies of color
Lie superalgebras.

For every color Lie superalgebra by a color L-module V we mean a G-
graded vector space V = P gec Vg such that

(1) Vg,h € G L4V}, C Vyyp and
(2) Vm,y € L7 veV [l‘,y]’U = x(yv) - B(xay) y(LL"U)

If both V, W are color L-modules of a color Lie superalgebra L, a mapping
f:V — W, consistent with their gradings, is called a color homomorphism
of degree g € G of the L-modules V and W when we have Vx € Ly, v €
V f(zv) = Blg, h)z f(v).

For any color Lie superalgebra L we call a linear mapping D : L — L its
homogeneous color derivation of degree g € G if Vo € Ly,y € L D([z,y]) =
[D z,y] + B(g, h) [z, D y).

For any color L-module V of a color Lie superalgebra L we call a linear
mapping D : L — V a homogeneous color derivation of degree g € G if and

only if Vo € Ly, y € Ly D([z,y]) = B(g,h) x D(y) — B(g + h, k) y D().

Corollary 2. With each element v of some color L-module V' a so called
inner derivation s associated, defined as ad v :x — zv for all x € L. The
set of all inner derivations Inn(L,V') is a subspace of the graded space of
all color derivations Der(L, V) = @ cq Der(L,V)q and, by definition, the
factor space Der(L,V)/Inn(L,V) = H(L,V) is the first cohomology group
of algebra L with coefficients in the module V.

For an arbitrary color Lie superalgebra L and two color L-modules V, W
we call a bilinear form b : VxW — F invariant (more precisely, L-invariant)
if Ve € Ly, v € Vp,, w € W we have: b(zv,w) = —S(g,h) b(v,zw). In the
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case of V.= W = L the bilinear form b is called associative if b([z,y],z) =
b(x, [y, z]) for all elements x,y, z of algebra L.

Let f : V. — W be a linear function (consistent with the gradings of
modules V., W) of degree g € G. We call f a skew map in relation to a
given bilinear form b if for all v; € Vj,v2 € Vj we have b(vy, f(v2)) =
—0B(g,k) B(h,g + k) b(va, f(v1)). The subspace of all skew color derivations
of a color Lie superalgebra L is usually denoted by SkDer(L).

As usually, we call a color Lie superalgebra simple when it has no non-
trivial graded ideals.

Example 1. For the case G = Zg X Zo = {(a) x (b) and S(a,a) = [(b,b) =
—B(a,b) = 1 all finite dimensional simple color Lie algebras are classified [2].
A series of such algebras have the form of the tensor product L = F[G]®Q of
the group algebra F[G] (with canonical G-grading) with an arbitrary finite
dimensional simple Lie algebra @ (with trivial grading) on which we define
the product as [a'V ® x,a"b! @ y] = (—1)ITFai keIt @ [z, y].

The following two results of Q. Zhang and Y. Zhang [22] illustrate well
the relations between the notions introduced above:
Let L be a color Lie superalgebra and V its color module such that
(a) Vg € G\ {0} H'(Loy,Vy) =0 and
(b) Vg # h Homgp, (Lg>Vh) = {0}.
Then Der (L,V) = Der (L,V)p + Inn (L, V).
For every simple color Lie algebra L and each its nondegenerate associa-

tive bilinear form b the factor group SkDer(L)/ Inn L is color isomorphic to
H2(L, F).

Corollary 3. Let L be a simple color Lie algebra over field F, V a color
L-module and b : L x V. — F an arbitrary nondegenerate homogeneous
invariant bilinear form on these L-modules. Then

(a) for every color derivation D : L — L of degree g the map D =
D + Dy is a color homomorphism of L-modules, where Dy, satisfies
b(va(y)) = IB(g’ k)ﬁ(hag + k) b(y7 Db(m)) for all x € Lp,y € Lg;

(b) whenever a L-module V' is not color isomorphic to L (viewed as L-
module) every color derivation D : L — L is skew.

Next we will focus on the study of some numerical invariants of polyno-
mial identities of finite dimensional simple color Lie superalgebras over an
algebraically closed field of characteristic zero.

