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SPACES OF ULTRADISTRIBUTIONS OF BEURLING
TYPE OVER Ri THROUGH LAGUERRE EXPANSIONS

SMILJANA JAKSIC, STEVAN PILIPOVIC AND BOJAN PRANGOSKI

Dedicated to the memory of Professor Marc Krasner

ABSTRACT. In this paper we define the spaces of ultradistributions of
Beurling type over R‘_i,_ and their dual spaces. Characterization of the
spaces is given by the Laguerre series expansions and the growth rate
of the corresponding Fourier-Laguerre coefficients. As a consequence of
these characterizations, we obtain a deep insight into their topological
structure and we prove the Schwartz kernel theorems.

1. INTRODUCTION

The Hankel-Clifford transform is analogous to the Fourier transform for
Ri. The procedure for generalization this classical transform consists in
constructing the test function space where this transform turns out to be a
self-inverse topological isomorphism. There are two approaches: firstly, we
define a family of (F)-spaces then the test space G%(R%) is defined as an in-
ductive limit of the (F)-spaces which leads to the space of ultradistributions
of Roumier type over Ri or the test space gg(Ri) is defined as a projec-
tive limit of the (F)-spaces which leads to the space of ultradistributions of
Beurling type over Ri. When the spaces are non-trivial we have dense and
continuous inclusion:

ga(RY) = GL(RY).
The spaces of ultradistributions of Roumier type over Ri were observed in
[6] and [7]. This paper can be considered as a companion to [6]. Although
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the basic definitions and results are similar to those given in [6], this paper
contains some new results that might be used in order to define a new symbol
class for the Weyl pseudo-differential operators. More precisely, Theorem
7.6 in [6] can be formulated for symbols from the spaces of ultradistributions
of Beurling type over Ri.

We briefly describe the content of this paper. Firstly, we introduce the
notation in subsection 1.1. Secondly, we give the definitions of the basic se-
quence and test spaces in subsections 1.2 and 1.4. Then we define the partial
Hankel-Clifford transform in subcestion 1.4. In Section 2 we define the test
spaces go (R‘i) and their dual spaces. In Section 3 we study characterization
of the spaces g5 (Ri) in terms of the Fourier-Laguerre coefficients. The main
difference between the spaces g2(R%) and G%(R%) is stated in Proposition
3.1. In Section 4 we analyze the topological structure of the spaces gg(Ri)
and their dual spaces. We prove that the spaces gg(Ri) are (FN)-spaces
(G2(R%) are (DF N)-spaces) and their dual spaces are (DF N )-spaces. Also
we state the Schwartz kernel theorems.

1.1. Notations. We denote by N, Z, R and C the sets of positive integers,
integers, real and complex numbers, respectively; Ng = NU{0}, Ry = (0, c0),
R = (0,00)¢ and R? = [0, 00)?.

We use the standard multi-index notation: for a multi-index a € Ng and
z € RY (or z € RY), 2% = ' ...2* and D* = 9™ /xSt ... 0% [dx .
Furthermore, if z,7 € R% we also use 27 = z]*
v; = 0, we use the convention 09 =1.

By || - ||2 we denote the norm in a Hilbert space (abbreviated as an (H )-
space) L?(R4).

c.z)y and if 2; = 0 and

1.2. Sequence spaces. By s we denote the space of rapidly decreasing se-
quences; a complex sequence {an}neNg € sif for each j € N, sup,,cra lan|(|n]

+1)7 < oco. With these seminorms, s becomes a nuclear Fréchet space; from
now on abbreviated as an (FN)-space (see [11, p. 527]). By s’ we denote
its strong dual, the space of slowly increasing sequences i.e. s’ consists of all
complex valued sequences {bn}neNg such that sup, g b |(In] + 1) < 00
for some j € N. It is a (DFN)-space.

Let « > 1 and @ > 1. By s** we denote the space of all complex

. 1/

sequences {an}neNg for which ||{an}n€NgHsa,a = SUP,eng |an|a™" < oo.
Equipped with this norm s** becomes a Banach space (abbreviated as a
(B)-space). s*® is continuously injected into s** when a > b > 1. We

define, as a locally convex space (abbreviated as an l.c.s.), sl@) = h&l s4e,
a—ro0
this projective limit is indeed a Hausdorff l.c.s. By the use of [6, Proposition
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2.1 and Proposition 2.2] for the sequence spaces of Roumier type, we obtain
the following two assertions.

