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STABILITY OF n— DIMENSIONAL ADDITIVE FUNCTIONAL
EQUATION IN FUZZY NORMED SPACES

V. ARASU AND M. ANGAYARKANNI

ABSTRACT. In this paper, the authors investigate the generalizedddyé&am-
stability of newn— dimensional additive functional equation

if(Xj+ xi>:(n2)§f(xj)
=1 =1

in fuzzy normed space using direct and fixed point approach.

1<i<n,i#j

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originateshfi a question of S.M.
Ulam [39] concerning the stability of group homomorphisni3.H. Hyers [14]
gave a first affirmative partial answer to the question of UfamBanach spaces.
He proved the following celebrated theorem.

Theorem 1.1. [14] Let X,Y be Banach spaces and let X — Y be a mapping

satisfying
[fx+y) =) - fy)l <e (1.1)
for all x,y € X. Then the limit

a(x) = lim f(2')

n—o 2N

(1.2)

exists for all xc X and a: X — Y is the unique additive mapping satisfying
1f(x)—ax)| <e (1.3)

for all x € X. Moreover, if {tx) is continuous in t for each fixed X, then the
function ais linear.

Hyers’ theorem was generalized by T. Aoki [2] for additive ppangs and by
Th.M. Rassias [34] for linear mappings by considering anoumgled Cauchy
difference. The paper of Th.M. Rassias [34] has providedt aflanfluence in
the development of what we call generalized Hyers-Ulamilgtialof functional
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equations. A generalization of the Th.M. Rassias theorem etHained by P.
Gavruta [13] by replacing the unbounded Cauchy differenca beneral control
function in the spirit of Rassias approach. In 1982, J.M sies[31] followed the
innovative approach of the Th.M. Rassias theorem [34] inctviiie replaced the
factor ||x||P + [|y||P by |[x/|P||y||9 for p.q € Rwith p+q = 1.

In 2008, a special case of Gavruta’s theorem for the unbal@@deichy differ-
ence was obtained by Ravi etal., [36] by considering the satiom of both the
sum and the product of twp— norms in the sprit of Rassias approach. The stabil-
ity problems of several functional equations have beemsktely investigated by
a number of authors and there are many interesting resulteouing this problem
(see [1,11,15,19)).

A.K. Katsaras [21] defined a fuzzy norm on a vector space tstcoct a fuzzy
vector topological structure on the space. Some matheiaradibave defined fuzzy
norms on a vector space from various points of view [12, 2B, #Oparticular, T.
Bag and S.K. Samanta [7], following S.C. Cheng and J.N. Mswdd9], gave an
idea of fuzzy norm in such a manner that the correspondingyfuzetric is of
Kramosil and Michalek type [22]. They established a decositjpm theorem of a
fuzzy norm into a family of crisp norms and investigated s@raperties of fuzzy
normed spaces [8].

One of the most famous functional equation is the additivetional equation

f(x+y) = f(x)+ f(y) (1.4)

which is additive functional equation having solutib(x) = cx
We use the definition of fuzzy normed spaces given in [7] aite-22].

Definition 1.1. Let X be a real linear space. A function:XX x R — [0,1] (the
so-called fuzzy subset) is said to be a fuzzy norm on X if fot,gle X and all
steR,

(F1) N(x,c) =0forc<0;

(F2) x=0if and only if N(x,c) = 1 for all ¢ > 0;

(F3) N(cxt) =N (x, L) if c #£0;

Ic]
(F4) N(x+y,s+1t) > min{N(x,s),N(y,t) };
(F5) N(x,-) is a non-decreasing function ddand lim_,N(x,t) = 1;
(F6) for x#£ 0,N(X, -) is (upper semi) continuous d&.
The pair(X,N) is called a fuzzy normed linear space. One may regaf¥ )
as the truth-value of the statement the norm of x is less thagwoal to the real
number t'.

Example 1.1. Let(X,||-||) be a normed linear space. Then
t>0, xeX,

N(Xxt) =1 t+][x]|’
0, t<0, xeX

is a fuzzy norm on X.
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Definition 1.2. Let(X,N) be a fuzzy normed linear space. Lgtre a sequence in
X. Then x is said to be convergent if there exists X such thatim N(x,—x,t) =
n—oo

1forallt > 0. In that case, x is called the limit of the sequeng@amnd we denote
it by N—rlli_r>n Xn = X.