2. PI-ALGEBRAS AND THEIR INVARIANTS

It is well known that two finite dimensional simple associative algebras
over an algebraically closed field F' are isomorphic if and only if they satisfy
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the same polynomial identities (consequence of Amitsur-Levitzki theorem
[1]). Similar results were later obtained for Lie algebras (by A. Koshkulei
and Y. Razmyslov [11]) and for Jordan algebras (V. Drensky and M. Racine
in [3]).

An alternative approach to the characterization of finite dimensional sim-
ple algebras by their identities uses some numerical invariants of identities of
algebras. Namely, given an algebra A, one can associate with it a sequence
of integers {cy,(A)}, called its codimensions.

It appears that c,(A) < d"*! where d = dim A. For associative, Lie and
Jordan algebras it has also been proved that ¢, (A) grows asymptotically like
t", where t < d is a nonnegative integer (A. Regev [14], A. Giambruno, M.
Zaicev in [6] and [9], respectively). Moreover, it has been proved that t = d
if and only if A is simple. We start with definitions of all relevant objects.

Let F{X} be a free algebra over an arbitrary field F' with a countable
set of free generators X = {x1,22,...}. A non-associative polynomial f =
f(z1,...,xy,) is said to be an identity of the F-algebra A if f(a,...,a,) =0
for all ay,...,a, € A. The set of all identities of A forms an ideal Id
(A) « F{X} stable under all endomorphisms of F/{X}.

Denote by P, = P,(z1,...,%,) the subspace of algebra F{X} consisting
of all multilinear polynomials in variables z1,...,2,. Then P, N1d(A) is
a subspace of all multilinear identities of algebra A in variables 1, ..., z,.
The non-negative integer ¢,(A) = dim P,,/(P, N 1d(A)) is called the n-th
codimension of algebra A.

If the following limit exists we shall call it the Pl-exponent of algebra
A: Pl-exp (A) = limy 00 ¥/cn(A4). In 1980’s S. Amitsur made a hypothesis
that the PI-exponent exists and it is an integer number for all associative PI-
algebras A (algebras satisfying some polynomial identity). This conjecture
has been so far confirmed for associative and finite dimensional Lie algebras
(A. Giambruno and M. Zaicev in [7] and [20], respectively). On the other
hand, for general (nonassociative) algebras a series of counterexamples with
a fractional value of the above limit were constructed by S. Mishchenko and
M. Zaicev [21].

We examined on the existence of the Pl-exponent the series of simple
color Lie superalgebras from the above mentioned example where @ is a
finite dimensional simple Lie algebra over an algebraically closed field F' of
characteristic zero, G equals (a) X (b) ~ Zo®Zs and B : G x G — F* is some
skew-symmetric bicharacter on G. Then the direct product L = F[G] ® Q
becomes a simple color Lie superalgebra with the following multiplication:
[aibj Rz, akl ® y] — (_1)j+kai+kbj+l ® [x, y].

Defining a linear transformation ad x : L — L as the right multiplication:
ad z (y) = [y, z] we arrive to the Killing form p(z,y) = tr(adx ady) which is
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a symmetric non-degenerate bilinear form on our algebra L. For the given
simple color Lie superalgebras L of dimension d = 4dim ) we are going to
construct some alternating polynomials which are not the identities of these
algebras.

A polynomial f(x1,...,Zm,y1,...,Yn) is said to be alternating in variables
T1,...,T, if it changes sign whenever we switch any two of the variables
x;,x; leaving all the y; fixed. Given a set of unknowns Y = {y1,...,yn},
we then denote by Alty the so called alternation on Y: for an arbitrary
multilinear polynomial f = f(z1,...,%m,¥1,...,Yn) in variables x1,...,y,

this equals to Alty (f) = >, cq (sen o) f(z1,. ., Tm, Yo(1)s - -+ s Yo(n))-

Lemma 1. Let Q be a finite dimensional simple Lie algebra of dimension
(1) (1) (2)

q. Then there exists a left-normed monomial f = [zy7,..., 2, y1, 7", ...,

xg),yg, ... ,xgq), .. ,xgg),yq,a:gqﬂ)} with t1,...,ty € N such that Alty (f) is
not an identity of Q.