Proposition 1.1. For a > b > 1, the canonical inclusion s%% — s%b is

nuclear. In particular, s*) is a nuclear (FS)-space (i.e. an (FN)-space)
and its strong dual (5() is a (DFN)-space.

Proposition 1.2. The strong dual (s(¥)" of s is a (DFN)-space of all
complex valued sequences {bn}neNg such that ||{bn}nENgH(SO‘)/,CL = ZneNg

|bn]a*‘"‘1/& < oo for some a > 1. Its topology is generated by the system of
seminorms || - || (say q-

1.3. Space S(R%). We racall that the (F)-space S(R%) consists of all f €
C> (Ri) such that all derivatives D? f, p € N extend to continuous functions
on R¢ and SUP, e z¥|DP f(z)| < oo, Vk,p € Nd. By (S(R%)), we denote
its strong dual (see, e.g., [1], [5], [10] and [13]).
For j € Ng and v > 0, the j-th Laguerre polynomial of order « is defined
by
t=Vel d
T
The j-th Laguerre function of order + is defined by
V(1) — (4 : 1/2 7~ —t/2
Li(t)=GYTG+y+1))7" Li(t)e ™"

For n € Nd and v € RY, Lj(t) = [T, L% () and L3(t) = [T], £ (#) are
the d-dimensional Laguerre polynomials and Laguerre functions of order -,
respectively. In the case v = 0, we write L, and £,, instead of L2 and L9,
respectively.

Let v € RL. By L*(R%,¢7dt) we denote the (B)-space of all measurable
functions on R? such that fRi |f(H)|*t7dt < oo; its norm is defined by the

square root of the last quantity. Moreover, {E%}neNg is an orthonormal
basis for L*(R4, t7dt) [12, Proposition 20.1].

gl —tyy+j
0 (=), t > 0.

1.4. Partial Hankel-Clifford transform. Let A’ = {)\|,...,\,} C {1,
coodyand A = {0 N = {1,...,d}\A'. We define the partial

Hankel-Clifford transform with respect to zp = (z Moo @ )\;/) by:
A dl
O pw) =2 [ fawtan) [T o(fagtig)dew
R{ =1

where Jy is the Bessel function of the first kind. ’H((]Al) is a self-inverse

topological isomorphism on g&(R%) (see [6, Corollary 4.7]. Furthermore, in
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[6, Corollary 4.5] it was proved that

Ear (1)

Ht(erk)/2 D f(t)Hz _ (ﬁ 2_%%;) Ht(PJrk)/2 DfAA; DpAN%éA') f(t>Hz'
=1

2. DEFINITION AND BASIC PROPERTIES OF SPACES gg(Ri), a,8>0

For the definition of the test spaces for the spaces of ultradistributions of
Roumier type over Ry see [2, Definition 2.1]; d-dimensional case is consid-
ered in [6]. We define the test spaces for the spaces of ultradistributions of
Beurling type over ]Ri:

Let A > 0. By Gg:ﬁ(Ri), we denote the space of all f € S(R%) such that

[¢PR2 D £ ()]
Pk (a/2)ky(B/2)p

sup
p,kGNg A‘

With the following seminorms
[E#+RZDPF()]] 2

k p .
AP F1 (0 /2)k 5 (B/2)p + sup sup [t"DPf(t)[, j € No,

lp|<j teRd
k| <j

oa,;(f)= sup
p,keNg

one easily verifies that it becomes an (F')-space. Clearly, if A1 < Ag,
foji (R%) is continuously injected into Gg:fé (RL).
Spaces gg(Ri) are projective limits of the spaces Gg:ﬁ(Ri) with respect
to A:
gA(RY) = lim GIA(RY).
A—0
Thus g5 (R) is an (F)-space and it is continuously injected into S(RZ).

For A > 0 we define G 4(R%) to be the space of all f € S(R%) such that

[EP+R2DP f(2) ]2

d
T/ 2k < 00, Vp € Ny

sup
keNg

and similarly, G®4(R%) to be the space of all f € S(R%) such that

[£® 2 DP f(1)2
A3/

sup
peNd

< o0, Vk € Nd.

