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NONTERMINATING EXTENSIONS OF THE SEARS
TRANSFORMATION

WENCHANG CHU AND NADIA N. LI

ABSTRACT. By means of two and three term relations of 3¢2-series, we
investigate the nonterminating 4¢s-series. Eight transformation formu-
laes into double series are established. Four of them are shown to be
nonterminating extensions of the Sears transformation.

1. INTRODUCTION AND MOTIVATION

For the two indeterminates x and ¢, the shifted factorial of x with base ¢
reads as

(;9) = 1 and (z;9), = 1—2)(1—gz)---(1—¢" 'z) for neN.
When |¢| < 1, we have two well-defined infinite products

(@50)0 = [[1—df2) and (21q), = (310)s /("1 0) o -
k=0
The product and fraction of shifted factorials are abbreviated respectively
to

[, By ooy vial, = (49),(B50), - (v:9),
[a, By ‘q] _ (@9), (Bi@)y (130,
A B,...,CI"| (4;9), (B;q), - (C59),,

Following Gasper—Rahman [4], the basic hypergeometric series is defined by
ag, at, -« -, Qp
S

. o - 1\ (5 57T lag, @1, ..., G n
1+T¢S[ by, ..., b q’z]_ Z_%{( 1) q(Q)} [q, by, ..., bs QLZ

where the base ¢ will be restricted to |¢| < 1 for nonterminating g¢-series.
Most of the g-series results concern the case r = s. When the parameters
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satisfy the condition gagaias---a, = biby---b,., the series is said to be
balanced. There are numerous important summation and transformation
formulae in the g¢-series theory. Ome of them is due to Sears [5] (cf. [4,
I11-15]), which concerns the terminating balanced 4¢3-series subject to the
condition afy = ¢' "bed:

qg" b d . _ 04/677/0 ", e B/b 6/d
4¢3|: @,B,Wq’q:|_|: a,y ‘q:|n (;5 |:Ba

The aim of this paper is to investigate its nonterminating form
bc,d e| afy c,e,bd/f afy\" | b,d
y Gy Uy . — ) &y 2
02 [av B, 1% bcde] 7;, { gy 11, (bcde) B,bd/B|? @)
Recall the ¢-Pfaff-Saalschiitz summation theorem (cf. [1, §8.4] and [4, II-12])
", a, c/a,c/b
3¢2|: c, ql nab/c‘% :| |:C c/ab Q:|n' (3)

This can be utilized to rewrite the afore-displayed 4¢3-series as
o [b,c,d,e‘ aﬁv] ¥ [c,qe,bd/ﬂ q] (215, [ a8/ Bld| ]
n>0 ’ n
c.e.bd/B) 1 (oBr\*§~[a " B/b, Bl 1
_Z[ q,0,y ] (bcde) kzzo[ nﬁ/bd }

@, 67 " bede «, 7y bede
Letting n = k 4 ¢ in the last double sum and then interchanging the sum-
mation order, we get the following expression

b,c,d, e Oéﬁ"}/ C,G,,B/b,ﬁ/d ay k
4¢3[O‘7 B bcde] kz>0[ a3,y ’q]n(ce)

_afy
Chede |

sa . ()

k
X 3¢2[

¢"a, ¢y

This will be our starting point for the subsequent development. By means
of the ¢-Kummer—Thomae-Whipple transformation and the Hall transfor-
mation (cf. Gasper-Rahman [4, III-9 & 10]), we shall derive four double
series expressions for the 4¢3-series given in (2) in the next section. Then in
the third section, further four transformation formulae will be established by
utilizing the two three-term transformations (cf. Gasper-Rahman [4, I11-33
& 34]). Finally, the paper will end with a discussion of some known results
that are contained as particular cases of the main theorems proved in this
paper.
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2. TRANSFORMATIONS INTO DOUBLE SERIES