Definition 1.3. A sequencexn X is called Cauchy if for each> 0 and each t~ 0
there exists gisuch that for all > ng and all p> 0, we have NX p —Xn,t) > 1—¢.

Definition 1.4. Every convergent sequence in a fuzzy normed space is Cdiichy.
each Cauchy sequence is convergent, then the fuzzy norriditbdae complete
and the fuzzy normed space is called a fuzzy Banach space.

Definition 1.5. A mapping f: X —Y between fuzzy normed spaces X and Y is
continuous at a pointgdf for each sequencéx, } covering to xin X, the sequence
f{x,} converges to (o) . If f is continuous at each point ofx X then f is said

to be continuous on X

In this paper, author investigate the generalized Hyeesvldhoki-Rassias sta-
bility of generalizedh— dimensional additive functional equation

n n
fl—x+ Xi|=n=2)y f(x)) (1.5)
in the fuzzy normed vector space setting.

2. GENERAL SOLUTION

In this section, the general solution of the functional digua(1.5) is given.

Theorem 2.1.Let X and Y be real vector spaces. The mappin f+ Y satisfies
the additive functional equation (1.4) for allxe X if and only if f: X —Y
satisfying the functional equation (1.5) for all, x5, ..., x, € X.

Proof. Let f : X — Y satisfies the functional equation (1.5). Settkag= xo = X3 =
...=X3=01n (1.5), we getf(0) = 0. Lettingx = X3 =... =X, =0in (1.5), we
obtain f (—x1) = —f(x) for all x; € X. Thereforef is an odd function. Replacing
(X1,X2,X3,X4, ..., %n) DY (X,¥,0,0,...,0) in (1.5), we get (1.4) as desired.

Conversely, leff : X — Y satisfies the functional equation (1.4). Setting
x=y=0in (1.4), we obtainf(0) = 0. Replacing by —y, we arrive

f(—x) = —f(x) (2.1)
for all x € X. Settingy = x andy = 2x in (1.4) respectively, we get

f(2x) = 2f(x), f(3x) =3f(x) (2.2)
for all x € X. In general, for any positive integar we have
f(ax) =af(x) (2.3)

for all x € X. It is easy to verify from (1.4) that
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fxa+xe+...4+X%)=F(x)+f(x)+...+ fF(Xn) (2.4)
for all x1,xo,..., X, € X. Now, replacing«; by —x1, Xo by —xo, -+, Xn_1 by —Xn_1
andx, by —x, respectively in (2.4) and using (2.1), (2.2) and (2.3), waarthe
following equations

f(=x1+X+...+ X1+ %) =—F (X)) + F (%) +...+ f (Xp-1) + f (%), (2.5)
Foa =X+ X1 +%) = F(xa) = F () + .4 F(xo1)+ F(Xa),  (2.6)
FOa+x+... = x1+%) = F () + F00) +... = F-2) + F (%), (2.7)
fa+xe+...+X1—X%) =F(x)+fF(x)+...+ fF(Xp-1) — F(X1). (2.8)
for all x1,Xo, ..., %, € X. Adding all then equations, we arrive (1.5) as desired.]

3. MAIN RESULTS. DIRECT METHOD

Throughout this section, assume th&at(Z,N’) and (Y,N’) are linear space,
fuzzy normed space and fuzzy Banach space, respectivei Uuse the follow-
ing notation for a given mapping: X —Y

n
D f(X1>X27"' >Xﬂ) :z f <_Xj +
=1

m)—(n—aﬁ f(x)
=1

1<i<n,i#j

for all X1, X2, , X, € X.
Now, we investigate the generalized Hyers-Ulam stabilityne dimensional
additive functional equation (1.5).

Theorem 3.1.Letp € {—1,1} be fixed and X(Z,N’) and(Y,N’) are linear space,
fuzzy normed space and fuzzy Banach space respectively) :L¢t — Z be a

B
function withO < (%) <1

N’ (qJ ((n— 2)Bx, (n—2)Px,.... (n— 2)Bx) ,t) >N <O(Bl|J(X,X,...,X) ,t) (3.1)
forall x € X and allt> 0,a > 0 and
im N’ (4 (0= 2%, (= 2%, (1-2P%) . (- 2P1) =1 (3.2)

for all x1,%2,--- , X, € X and all t> 0. Suppose that a function: X — Y satisfies
the inequality

N (Df(XLXZa’” 7X|"I)7t) 2 N/ (l-p(x:lnxz"” 7X|"I)7t) (33)
forallt > 0and all x;,X%2,--- ,%; € X. Then the limit

A(X) =N—lim M

o (n— 2Pk (4
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exists for all xe X and the mapping AX — Y is a unique additive function such

el N (f(x) —AX),t) > N (P(x,X,...,X),nt|(n—2) —al) (3.5)

forallx € X and all t> 0.