Equipped with the following seminorms
60 0/2D0 F()] 2 g
AlklE(a/2)k

0’4 ;(f) = sup sup
[p|<j keNg

+ sup sup [t"DPf(t)], j € No,

Ip|<j teRd
|k|<j
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Ga,A (Ri) becomes an (F)-space. Analogously, by equipping G#4 (Ri) with
the following seminorms

[#6+D2DP £ (1) 2

Alplp(B/2)p + sup sup ‘tkDpf(t)‘a J € No,

p|<j teRY
|k|<j

o’4;(f) = sup sup
’ |k|<j peNd

it also becomes an (F)-space. Similarly as above, we define g,(R%
lim Ga,a(RY) and g#(RY) = lim GPA(RY). Thus, go(RY) and g7 (
A—0 A—0

are (F)-spaces and they are continuously injected into S(R%).

For each m € N&, f(t) — t™f(t) is a continuous mapping ga(Ri) —
ga(RY), g°(RY) — g7 (RY) and g7 (RY) — g2(RY).

By (¢°(R1)), (9a(RL)) and (gg(Ri))’ we denote the strong dual spaces
of ¢® (Ri), ga(Ri) and gg (Ri), respectively.

It can easily be checked that when «o,5 > 1, £, € gg(Ri) and hence
gg(Ri) is dense in S(RY). In particular, for a > 1, go(R%), ¢*(R%) and
g2 (R%) are dense in S(R%). Hence, (S(R?))’ is continuously injected into
(9a(RL))'s (9*(RE)) and (g5 (RL))"

When discussing the non-triviality we have the following;:

Let a, 8 > 0. The spaces gg (Ri) are non-trivial if and only if a + 8 > 2.
The non-triviality for the test spaces of the spaces of ultradistributions of

Beurling type over R is given in [2, Corollary 3.9]. For the d-dimensional
case it follows after considering the function ¢(t) = p1(t1)...pa(tq), where

) =
RY

@j, j=1,...,d, is a non-zero element of gg(R+).

3. CHARACTERIZATION OF gg(Ri), o > 1 VIA THE FOURIER-LAGUERRE
COEFFICIENTS

In this section, we characterise the spaces gg(R‘i), a > 1, in terms of
the Fourier-Laguerre coefficients by the use of the partial Hankel-Clifford
transform.

Proposition 3.1. Let f € L*(R%) and ay, = [pa f(t)Ln(t)dt, n € Ni. If
+
for every a > 1 there exists ¢ > 0 such that

lan| < caf'"‘l/a, n € Ng, (2)
then f € g2(RY), a > 1.

Proof. As {an}neNg € s(@ C s, it follows f € S(R?) and the series Y, a, Ly,
converges absolutely in & (]R‘i) to f. For arbitrary but fixed a > 1 there is
¢ > 0 such that (2) holds. Since ni/a + -+ né/a < d|n|"/*, denoting
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i =a'/d > 1, we have o~ """ < M,a™ a ™
Using the following estimates

o2 (mera g )

dzxk
<25 (1) (n+ []%k} +2)<n;tk>
and
Lo)/2 di (L) ‘
<2 4" 1) (n+ [J%k} +2)<”‘£k>
cf. the proof of [3, Lemma 2.1], for p € N¢ we have
d
Htp/QEn(t)HQ < 2P5d T (g + 1) .. (nl + {2} + 2) (3)
=1
d
Htp/szﬁn(t)Hz <2 J(m+1).. (m + [ } n 2) (4)
=1

Let A ={A1,..., ¢} € {1,...,d}. Since 7—[((] 'L, = (—1)™ T £ (see
[6, (6)]), (3) implies

foosi s, = 3 bl o]

neNd
1/ 1/«
< Pt ST o 1) (e + [51] +2)
nENg =1
o Bl+2
< c2lplH5d Z H* —m/® gy (nl + [%} +2>[2]
neNg =1

For u > 1, consider the function g(z) = a=* /a(u + )" x > 0. When
1 < u <z, observe that g(x) = gt g (I+u/z)* < 2ug—="“ 2. Since the

. Y I . N
function z +— @~ “ 2%, x > 0, attains its maximum value at = = (au/Ina)?,

we have g(z) < (2a/Ina)*u®", when 1 < u < z. When z < u, we have

g(z) < u(14 z/u)* < 2% = (2u17))uyev,
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If we apply these estimates on g with v = [p;/2] + 2 in (5), keeping in mind

that a > 1 can be chosen arbitrary large, we can conclude that for every
A > 0 there exist C' > 0 such that