Based on the double sum expression displayed in (4), we shall derive four
transformation theorems in this section. The main tools are the g-Kummer—
Thomae-Whipple transformation (cf. Gasper-Rahman [4, I11-9])

b, c, d| ay a/d, ary/be d, v/b, v/c| «
L= et 5
3¢2[ a, v 1T bcd} [a,a’v/bcd 392 Moy fbe |7 g (5)
q; b} .

and the Hall transformation (cf. Gasper-Rahman [4, I1I-10])
b, ¢, d| av b, ary/bd, ary/be a/b, v/b, avy/bcd
3(252[ a, y ‘q; bcd] - [ a, 7y, ay/bed ] 3¢2[ ay/bd, ay/be
(6)
2.1. According to (5), we can reformulate the 3¢o-series displayed in (4) as
a,ny] _ [a’y/ce,qkaﬁ/bd’ ]

" bede ¢ o, afry/bede

3¢2[ o, gy

bd/B,v/c,v/e e

« 39|57/ kv/ o L9
ay/ce,q"y bd

Substituting the last expression into (4), we get the first transformation

formula.

Theorem 1 (Double sum expression).

b,c, d, el aBy aB/bd, ary/ce
o5 i) = 1

a, B, v 17 bede o, afBy/bede
& [ee,B/b,B/d bd/B,v/c,/e
” kz>:0 D [q B,06/bd | ] < ) [ q,a/ce ‘qL(bd) '

When d = 1, the last theorem gives, under the replacement b — b3, the
following closed formula for the double series, which is equivalent to Gasper’s
one (cf. Gasper-Rahman [4, P300]).

Corollary 2 (Summation formula of double series).

[a,ow/bce ] B g~ {0,6,1/17 } (M)k[b,v/c,v/e

afbay/eel?] = = (V@i [ /b 7 \ee q,ay/ce

o, (5)"

The last formula may be considered as a double series extension of the
well-known ¢-Gauss summation theorem (cf. Bailey[l, §8.4] and Gasper—
Rahman [4, II-8]) because for v = e, it reduces equivalently to the following

oo [ o) = [Lofile] , were ert <1
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2.2. Alternatively, applying (5) to the g¢o-series displayed in (4)
¢ chv qkea bd/ﬁ . Oéﬁ’}/ _ cha cw/ce, qkaﬁy/de‘
2L dfa iy Tbede] T | dFan by, aBy/bede 1]
CK/C, fY/Ca a/BfY/dee k
k q;q9 ¢
ay/ce, q"afy/bed

we derive from (4) the second transformation formula.

><3¢2[

Theorem 3 (Double sum expression).

¢ bv ¢, da el . OZB’)/ |G Oé’Y/Ce,Oéﬂ’Y/de‘
A3, B,y G pede | ~ a, vy, afy/bede q -

§ §: ( JFic r%ﬂﬂ%ﬁ/db}k(a7>k[aﬂ%VA%aﬁv/Mdeh}?

k,i>0 aﬁ’Y/de; q)k+i q,5 ce q, Oc’y/ce

Letting 8 = e = bd in the last theorem, we get the following interesting
reduction formula for the g-Appell like ®®)-series (cf. Gasper-Rahman [4,
§10.2)).

Corollary 4 (Reduction formula of double series).
A e ‘
& de:| |:C’ OK}I/C q:| [e')

= 3 Gotean Lo, G [

k,i>0

b,c,d

3¢2[a7 5

q -

This identity extends again the ¢g-Gauss summation theorem (7), which
corresponds, in fact, to the particular case d = 1 of the formula displayed in
the last corollary.

2.3. By means of (6), the g¢o-series in (4) can be reformulated as

p ¢"c,qke,bd/B . afy
372 o, ¢y " bede

_ [a/aq’“ozﬁ'y/bcd ] @{q’“e,v/c,qkﬁv/bd .a}

¢"a, afy/bede ¢y, dbaBy/bed |7 e
Substituting this expression into (4), we get the third transformation for-
mula.