Proof. Assumep = 1. Replacingx1, X2, -+ ,X,) by (XX, ...,X) in (3.3), we get
N(nf((n—2)x) —n(n—2)f(x),t) > N (W(x,X,...,X),t) (3.6)

for all x € X and allt > 0. Replacingk by (n— 2)xin (3.6), we get

f((n—2)t1x) t
N <—n_2 — f((n—2)kx),7n(n_2)>

>N/ (Lp((n—Z)kx,(n—2)kx,...,(n—2)kx),t> (3.7)
for all x € X and allt > 0. Using (3.1),(F3) in (3.7), we get

_ oykil
N <w _ f((n—2)kx),ﬁ> >N (W06, %), %) (3:8)

for all x e X and allt > 0. It is simple to check from (3.8), that

\ (f((n—Z)k+1x)  H((n=2)%x) t > SN (lIJ(X,X,---7X)7L)

(n—2)ktt (n—=2)k "n(n—2)k+1 ak
(3.9)

holds for allx € X and allt > 0. Replacing by a*t in (3.9), we get

N<f((n_2)k+lx) B f((n—2)kx) akt > >N (PX,X,...,X),t) (3.10)

(n—2)k+1 (n—2)k "n(n—2)k+t

for all xe X and allt > 0. It is easy to see that
f((n—2)kx) k(-2 %) f((n—2)'x)
Rt e =l B

for all x € X. From equations (3.10) and (3.11), we have

f((n—2)%x) k1 alt
N(W‘”%W)
KL f(n—2)t %) f((n—2)x) ot
= { S = G o)

>N (WXX,...,X),t) (3.12)
forall xe X and allt > 0. Replacing<by (n—2)™xin (3.12) and using (3.1}F 3),
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we arrive
f(n=2™) f((n-2)™) ' 't ) t
N< (n_2km  (n_2)m ’i;n(n—Z)m+i+1>2N(w(x’x""’x’ﬁ>
(3.13)

for all x e X and allt > 0 and allm, k > 0. Replacing by a™ in (3.13), we get

f(n-2Fm)  f((n-2™) &  alt ,
N( (n_z)k+m o (n—2)m ) Z W)ZN (WX, X, ..., % 1)
(3.14)

for all x e X and allt > 0 and allm,k > 0. Using(F3) in (3.14), we obtain

f(n—2™)  f((n—2)") / t
(e ) 2 v 0 g —)

(3.15)

i=m

for all x € X and allt > 0 and allm,n> 0.

Kk |
Since O<a <n-2andy (%) < o0, the cauchy criterion for convergence and
i=0
f((n—2)kx)
(n—2)¥
a fuzzy Banach space, this sequence converges to someAggjnt Y. Define
A: X =Y by

(F5) gives that{ } is a Cauchy sequence (iY,N). Since(Y,N) is

A<X>:N—4‘L‘Lf<n_72)k

forall x € X.
Takingm=0in (3.15), we get

f((n—2)%x) , t
N<7—f(x),t> >N (w(x,x,...,x),ﬁ> (3.16)
=2 R
for all x € X and allt > 0. Allowing k — 0 in (3.16) and usingF6), we get
N (f(X) _A(X)vt) > N/(lIJ(X,X, cee >X)7n(n_ 2— G)t)

for all xe X and allt > 0.
To proveA satisfies the functional equation (1.5), replacirg - - - ,xn) by
(N—=2)%q, (N—2)k%p, -, (n—2)xy,) in (3.3) respectively, we get

N <(n_712)kDf ((n— 2)%1, (N—2)¥xg, -+, (N— 2)kxn> ,t>

>N (9((0-2/%, (1= 2%+, (1- 2%, (n—2)t
(3.17)

forallt > 0and allxy,--- ,X, € X. Now,
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)