Ht”/QH((]A)f(t)HQ < CAPIR@2P for all pe Nd, AC{1,....d}.  (6)
Similarly, by using (4), for every A > 0 there exists C' > 0 such that

Htp/2DP3ngA)f(t)H2 < CAPIH@DP forall pe N AC{1,....d}. (7)

Denote by (-,-) the inner product in L?(R4). Since ’H(()A)f € S(RY), by
integration by parts one easily verifies that

(t(p+k)/2Dp’H(()A)f(t), t(erk)/QDpHéA)f(t))
)
Hence, for all k,p € Nd such that 2k > p by (6) and (7), we obtain

Ht(lﬂ‘k /2DP'H H

< Z( )t o). 140 10)|

(p+k—m

< 9lp|+|k| Z < > ’( (2p—m)/2 )2p— mH( )f(t),t(%*m)/Q’}-[(()A)f(tD’

m<p
< CyaPlHH 3 <P>mm AT 9 ()@ (9 _ ) ()(2h-m)
m<p m
< (942 PHE S (P 1 (@mn ($)m 90— ) (2)E-m) 91 — ) (2)(2k—m)
< O/ (2AN P S (P ) 5§ 2 ) 8P (21— m) 5

m=p
< C'(242)PIHIKIgIPl (9p)op (9 )k

where, in the fourth inequality we used the fact m™ < ¢/ A>"mo™, Vm € Ng,
for some ¢ > 0. We conclude that for every A > 0 there exists C' > 0 such
that for all k,p € N¢ such that 2k > p and all A C {1,...,d}

Htwk)/z DPHD f(t)H2 < CAlPHH pla/2)pp(a/2)k 8)

Let now p, k € N¢ be arbitrary but fixed. Let A’ = {\},..., N} C{1,...,d}
be such that ky < py /2,1 =1,... ydand A" ={X\], ... AL ={1,...,d}\N
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be such that ks > p/\2//2, l=1,...,d". Then (1) and (8) imply

Ht<p+k>/2 DPf(t) H
< olk| Ht p+k) /2 Dlw prargy) H < C(24)lPHHIya/2pp(a/2)k,
— A//
Since A > 0 is arbitrary, we conclude that f € g2(R%). O

Our next goal is to prove that if f € g2(R%) holds (2). The Fourier-
Laplace type operator defined by

d 1 1+wl tl
Fpu(w H 21 , D C,

where D = Dy x --- x Dy, D; = {wl € Cllw| < 1}, 1 =1,...,d, plays a
fundamental role.

Let IT = II; x --- x I, where II; = {z € C|Imz < 0}, 1 = 1,...,d.
It can easily be checked that for each z = x + iy € II, the function ¢ —
e 2zt R4 — C, is in g2(R%) (also in S(RL)). Also, for z = z + iy € II,
the functions t + D,,e” 2T@HWt — _omjt e=2mile+iy)t R? — C and t
Dy, e~ #miati)t = onte=2milz+w)t RE 5 C are in g2(R%) (also in S(RZ))
forl =1,...,d. Denote by ¢;, l = 1,...,d, the standard orthonormal basis
elements in R?, i.e. all coordinates of e; are 0 except the I-th coordinate
which is equal to 1. By standard arguments, one proves that for the fixed

20 = (23 (0) &)) € R? and y© = (yg ),...,y((io)) € R? with yl(o) < 0,
l=1,... d(le z() 2 + iy € TI) we have
(e’Q’Ti(f(O)Jrfrzeeriy(o))t o~ 2mi(z (0 +iy )t )/x — =27t eizm(xm)“y(g))a

as r; — 0 and

(6727ri(z(0)+i(y(0)+ylel))t 727rz(z(0)+zy(0) ) —27i(2(0) iy ()¢
)

Jyr — 2mtie
as y; — 0 in GaA(Rd) for some A > 0 and consequently in g%(R%) and
S(R4). Moreover,

—2mi(x+iy)t

) . _ ; 0 - (0
— 27TZtl€ - _27T2tl€ 27rz(a:( ) iy ))t and

27Ttle_27ri(x+iy)t - 27rtle—27ri(z(0>+iy(0))t

s (z,y) — (2(0,4©) in Gg:’:(Ri) for some A > 0. Hence, the same
holds in ¢g2(R%) and S(R%). It follows that for each u € (g%(R%))