Next we can construct the first alternating polynomial for our simple color
Lie superalgebra L = F[G] ® Q.

Lemma 2. There ezists a multilinear polynomial f = f(z1,...,Zq, Y1, Yk
which is not vanishing on L and is alternating in variables x1,...,x,.

The following statement is useful for extending the number of alternating
sets of variables.

Lemma 3. Let f = f(x1,...,Zm,Y1,--.,Yk) be a multilinear polynomial al-
ternating in variables x1, ..., T,,. Then for any variables z,w from the set X
the polynamzalg = Z?il f(xb <oy Ti—1, [l’i, 2 w];'ri-‘rlu oy Tmy Yl - ,?/k) is
also alternating in x1,...,%Tm.

In what follows, we for an arbitrary set of variables Y = {y1,...,y,} sim-
plify the expression f(x1,...,Zm,¥Y1,---,Yn) to the form f(x1,...,2,,Y).

Lemma 4. Let Y = YyUY1U---UY, C X be a disjoint union with r >
0, where Yy may be an empty set. Let f(x1,...,24,Y) be a multilinear
polynomial alternating on each Y;, 1 < i <r, and in x1,...,24. Then for
any k > 1 and Vz1,w1, ..., 25, wi € X there exists a multilinear polynomial
g(x1,...,xq, 21, W1, ..., 2% W, Y) such that for any evaluation ¢ : X — L,
y €Y, we have

o(g) =9(Z1,...,Zq, 21, W1, ..., 2k, Wk, Y)
= tr(adz adwy) ... tr(adzx adwg) f(T1,. .., 3, Y).

Moreover, g is alternating on each set Y; and on the set {x1,...,x4}.
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Detailed proofs of the above technical propositions are available in [12].
Finally we are ready to construct the required multialternating polynomial
for our simple color Lie superalgebra L, dim L = d, over an algebraically
closed field F' of characteristic 0.

Theorem 1. For any k > 0 there exists a multilinear polynomial

( L L (2k+1) (2k+1)

gk:gk 331 [ el ':Cl )"'7'Tq 7y15‘°'ayn)

satisfying the following conditions:

1) gi is alternating on each set x(i), ey 2? , 1< <2k +1;
1 q

(2) gk is not an identity of the algebra L and

(3) the integer n does not depend on k.

Proof. Let f = f(z1,...,2¢,Y1,...,Ym) be the multilinear polynomial from
Lemma 2. Hence f is alternating on 1, ...,z and does not vanish on L. If

we suppose that £ = 1 and write Y = {y1,...,ym} then by Lemma 4 there
1 @) 1 @)

exists such multilinear polynomial g = g(z1,...,2¢,v;/,27 ',...,0q ,2¢ s
Y) that g(z4, ... ,i:q,f)g),égl), .. 17((11), e ),Y) tr(adv( ). ad z(l)) -tr(ad
o) ad 2 F (71, .., 70, V).

(1)

So defining for any o,7 € S, the polynomial g5 = gor(1,...,2q,v; ",
zg), ... ,vél), zél), Y)=g(z1,...,zq,v (1()1), 22)1)7 ... ,zil(;), Y'), we obtain that
1 1 1 .
gl(:vl,...,xq,vg ), z§ ),...,vé ),Zé ),Y) = %ZmTesq(sgna)(sgnT)gg’T is a
polynomial, alternating on each of the sets {z1,...z4}, {vgl), A vél)} and
{z%l),..., 31)} It remains to show that for any evaluation ¢, we have

©(g1) = detpy - ¢(f), where

pe, 2y p(M 2y
p1 = : :
p(eM, 21 p@%#h

But Lemma 4 yields that ¢(g1) = y¢
Y= 5%, e, (sen o) (sen T)p(tl)),
and computing 7, = > g (sgn7)p (

o(f) for all evaluations ¢ : X — L, with
Z(())) --p(ﬁgl(zl),zig)). Fixing 0 € S,
—(1 ) =) (1)