N(iA( XJ+1<I<I’]I7$J

(24 2
N< (n— ZZLAXJ = 2 Zf
N( szf —Xj + )i (X)), )} (3.18)

for all x1,--- ,xy € X and allt > 0. Using (3. 17) and (3.18) we get
N(z (~x+ 3 x)-(-25Ax))
=1 1<i<nji#j =1
>

mi {1 1,N’ <l|J ((n—Z)kxl,--- ,(n—Z)kxn>,(n—2)kt> }
N/ (qJ ((n— 2)%q, -+, (N— 2)kxn> (n— 2)kt) (3.19)
forall xq,--- ,X, € X and allt > 0. Lettingk — o in (3.19) and using (3.2), we get
N<iA<—xj+ > _m)—(n—Z)iA(x,-),t):l (3.20)
=1 1<i<nii#] =1

forall x1,--- ,xy € X and allt > 0. Using (F2) in (3.20),we obtain

s Al —x: N=mn-2)3 Ax;
5 ( X‘+1<i<zn7i¢,*> 0-2)3 Ax)

forall xg,--- , %y € X.

HenceA satisfies the additive functional equation (1.5).

To prove the uniqueness Af Suppose that there exists a another additive function
A X — Y satisfying (1.5) and (3.5). We have

1<i<n,i#]j

0 t
Zl T2 _’“%g)’
t

3)

-2

1<i<n i;éj

v

s (8 e
N )
N<f(((::§)):><) A((n— 2kx ’t>
2N’<t|l((n—2)'<x,...,(n_z)k) t(n— 2) 2 a)
> (wixx.. ),“‘<”—2>k£g;—2>—a>>

for all x e X and allt > 0.
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Since _nt(n—2)%((n—2) —a)
lim -
k—00 20k
we obtain tin—2)%((n—2) —a)
o nt(n— n-4-a)\ _

Thus N(AX) — A'(x),t) = 1

for all x e X and allt > 0. HenceA(x) = A'(x). ThereforeA(x) is unique.
For B = —1, we can prove the stability result by a similar manner. Tois-
pletes the proof of the theorem. O

The following corollary is an immediate outcome of Theoreth®ncerning the
Hyers-Ulam-Rassias and JMRassias stabilities for thetifwmed equation (1.5).

Corollary 3.1. Suppose that a function:fX — Y satisfies the inequality

N’ (g,t)
N"(e 3l [1%]]51), 1
N (D (xg, %), t) > N’Ez%l{‘_—i”'\):'ﬁ'\'!it)), :;él; (3.21)

N’ (e My I+ 2l [IX]™0), s# &
forallt >0andall x,--- ,%y € X, wheree, s are constants with > 0. Then there
exists a unigue additive function:X — Y such that
N’(e,nn—3|t),
N’(nel[x||%, n|(n—2) — (n—2)8|t),
(19— A0 2 8 (el nlin—2) (n— )
N'((1+ne[|x||", nl(n—2) = (n—2)™t),

(3.22)

forallx € X and all t> 0.

4. MAIN REsSULTS. FIXED POINT METHOD

In this section, the authors presented the generalized Uldyers stability of
the functional equation (1.5) in Fuzzy normed space usireglfpoint method.
Now we will recall the fundamental results in fixed point theo

Theorem 4.1. (Banach’s contraction principle) LetX,d) be a complete metric
space and consider a mapping: X — X which is strictly contractive mapping,
that is
(A1) d(Tx Ty) < Ld(x,y) for some (Lipschitz constant)4 1. Then,

(i) The mapping T has one and only fixed pointxT (x*);

(i) The fixed point for each given elemerntis globally attractive, that is
(A2) limy_,T"x = x*, for any starting point > X;

(iii) One has the following estimation inequalities:

(A3) d(T"x,x*) < 3 d(T"%, T™1x),¥ n> 0,V x € X;
(Ad) d(x,x") < 73 d(X,X*),V X € X.
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Theorem 4.2. [24] (The alternative of fixed point) Suppose that for a cosigpl
generalized metric spadeX,d) and a strictly contractive mapping TX — X with
Lipschitz constant L. Then, for each given elemeatX either
(B1) d(Tx, T™1x) = ¥ n>0,
or
(B2) there exists a natural numbep Buch that:

(i) d(T"%, T™1x) <o foralln>ng;

(i) The sequenc€T"x) is convergent to a fixed point pf T
(i) y* is the unique fixed point of T in the setY{y € X : d(T"x,y) < oo};

(iv) d(y",y) < 17 d(y, Ty) forally €Y.