€ (S(R)), the function z — Fru(z) = (u(t),e 2m=!), II — C, is of the
class CY; Dy, Frou(z + iy) = (u(t), Dye” 2™ @Y and D, Fryu(x + iy) =
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(u(t), Dy,e=2™@+W)t) - GQince the Cauchy-Riemann equations hold for Fyu,
it is analytic on II. Observe that the mapping

w = Qw) = (1 +wy)/(Ari(1 —w1)), ..., (1 4+ wg)/(Ari(1 — wy)))
is a biholomorphic mapping from D onto IT with an inverse
2 Q7N (2) = ((4mizg — 1)/ (4mizg + 1),..., (dmizg — 1)/ (dmizg + 1)) .
Hence, we have the following result.

Lemma 3.2. For each u € (g2(R%)) or u € (S(RL)), the function

d 1
Fpu(w) = Fru(Q(w)) = <u(t), I_Ief5 T=w tl> , D—C,

is analytic on D, i.e. Fpu € O(D).

Given a functional u € (S(R%))’, there exists a close relationship between
the function Fp(u) and the Fourier-Laguerre coefficients of u. The Fourier-
Laguerre coefficients of u are almost the Taylor coefficients of the analytic
function Fp(u).

Proposition 3.3. ([6, Proposition 5.3]) Let u € (S(RY)) and an, = (u, Ly,),
n € N¢. Then,
d

Fo)(w) =[]0 —w;) > apw”, weD. (9)

Jj=1 nENg
In particular, if Fpu =0 then u = 0.
We denote by 1 = (1,...,1) € N% Let z € C? then 2! stands for z;-. . .-24.

Proposition 3.4. ([6, Proposition 5.4], Roumier case) Let a@ > 1 and
{an}neNg be a sequence of complex numbers such that a, — 0 as |n| — oco.
Then

F(w)=(1-w)* Z apw", w e D,
nENg
belongs to O(D). The following conditions are equivalent:
(i) For every A > 0 there exists C > 0 such that

|DPF(w)] < CAPIpeP p e Ng w e D. (10)

—|n|t/«

(i9) For every a > 1 there exists ¢ > 0 such that |a,| < ca , n€Ng.
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Proof. Clearly F' € O(D). Let ZneNg b,w™ be the power series expansion
of I at 0. Then, for n € Nd we have

by = D"% mz() |k|< > W_T’:L!Jrk)!amwm—"%)

k<n m>n—k w=0
k<1
= > (-nWa, . (11)

k<n,k<1
Thus, for n,m € Ng,
Z bnt14p = Z Z(_l)‘k‘an—i-p-i-l—k- (12)
p<m p<m k<1

Firstly, assume that d > 2. It follows from the proof of [6, Proposition 5.4]
that

Z bnti4p = Z(_1)|k|an+m+1—m(k)7 vn,m € N, (13)
p<m k<1

where we used the following notations: for k¥ € Ng with k¥ < 1 denote by
m®*) the multi-index that satisfies ml(k) =0 if K, =0 and ml(k) =my+1if
kp=1,1=1,...,d; when k varies through the multi-indexes that are < 1,

n+m+ 1 —m®) varies through the vertices of
Qnm = {xERdlnl <z <m+m+1,1=1,...,d}.
Clearly, for d =1 (12) and (13) are equal.
Assume that (i) holds. Since DPF(w) = 3_, -, (n!/(n —p)!) byw" P, the
hypothesis in (4 ) and the Cauchy formula yield (n!/(n — p)!) |b,| < CAPIpe?,
for all n,p € Nd, n > p. As n‘/(n p)! > e Pln?, for n > p, we have

(eA)Pi
by, |<C’H 71)], n € Ng. (14)

pj<nj ]
We can assume that A > 1. Then, if p; > n;,
(eA)Pip™ /nl? > (eA)"inS™ [n}
and so the infimum in (14) can be taken varying on p; > 0, j = 1,...,d.
Thus, [4, (2) and (3), p. 169-170] imply, with suitable ¢ > 0 and a’ > 1,

(eA) pﬂp |
—|n|Y/
L < g e Nd.