Theorem 5 (Double sum expression).

b, c,d, e ‘aﬁfy} _ |a/e,aBy/bed

4¢3[ a, B, v G pede | ~ [a,aﬁ’y/bcde ‘QLO
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e, By/bd } [ ¢, B/b,8/d ] (v/6 Q)i
X — .
Z [%aﬂv/bcd kﬂ-(ce) q.8.8v/bdl?], (g ) <e>

Letting 5 = 0 in the last theorem, we find another interesting summation
formula for the g-Appell ®(M-series (cf. Gasper-Rahman [4, §10.2]).

Corollary 6 (Summation formula of double series).

()0 _ (€5 @i (¢ (ﬂ)k(ﬁ//@;@i(g)i'

(a/e; @)oo Ay (i Dkti (G @)k N e/ (a59);

When v = 0, this identity recovers the g-binomial series (cf. [1, §8.2]
and [4, I1-3])

; ] = (023 4)oc where lz| < 1. (8)

a
190 [— T T @
2.4. Analogously, by utilizing (6), we can restate gpo-series in (4) as
p ke, ¢be, capy] _ bd/ﬂ,q aBy/bed, q aﬁv/de‘
2 dFasgty 1T bede ", ¢, apy/bed I

aBy/bede, ¢ *aB/bd, ¢*Bv/bd| bd
q*a By /bed, g apy/bde ‘q’ﬁ ’

This leads (4) to the fourth transformation formula.

><3¢2[

Theorem 7 (Double sum expression).

" [b,c,d,e‘ aﬁv] _ [bd/ﬁ,aﬁfy/bcd,aﬂfy/bde‘ } 3 [agg,f ‘ ]H

. |ceB/b,B/d ay\k (aBy/bede; q)i (bd\?
B af py |4 e (¢:9); E :
'y Bd 0 bd p ~Cce€ q;94)q

Letting d = 1 and then replacing b by b5 in the last theorem, we obtain
the following interesting summation formula.

Corollary 8 (Summation formula of double series).
[ o, ary/bee ‘q] _Z[ a/b,v/b H
b, ay/be, ay/bel™| st ay/be, ay/bel™|, .
[ c,e,1/b ] (CV’Y)k(OW/bC@;(J)ibz‘

¢ a/b, /bl Loce’  (¢5q)

When ¢ = 1, this identity recovers again the ¢-Gauss summation theorem

(7).
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3. TWO-TERMS TRANSFORMATIONS

(9)

In this section, four transformation theorems involving two double sums
tion formulae (cf. Gasper-Rahman [4, I11-33 & 34)):
e {b, c, d‘ 'ory] _ [a/b,a/c q] 3¢2[b, ¢, v/d : }
b,c,v/d,ary/be a7b, a/e, avy/bed
[a,’y,bc/a,ow/bcd q] 3¢2[ ay/be, qa/be q;q}
R a,qc/v,q/d, a/be ge/d, qbe/al|®
_ [Q/%qa/%b, ¢,v/d, ay/beq, ¢*be/ary } 32 [qvbzf & 0‘7]

will be established by employing the following two three-term transforma-
a, v 1 abe a, a/be v, qbe/a
b, ¢, d| a’y] _ [a/b,a/c,qc/d,q/’y ] 36 [c, v/d, qc/a
v/a,,ab/v, 9¢/7v,a/d, e fbe, gbe/a |?

392 [

3.1. According to (9), we can reformulate the 3¢o-series in (4) as
’ aBy] _ [afe.q"ap/bd
3¢2[ o, ¢y & bcde} - [qka,aﬁ/bde ‘q] 3¢2[q 'y,qbde/aﬁ q]
L[ yleaipte dapfude || Tofedtof bty ode)
¢ba,q"y,bde/aB, apy/bede|?] 2| qtapy bde,qap/bde 1T

Substituting this into (4) results in the first transformation formula.