For to prove the stability result we define the following:

L is a constant such that

{ n-2 if i=0,
b= 1 .
— if i=1
— if i
andQ is the set such that

Q={p|p:X—=Y,p(0)=0}.

Theorem 4.3. Let f: X — Y be a mapping for which there exist a functign
X" — Z with

Ilm N/ (LIJ (I“IIKXLM!(XZV o 7“1!(XH) 7p1kt) = 1 v X17X27' o 7X|"I S Xa t> O (41)
k—s00
and satisfies
N(D f(X1>X27 e 7Xn)7t) 2 N/(UJ(X17X2> e 7Xn)7t) \VIX17X27 e Xn € X> t>0. (42)
If there exists L= L(i) such that the function

1 X X X
X_>G(X)_ﬁw<n_2>n_27"'7n_2>7

has the property
N’ (L&a(u,-x),t) =N'(a(x),t), Vxe X, t>0. (4.3)
Then there exists unique additive mapping®— Y satisfying (1.5) and

1-i
N (109~ AX.0 = N (a0 T
Proof. Letd be a general metric of2, such that

d(p,q) =inf {K € (0,)|N (p(x) — q(x),t) > N’ (Ka(x),t),x € X, t > 0} .

t>,VxeX,t>0. (4.4)

It is easy to verify thatQ,d) is complete. Defin@ : Q — Q by T p(x) = &p(pjx),
for all x e X. Forp,q € Q, we haved(p,q) <K
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= N(p(x)—q(x),t) > N'(a(x),Kt)
= N(EE B >N (a (), Kist)
= N(TpXx) -Tqx),t) > N(a(x),KLt)
= d(Tpx),Tqx) < KL

= d(Tp,Ta) < Ld(p,q)

for all p,q € Q. There foreT is strictly contractive mapping of with Lipschitz
constantL. Replacing(x1,X2,Xs, - , %)) by (X, X, - -+ ,X) in (4.2), we get

N(nf((n—2)x) —n(n—2)f(x),t) > N (P(x,%,--- ,X),t). (4.5)
forall x e X,t > 0. Using (F3) in (4.5), we get

N(% - f(x),t> > N/<n(n1— 2)t]J(x,x,m ,x),t) (4.6)

for all x € X,t > 0 with the help of (4.3) when= 0 and it follows from (4.6), we

arrive
f((n—2)x) /
—_ >
:>N< n=2) f(x),t | >N'{ a(x),Lt
= d(Tf,fy<L=Lt=LY" (4.7)
Replacingx by ﬁ in (4.5), we get

N<”X)‘(”‘2” (ﬁ)‘) 2Nl("’@(nﬁa’ e <n§2>>"> “9

for all x e X,t > 0 using (4.3) whem= 1, it follows from (4.8) we obtain

=N <f(x) —(n—2)f (ﬁ) ,t) > N (a(x), 1)
=d(f,Tf<1=L"=L" (4.9)
Then from (4.7) and (4.9) we can conclude,
d(f, TH <L <o

Now from the fixed point alternative in both cases, it follothsit there exists a
fixed pointA of T in Q such that )

. f((n—2)%x)

AX)=N—lim ——— 2~

9 o (n—2)k 7

Replacing(x1, X2, -+ ,Xn) bY (X1, liXe, - -+, liXn) In (4.2), we arrive

l /
N <EDf(UiX17|JiX27”' ,Mxn),t> >N (w(uxl,MXZ,--- ,Mxn),p}‘t> (4.11)

forallt > 0 and allxy,xp,- -+ , Xy € X
By following the same manner as in the Theorem 3.1, we carediefunction,
A: X =Y satisfies (1.5).

vxe X,t > 0. (4.10)
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By fixed point alternative, sincA is unique fixed point off in the set
A={f e Q|d(f,A) <o},
thereforeA is a unige function such that
N (f(x) —A(x),t) > N’ (a(x),Kt) (4.12)
for all x e X,t > 0 andK > 0. Again using the fixed point alternative, we get

1
<
d(f.A) < 7=rd(1,TH)

Ll—i
=d(f,A) < 1L
Llfi
= N(f(x) —A(x),t) > N’ <0((x)ﬁ,t> : (4.13)
for all x e X andt > 0. This completes the proof of the theorem. O

From Theorem 4.3, we obtain the following corollary conaegnthe stability
for the functional equation (1.5).