. p(va(q), ZT(q)) we obtain

plai,br) - plai,by)

Yo = Z (Sgn T)Io(alﬁ b’r(l)) o p(a(b bT(q)) =det :
TES, p(aq’bl) e p(a(pbq)



380 DUSAN PAGON

p(aofl(l)abl) p(acrfl(l):bq)

= (sgno)det = (sgno)detpy,

p(aafl(q)a bl) T p(aafl(q)v bq)
where we have put 17((71()1.) = a;, 22-(1)
Hence, v = %Zaesq (sgno)vy, = detp; and ¢(g1) = detp; - o(f). As pis a
non-degenerate form, ¢g; does not vanish in L what completes the proof in
this case.

For k£ > 1 we use the inductive hypothesis of the existence of a required
1 @ (1 1 (k—1)

=b;,fori=1,...,q.

multilinear polynomial g1 (x1,...,%¢, V7', 27 .o sVg 5 26 vy g ,
zgk_l), o ,z(gk_l), Y'). Starting with gx_1 =gk—1(z1,...,24, Y’), where Y/’ =
YU {vg), z%l), . ,zc(ll), . ,ng_l), zgk_l), . ,z,gk_l)} we can once more ap-

ply Lemma 4 and the already established property to the polynomial g;_1.
So we will arrive to a polynomial g; and for any evaluation ¢ we will obtain

©(gr) = detpr p(gr—1)=detpr ... detpy p(f), with

() 5(s) (s) ()

p(0y727) e p(Vy 7, 7 )
Ps = : :
o0, 27) o o 2Y)
for all 1 < s < k, completing in this way the proof of the theorem. O

For computing Pl-exponents of simple color Lie algebras we also need
a reasonable lower bound of codimension growth, which is obtained in the
next:

Theorem 2. Let L be as above. Then for all n € N there exist a constant
C > 0 and such t € Z that Cn'd™ < ¢, (L), where d = dim L.

The main tool for proving the above inequality is the representation theory
of symmetric groups. We refer reader to [10] for details of this theory and
to [12] for the complete proof of the above statement. Combining the last
inequality with the well known inequality c,(A4) < d"*! we obtain the main
result:

Theorem 3. Let F' be an algebraically closed field of characteristic 0 and
L = F|G] ® Q a 4q-dimensional simple color Lie superalgebra over F', with
G = (a) x (b) ~ Zo®Zsa, a skew-symmetric bicharacter 5: (a,a) = B(b,b) =
1,B(a,b) = —1 and a simple Lie algebra Q of dimension q < oo with a trivial
G-grading. Then the Pl-exponent of L exists and equals to dim L = 4q.

Remark 1. If we take L = F|G] ® Q and G ~ Zy & Zg with the trivial
bicharacter 5 (that is, 5 = 1), then Pl-exp(L) = dim @ = idim L. This
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example shows that the behavior of the codimensions, in general, strongly
depends on the used bicharacter .

3. GRADED IDENTITIES

When L is a G-graded algebra it makes sense to study only its graded
identities. Suppose that (G, +) is an arbitrary abelian group and A some G-
algebra. Let us introduce a G-grading on an infinite set of generators Y by
splitting it into a disjoint union ¥ = UgeG Y, where degy, = g & y, € Y.
Then on the free algebra F{Y} an induced grading will be defined if we set
deg(yg, - - Yg) = degyq, +---+degyy,. = g1+ - -+ gm for any arrangement
of the brackets. The polynomial f(yg,,...,Yqs,) is called a graded identity of
the algebra A if f(uy,...,u,) =0, as soon as degu; = g1, ...,degu, = gn.