by, \<C’H 1nf

Observe that for p,n € N& with p > n, we have |p|'/* > (|p—n|Y*4|n|V/*) /2.
Thus, if we put @ = v/’ > 1 we have e R P LI S ||



SPACES OF ULTRADISTRIBUTIONS OF BEURLING TYPE 395

p > n. The above estimate for |b,| together with (13) implies that for all
n,m &€ Ng

|a%| < Z |bn+1+p| + Z |an+m+17m(k)|
p<m k<1, k#1

_ 1/ |1/
< da”IM Z a P Z [

peNg k<1, k#1

. |/ e
= ca™ " + Z ’an+m+1fm(’“) .
k<1, k#1

The last sum has exactly 2¢ — 1 terms and since k # 1, [n+m+1—m®)| >
|n| + min{my|l = 1,...,d}. Let n € NZ be arbitrary but fixed. Since the
above estimate for |a,| holds for arbitrary m € Ng and since a, — 0 as
In| — oo (by hypothesis), this implies |a,| < ca= IV,

Assume now that (i7) holds. Then (11) implies that for every a > 1 there
exists ¢ > 0 such that |b,| < ca= "V yn € Nd. Observe that nl/a +

-+ n(l/a < dn|Y*. Hence, by putting ¢’ = a'/¢, we have a~I" Va <
1/«
H;‘lzl a’™™ . Now, for p € N¢ and w € D we obtain

1/«
|DPF (w |<Z |b|<cZanf’”
n>p neNd j=1
Since p(x) = :):pu*ml/a, x>0 (u>1, peNp) attains its maximum value at
x = (ap/Inu)®, we proved (10). O

We omit the proofs of the next two propositions since they coincide with
the proofs in [6].

Proposition 3.5. ([6, Proposition 5.5], Roumier case) Let f € gn(R%),
a > 1. Then for every A > 0 there exists C > 0 such that

|DPFp (f)(w)] < CAPlp? peNd weD, Rew, <0, l=1,....,d.

Proposition 3.6. ([6, Proposition 5.6], Roumier case) Let f € g¢(R%),
a > 1. Then for every A > 0 there exists C > 0 such that

|DP Fp (f)(w)| < CAPIpe? p e N, we D (15)
and limy,—,1 Fp(f)(w) = 0.

Now, Proposition 3.1, Proposition 3.6, Proposition 3.3 and Proposition
3.4 give the main result of this section:
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Theorem 3.7. ([3, Theorem 3.6], Roumieu case for d=1) Let a« > 1. For
f e L*R) let a, = fRi f@)Ln(t)dt, n € N&. The following conditions are

equivalent:

(i) For every a > 1 there exists ¢ > 0 such that |a,| < ca= MY for
n € N¢.
(i) f € ga(RY).
(13i) For every A > 0 there exist C > 0 such that
D w)| < p* forp € and w €
DPF; CAlplper N¢ and D

and limy,_,1 Fp(f)(w) = 0.
Conversely, given a sequence {an}neNg satisfying condition (i) or given F €
O(D) of the form F(w) = (L—w)' Y, apw™ with a, — 0 as |n| — oo which
satisfies (10), there exists f € g2(R%) such that a, = fRi f(&) Ly (t)dt and
Fo(f)(w) = F(w) for w e D.

4. TOPOLOGICAL PROPERTIES OF gg(Ri), o > 1. THE KERNEL
THEOREMS

Theorem 3.7 will allow us to gain deep insights into the topological struc-
ture of g¥(R%), a > 1. Let ¢ : g2(RL) — s, o(f) = {(f, En>}n€Ng. Theorem
3.7 proves that ¢ is a well defined bijection.

Theorem 4.1. Let o > 1. The mapping ¢ : g2(RL) — s, «(f) =
{{f, £n>}neNg7 1s a topological isomorphism between gg‘(Ri) and s*. In par-
ticular, g2(R) is an (FN)-space and (g2(R%)) is a (DFN)-space.

For each f € g2(RY), ZneNg<fv Ln)Ly is summable to f in g2(RL).