Corollary 4.1. Suppose that a function: X — Y satisfies the inequality

N’(g,t)
N'(e3ily |xil[51) s# 1,
N DfX7X7”'7X 7t > Wt e 414
(D10 X000 2 Ny a0, sz (449
N'(e Mg [ ][5+ Zha il 1), s# &

for all Xq,X2,---,X, € X and t> 0, whereg, s are constants with > 0. Then there
exists a unique additive mapping. X — Y such that

N’ (g,n|n—3|t),

N’ (ne|[x||*,n[(n—2) — (n—2)|t),
N’ (g||x]|",n[(n—2) — (n—2)™]t),
N"((n—1)e[[x|"%,n|(n—2) — (n—2)™t),

N (f(x) —A(x),t) > (4.15)

forall x € X and all t> 0.

REFERENCES

[1] AczelJ. and Dhombres Functional Equations in Several Variable§ambridge Univ, Press,
1989.

[2] Aoki T., On the stability of the linear transformation in Banach spgacd. Math. Soc. Japan,
2 (1950), 64-66.

[3] Arunkumar M., Vijayanandhraj G., Ramamoorthi Stability of a Euler-Lagrange quadratic
functional equation In Fuzzy Normed Spackeger. J. of Math. Sci. and Engg. Appls. (IJM-
SEA), Vol. 4, No. IV, Oct 2010.

[4] Arunkumar M., Three Dimensional Quartic Functional Equation In Fuzzy iMed Spaces
Far East Journal of Applied Mathematics, Vol 41, No. 2, (2083-94.

[5] Arunkumar M., Stability of a functional equation in denormed spacelnternational Journal
of pure and Applied Mathematics Vol 57, No.2, 2009, 241-250.



90 V. ARASU AND M. ANGAYARKANNI

[6] Baak C. and Moslenian M. SOn the stability of a orthogonally cubic functional equat$p
Kyungpook Math. J., 47 (2007), 69-76.
[7] Bag T., Samanta S.KFinite dimensional fuzzy normed linear spacésFuzzy Math. 11 (3)
(2003) 687-705.
[8] Bag T., Samanta S.K.Fuzzy bounded linear operatQrBuzzy Sets and Systems 151 (2005)
513-547.
[9] Cheng S.C., Mordeson J.NFuzzy linear operator and fuzzy normed linear spadgsll.
Calcutta Math. Soc. 86 (1994) 429-436.
[10] ChuH.Y. and Kang D. SQn the stability of an f dimensional cubic functional equatio,
Math. Anal. Appl., 325 No. 1 (2007), 595-607.
[11] Czerwik S.,Functional Equations and Inequalities in Several Variablé/orld Scientific,
River Edge, NJ, 2002.
[12] Felbin C.,Finite dimensional fuzzy normed linear spaéeizzy Sets and Systems 48 (1992)
239-248.
[13] Gavruta P.A generalization of the Hyers-Ulam-Rassias stability opragimately additive
mappingsJ. Math. Anal. Appl., 184 (1994), 431-436.
[14] Hyers D.H.,On the stability of the linear functional equatioRroc.Nat. Acad.Sci.,U.S.A.,27
(1941) 222-224.
[15] Hyers D.H., Isac G., Rassias Th.Mstability of functional equations in several variahles
Birkhauser, Basel, 1998.
[16] Sun-Young Jang, Jung Rye Lee, Choonkil Park and DongShin, Fuzzy Stability of Jensen-
Type Quadratic Functional Equation8bstract and Applied Analysis, Volume 2009, Article
ID 535678, 17 pages, doi:10.1155/2009/535678.
[17] Jun K. W. and Kim H. M.On the Hyers-Ulam-Rassias stability of a general cubic fiomal
equation Math. Ineq. Appl., Vol. 6(2) (2003), 289-302.
[18] Jung Y. S. and Chang I. SThe stability of a cubic type functional equation with thedix
point alternative J. Math. Anal. Appl., 306 (2005), 752-760.
[19] Jung S.M.Hyers-Ulam-Rassias Stability of Functional Equations iatMematical Analysis
Hadronic Press, Palm Harbor, 2001.
[20] Jung Y. S. and Chang I. SThe stability of a cubic type functional equation with thedix
point alternative J. Math. Anal. Appl., 306 (2005), 752-760.
[21] Katsaras A.K.Fuzzy topological vector spaces Huzzy Sets and Systems 12 (1984),
143-154.
[22] Kramosil I., Michalek J.Fuzzy metric and statistical metric spacé&ybernetica 11 (1975)
326-334.
[23] Krishna S.V., Sarma K.K.M.Separation of fuzzy normed linear spacéazzy Sets and Sys-
tems 63 (1994) 207-217.
[24] Margolis B., DiazJ. B.A fixed point theorem of the alternative for contractions ayeaeral-
ized complete metric spadBull. Amer. Math. Soc. Vol.126, no.74 (1968), 305-309.
[25] Mihet D., The fixed point method for fuzzy stability of the Jensen ifumealt equation Fuzzy
Sets and Systems 160, (2009), 1663 -1667.
[26] Mirmostafaee A.K., Moslehian M.SEuzzy versions of Hyers-Ulam-Rassias theqrEnrzy
Sets and Systems, Vol. 159, no. 6, (2008), 720-729.
[27] Mirmostafaee A.K., Mirzavaziri M., Moslehian M.Szuzzy stability of the Jensen functional
equation Fuzzy Sets and Systems, Vol. 159, no. 6, (2008), 730-738.
[28] Mirmostafaee A. K. and Moslehian M. $zuzzy approximately cubic mappindsformation
Sciences, \ol. 178, no. 19, (2008), 3791-3798.
[29] Mirmostafaee A. K. and Moslehian M. $zuzzy almost quadratic functionResults in Math-
ematics, Vol. 52, no. 1-2, (2008), 161-177.