Theorem 9 (Double sum expression).

b,c,d,e| aBy|_ [a/e,aB/bd (& @k+i (v \F
193 [ a, B, 717 deJ B [a,aﬂ/bde ‘q] o (7 Q)k+z’( )

y [ ¢, B/b,B/d ] {v/c,bd/ﬁ } ; +[e,v/c,bd/6,a57/bde ]
q.8,a8/bd|?|, |q.qbde/ap a7, bde/a, afy/bedel?|

(aﬁ/bd Q)k+l 75/17 B/d ay k a/67@57/50d6 i
X 2 (abh bde; g [qyﬁ,aﬂ/bd ] () [ 4. g /bde ‘q]iq'

E,i>0
When d = 1, the last theorem yields the following two-term relation.

Corollary 10 (Two-term summation formula).
(fy/bee;q)oe _ [a/e,aﬂ/b, aﬁv/bce‘ }
(aﬂv/be'q) | a,aB/be,apy/be |1
y Z (& Dr+i (Oﬂ) [c ,3/b } [7/0,(7/5 q} n {e,w/c,b/ﬁ q}

S0 (1 i ¢.aB/bl%), |, qbe/aB a,v,be/af
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q] q.
7

3.2. By means of (9), the 3¢o-series displayed in (4) can be expressed as
¢ chv qkea bd/ﬂ O‘/BV a/c Oé/e
T2 dragty  bede ¢ a,q Fa/ce q

i d*e,q e7qk57/bd,a7/ce ‘q
’ ¢"a, ¢, ¢ ce/a, afy/bede

Q§(I]-

The corresponding (4) yields the second transformation formula.

(aB/b;@)k+i | ¢, B/b av\*k [a/e, aBy/bee
8 ZM[q,aﬁ/b } (73) [ q,qaﬁv/be

dc,q"e,q" By /bd
q'ree/a, gty

afe,afe, affy/bede
ay/ce,q"Fa/ce

><3¢>2{

><3<l52{

Theorem 11 (Double sum expression).
b, c,d, el afy oz/c,a/e‘ c, e,Bv/bd)
4¢3 |: «, 57 ) de€:| |: «, a/ce ¢ ) k%:() qce/a,’y e k4i

y [ B/b,B/d } M+[ ¢ e, ay/ce, By/bd | }

B 57/561 (¢; )i a,7, ce/a, afy/bede|?
B/b,6/d | ] [afe,afe,afy/bede
: ,;;0 qa/ce 9)i {q,ﬁ B /bd|? } [ g, ay/ce ’q]i‘

When d = 1, the last theorem gives another two-term relation.

Corollary 12 (Two—term summation formula).
(aBy/bee; 4)oo
(ay/ce; @)oo
[a/e e oy q} > [c e 5/ ] [ B/ ] 0 (—qy)*
2 k41

a,afce,ary/ce geefa,y | q,Bv/bl? (¢ 9)i

+[c,e,ﬁv/b” > gL Hi(—)F [ﬁ/b } {a/c,a/&aﬁv/bce’q]i_

OZ?V? Ce/a >0 (Qa/ce, Q)z—k q’ ﬁ')//b q k q’ O/Y/Ce

3.3. Applying (10) to the 3¢o-series in (4), we get the expression
dc,qe,bd/B| afy] _ q"e.q"aB/bd, qe/y
302 = 3¢2

qka qu " bede 1‘H‘:eﬁ/bd q1+kce/7 q
L [V/e/edts ’“/a q”keﬁ/bd qc/a, qe/a, q aBy
(q — 3¢ q;
qe/a, qB/bd, q"y,q  y/ce 17| av/o, >k o bede
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[qv/a .q" 7o, e, ¢%e, ¢FaB /b, cw/qce q Ce/av) ]
¢ a, ", qc/a, qefa, qB/bd, ¢ Fvy/ce, ¢ ey |

Substituting the last equation into (4) gives rise to the third transformation
formula.