We denote in our case for any four nonnegative integers ki, ..., ks, k1 +
-+ -+ky =n € NU{0} by Py, .k, C P, thesubspace of all multilinear polyno-

mials of degree n on four groups of variables y1,...,Ykys Y1,-- s Yy Yis-- s
" "

y,’ég, Y'Yy, from different grades given by group G and define the nth
graded codimension of algebra L as ¢ (L) = Y5 4 py s ksthamn (or ko s )

Pkl’kakSvkzl
Py kg kg, kg NIA(L) "

If Lie(X) is a free Lie algebra on a countable set of generators and L is an
arbitrary Lie algebra then P, / (P, N 1d(L)) &£V, / (V, N 1d%°(L)) where
V., C Lie(X) is a subspace of all multilinear Lie polynomials in variables
x1,...,%, and Id¥°(L)< Lie (X) is the ideal of Lie identities of algebra L.

dim

Theorem 4. Let F' be an algebraically closed field of characteristic 0. Sup-
pose L = F|G] ® Q is a finite dimensional color Lie superalgebra over F
with G = Zy @ Za, arbitrary skew-symmetric bicharacter B and a finite di-
mensional simple Lie algebra @ (with a trivial G-grading). Then the graded
PI-exponent of algebra L, defined as Pl-exp?" (L) :nh_>n(r>1o Vew (L), exists and

is equal to |G| dim @ = dim L.

Proof. Any multilinear Lie polynomial in x1,...,z, can be written as a lin-
ear combination of left-normed monomials m, = [z, Ty(2)y- - ,xa(n)], where
o is a permutation of 2,...,n. If wy,...,w, are homogeneous elements of
the color Lie superalgebra L = F[G] ® @ then any multilinear polynomial
expression in wi,...,w, is also a linear combination of left-normed prod-
ucts [wl,wg(g), ey wa(n)]. Since we are interested in graded identities of
L it is sufficient to consider only left-normed monomials and their linear
combinations.

Let (g1, ..., gn) be an n-tuple of such elements of group G that (g1,...,gn)

= (e,...,€, ay...,a,b,...,byab,... ab). Then ms(g1 @ z1,...,9n @ Tp) =
—_—— —— —— ——
k1 ko k3 ka
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g1 Gn @ AgMmg(x1,...,2,) in F[G] ® F{X} where A\, = +1 for given
g1, - - -, gn depends only on . Taking a multilinear polynomial f = f(x1,...,
Tn) = ses,_, QoMo of F{X} we denote by f the element f(z1,...,7,) =

> ves, ; Aoomg. Then for any wi, ... ,w,il, R 7t P ,w@ € @ we have

flexwi, ... ,e®w,£1, o abeuwi, . ,ab®w§4) =ak2pks (ab)k4®f(w%, R w,il,
Wi ,wﬁ). In particular, f is a graded identity of L, f € Pi, iy ks ks N
Id(L) if and only if f is an identity of the Lie algebra Q. Now, if ¢,(Q) = N
and Mg, ,..., My, is a basis of V,, in Lie(X) modulo Id Lie(0) then also
Mgy, Mey 15 a basis of Py, p, modulo Id(L) in F{X} and we have

proved the required relation. Hence, we obtain

n . P ko ks k
o (b = 2 (k ko k k)dlmP nn (L
k1>0,kg>0,k3>0,ks >0 1 h2 h3 R4 k17k27k37k4 Id( )
ky+ko+ks+ky=n

—e@ X () e

k1>0,k9>0,k3>0,kq >0
k1+ko+ks+kg=n

completing our proof. ([l

Some additional results on graded identities and graded codimensions of
certain Lie superalgebras were recently obtained by D. Repovs and M. Za-
icev in [15, 16]. They studied Zo-graded identities of Lie superalgebras of

the type b(t), t > 2, over a field of characteristic 0. These algebras contain

all matrices of the form (é _ﬁT ), where B and C' are a symmetric and anti-

symmetric ¢ X t matrix, respectively, while tr A = 0. The 0-grade consists of
all block diagonal matrices of this form, while 1-grade contains the matrices
with blocks on the skew diagonal and the commutator of two homogenous
matrices is given as [M;, N;] = M;N; — (—1)¥ N;M;. It appears that in this
case the n-th codimension of the given Lie superalgebra is asymptotically
strictly less than (dim b(¢))™. As a consequence, an upper bound for or-
dinary (non-graded) Pl-exponent for each simple Lie superalgebra of type
b(t), t > 3, can be given.
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