STABILITY OF N-DIMENSIONAL ADDITIVE ... 91

[30] Park K. H. and Jung Y.SStability for a cubic functional equatioBull. Korean Math. Soc.,
41(2) (2004), 347-357.

[31] Rassias J.M.On approximately of approximately linear mappings by linezappings,J.
Funct. Anal. USA, 46, (1982) 126-130.

[32] Rassias J.M.On approximately of approximately linear mappings by linsgppings,Bull.
Sc. Math, 108, (1984) 445-446.

[33] Rassias J. M.Solution of the Ulam stability problem for the cubic mappi@jasnik Mathe-
matica, Vol. 36(56) (2001), 63-72.

[34] Rassias Th.M.0On the stability of the linear mapping in Banach spadesyc.Amer.Math.
Soc., 72 (1978), 297-300.

[35] Ravi K. and Arunkumar M.On The Generalized Hyers-Ulam- Rassias Stability of a Cubic
Functional Equation International Review of Pure and Applied Mathematics,.2/0No.1,
2006, 13-23.

[36] RaviK., Arunkumar M. and Rassias J.MDn the Ulam stability for the orthogonally general
Euler-Lagrange type functional equatidmternational Journal of Mathematical Sciences, Au-
tumn 2008 Vol.3, No. 08, 36-47.

[37] RaviK., Arunkumar M. and Narasimman Pyzzy stability of a Additive functional equatjon
International Journal of Mathematical Sciences, Autumh1?@l.9, No. S11,

88-105.

[38] Sahoo P. K.On a functional equation characterizing polynomials of @egthree Bul. Inst.
Math. Acd. Sin, 32 (1), 2004.

[39] Ulam S.M., Problems in Modern Mathematics§Science Editions,Wiley, NewYork, 1964
(Chapter VI, Some Questions in Analysis: 1, Stability).

[40] Xiao J.Z., Zhu X.H.Fuzzy normed spaces of operators and its completeRegzy Sets and
Systems 133 (2003) 389-399.

(Received: October 11, 2019) V. Arasu

(Revised: June 05, 2021) Department of Mathematics
Government Arts College(Men)
Krishnagiri - 635 001, Tamil Nadu
India
e-mail: arasul110@gmail.com
and
M. Angayarkanni
Department of Mathematics
Kandaswami Kandar’s College,
P.Velur-638 182, Namakkal, Tamil Nadu
India
e-mail: angayarkanni66@rediffmail.com