Proof. If we consider ¢ as a linear mapping from gg(Ri) into s (s(® is

canonically injected into s) then ¢ is continuous since it decomposes as

fA{f:LndIn
ga(RY) — S(RY) ————
ical inclusion. Hence, ¢ has a closed graph in g%(R%) x s. Since the range

s, where the first mapping is the canon-

of ¢ is in s® and s(® is continuously injected into s, the graph of ¢ is
closed in g&(R%) x 5(®). g%(R?) is a reduced projective limit of (F)-spaces.
For this reason, g%(R%) is ultrabornological (cf. [8, §28, 3.(4), p. 383 and
4.(4), p. 384], [9, p.43]; every (F)-space is ultrabornological). Moreover,
5(®) is a webbed space of De Wilde (see [9, §35, 4.(11), p. 64]). Hence,
the closed graph theorem of De Wilde (see [9, §35, 2.(2), p. 57]) implies
that ¢ : gg(Ri) — 5@ is continuous. Also, 5(*) is ultrabornological since
it is bornological and complete and gg(Ri) is a webbed space of De Wilde
(cf. ]9, §35, 4.(7), p. 63]; every (F')-space is a webbed space of De Wilde).
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The mapping ¢~ : s(® — g%(R4), which has a closed graph, is continuous
by the De Wilde closed graph theorem (see [9, §35, 2.(2), p. 57]). Now,
Proposition 1.1 implies that g2(R%) is an (FN)-space and (¢%(R%)) is a
(DF N)-space.

The last statement can be obtained as in the proof of [6, Theorem 6.1].
Theorem 4.2. Let o > 1. The mapping i : (¢g2(R%)) — (s, (T) =
{{T, £n>}neNg7 is a topological isomorphism. Moreover, ZneNg (T, Lp) Ly is
summable to T in (g&(RL))'.

Proof. By Theorem 4.1, both the transpose of ¢, ‘v : (s%)" — (g2(R%))’, and
its inverse (“0)7! : (g2(R%)) — (s(®))" are topological isomorphisms. For
T € (g2(RL)), let {by}n = (‘1) %(T). Then
(T, Ly) = ("({ba}n)s Ln) = ({bn}ns t(Ln)) = bn.

Thus {(T, L) }n = {bn}n = (1) "H(T) € (s'¥). Hence i is in fact a topolog-
ical isomorphism (*2) 7! : (g2(R%))" — (s(®))". Now, by the similar approach
as in [6, Theorem 6.2], one proves that ZneNg (T, L)Ly, is summable to T
in (g2 (R4)). 0

For T € (g2(R%)), by Lemma 3.2, FpT € O(D). Since Y., (T, L)L,
is summable to T in (g2(R%))’, by the same method as in the proof of
Proposition 3.3, one proves the following result.

Proposition 4.3. Let T € (¢2(R%))', @ > 1 and b, = (T, L,), n € Ni.
Then,

Fp(T)(w) = H(l — wj) Z byw™, w € D.

=1 neNg
In particular, if FpT =0 then T = 0.
Now, we state the kernel theorems:

Theorem 4.4. Let o > 1. We have the following canonical isomorphism:
ga(RY)Bga(RP) = ga(RET®), (g2(RE)) @ (90 (RP)) = (ga(RET™)).
Proof. Let sgf), sgg) and s(® be the d;-dimensional, the do-dimensional and

the d-dimensional space s(® respectively, where d = d; + dy. By the same
technique as in the proof of [6, Theorem 6.4], we obtain (sgf))’ ®(s£g))’ o

(s(®). As all spaces in consideration are (DF N )-spaces, by duality follows

s&?)&@sg;) >~ 5(@) Note that the isomorphism is in fact the extension of the

canonical inclusion & : sgf) ® s((ij) — 5 k({antn @ {bm}m) = {anbm} (n,m)-
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Now observe that the diagram

35101[) ® s((ij) L 5@

9S(RY) ® g2 (RP) —— gg(RY)

commutes, where the bottom horizontal line is the canonical inclusion f ®
g(z,y) — f(z)g(y). Since k extends to an isomorphism, by Theorem 4.1,
it follows that the canonical inclusion gg(R‘f) ® 9o (]Rflf) — g2(R%) is con-
tinuous and it extends to an isomorphism gg(R‘f)@)gg(RﬂIf) >~ g2(R1). The
assertion (g% (Rf&))’ (g% (]R‘_if))’ >~ (g2(R%))’ can be obtained by the duality
of an isomorphism g% (R%)&g2(R%) = g2(RE) since ¢g2(RZ) is an (FN)-
space. O
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