Theorem 13 (Double sum expression).

o b, ¢, d, 6‘ afy — q/a,v/c,v/e qBe/bd
s 757 “bede | | v,/ ce,qe/a, qB/bd 1

« k%()qk [ e,aB/bd ‘ LH [c,ﬁ/b,,@/d q:|k(qe/’yq)<qc)

qef/bd, gee/y|? q,3,a83/bd (:9)i \a

L4 [qz/a,q’y/oz,c,e,aﬁ/bd,a’y/qce,q%e/a’y‘ }
« @,7,qc/a, qe/a, qB/bd, v/ ce, qce /vy
k(g Qe-i [6/5,5/61 ] [QC/a,qe/a ] ayyt
X ah 1) ()

5o aﬁ/bd QDk—i | 8 q,q7/a qce

For this theorem and the next one, we shall not produce the two—term
relations corresponding to the case d = 1, which will resemble Corollaries 10
and 12.

3.4. Finally, the 3¢o-series displayed in (4) can be reformulated through
(10) as

sy |10 0 0A/B) aB] v/e,q’“ﬁv/bd,ql"‘“/a,ql"“bd/w’q
"o, q*y 1" bede By /bde, ¢~ /e, ¢"v, ¢**bd/aB

bd/B,afc,q ~ } b FXC’ g qla;bd’ aﬁ’y]

X
3¢2[ gbde/ By, q**bd/cB 1 av/a, ¢ F /ol bede

y [qv/a,ql’“/a,q e,bd/B,a/c, q’“aﬁ'y/bde,fkbde/@ﬁv‘ ]
Lo, "y, qe/a, Bry/bde, ¢ Fbd/aB, q'7F /c, gbde/ By

which leads (4) to the fourth transformation formula.

Theorem 14 (Double sum expression).
p [b, c,d, e aﬁ'q _ [v/e,ﬁv/bd, qbd/CB,Q/a‘ }
403 «, /87 bcde o Vvqbd/a/ﬁaq/caﬁfY/bde q
(cB/bd; q)i—;i [e,B/b,3/d ] ay [a/c ,bd/f3 } qee i
% k;ﬂ (Bv/bd; q)k—i [Qa 5,065/bd (ce> q,qbde/ﬁ’y (cw>

I [qz/a,q’y/a7e7bd/ﬂ,a/c, afy/bdeq, q2bde/a57‘ ]
o a,v,qbd/af, qe/a, q/c, By /bde, gbde /By
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% Z k a/QQk i [5/b,ﬁ/d‘qh[qc/a,qe/a‘q} (ﬂ)’

(aB/bd; q)i—i | 4,8 4,97/ qce

It is widely known that some two—term relations can be rewritten in com-
pact form in terms of g-integrals. For the g-double series, there is also such
an example in Gasper—-Rahman [4, Exercise 10.16]). However, it is unlikely
to do so for the theorems derived in this section because the two double sums
involved are very different in their structure. The only exception is Theo-
rem 9 with the two double sums having the same symmetric form. However,
it seems an uneasy task to express it in g-integrals due to the presence of
“variable” (ary/ce)¥.

k,i>0

4. FURTHER KNOWN EXAMPLES

The four theorems established in the last section are all reduced to the
Sears transformation (1) when the 4¢s-series is terminating balanced one.
In fact, for a8y = gbcde, the 4¢s-series in Theorem 9 is balanced. The
corresponding result can be stated as the following proposition.

Proposition 15 (af8vy = gbcde).

bc,dye| | |aje,ap/bd (€;Q)kvi fay\*
4¢3[ a, B,y q] a [a,aﬁ/bde q]ookgo (V Dkt (E)
y [c ,B/b, B/d ] (bd/Biq)i ; qc [e,qc, bd/p q]

Q7ﬁvaﬁ/bd k (q; q) Y @, 00

o\t [c,B/b,8/d (aB/bd; @)p+i(a/e;q)i
% Z (ce) [q,ﬁ,aﬁ/bd ] (96 Qryi(af/bde; q)iv1

When e = ¢7", the second part will be annihilated by the zero factor
(¢™™; ¢)0, while the first sum can be manipulated as follows

(q_n;Q)k—H il ﬁ/b ﬁ/d (bd/ﬁa )Z i+kn
k%o (V@) ki <C> [q’ﬁ’aﬁ/bd ]k (¢:9)i “(gq) !

_ n (a7 ¢, B/b,B/d ay\k  [qFm,bd/B
=24 [q,ﬁ,%aﬁ/bd q]k<c) 2¢1[ 7"y

k>0

QQQ}-

Evaluating the 9¢i-series by means of the ¢-Chu—Vandermonde-Gauss for-
mula (cf. [4, II-6])

»b1 {q’“”ébd/ﬁ ; } _ (g kﬁv/bd Dn— k( )
( Y n— /8
B (ﬁv/bjl Dn : bd
 (B/bd; q)r <F>
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we find that the last double sum reduces to a single one. Then the re-
sulting expression gives the Sears transformation in (1) after some routine
simplification.

Two further particular cases of Proposition 15 may be worthy of men-
tioning. The first case a = e results in a special form of (5) when the series
is balanced. Another one is the nonterminating ¢g-Vandermonde sum (cf. [4,

] [qa/ c,qb/c
201

11-23]) which corresponds to the case ¢ = 1.
ot L]
e legafe ab/ell] ¢?/clT)

Corollary 16 (afvy = gbde).
Analogously, we may examine Theorem 13. When a8y = gbcde, the 4¢s3-

a,b| | _|q/c,qab/c
2¢1|: cq’q]_[qa/c,qb/c

series is balanced. Then the first double sum can be reduced to a single
one

T k[ e, af/bd ) ]kﬂ (ge/7; )i { ¢, B/b,B/d ] <q0>

%,i>0 qef3/bd, qee/y|? (¢:9)i |95 aB/bd|?
= ¢,e,3/b,5/d ae/v.d%e | 1
= qu |:q76,a6/bd’qeﬁ/bdq:|k2¢l|: 1+k :|

k>0

=Y [ c.e,B/b,B/d } [q’“ﬂv/bdvqﬁ/bd ’q]
e q,ﬂ,aﬁ/bd qﬁe/bd HkeB/bd, gc/ o

 [By/bd.qB/bd ce B/b,Bld |
= [qeﬁ/bd, gc/a H 49 [q, 5. o8 v q]

where the last o¢p-series has been evaluated through (7). Hence, Theo-
rem 13 under the balanced condition a8y = gbcde becomes the following
¢* /e, c,e,bd /B, qv/a ’ ]

transformation formula.
_|_ -
o {a ac/a.ge/on qbd B,

S e i ], o

Furthermore, we can check without difficulty that the terminating case
e = ¢~ " of this proposition recovers again the Sears transformation (1).
Instead, when 8 = d, Proposition 17 reduces to the following nonterminating
g-Pfaff-Saalschiitz theorem (cf. [4, II-24]).

Proposition 17 (afy = gbcde).

byc,dye|l | _|a/e,v/c,v/e qee/a c, ﬁ/b B/d
195) 0, 8, 7199 = | 5, qc/a, gefa, v ce ’ oo4¢3 B,

k,i>0
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Corollary 18 (ay = gbed).
b, c, d q/v,a/bya/e,afd
302 ‘ q| = ‘

a, T = |a,qb/v, g/, qd /417

q [ qa/v,¢*/7,b,¢,d ‘ ] 5 [qb/% qc/v,qd/v| . }
v Lo, ab/v,qe/v, qd/v 1P ¢*/v.qa/y 1T
Before ending the paper, we would like to point out that all the theorems
obtained in this paper involve the double g-series. One important class of
them is called ¢-Kampé de Fériet Series (cf. Gasper-Rahman [4, §10.2] for
example). The informed reader can check without difficulty that Theorem 3
is, in fact, equivalent to a transformation due to Chu—-Jia [2, Proposition 2.3],
while Theorem 7 is essentially a reduction formula. Further summation and
transformation formulae can be found in the papers by Chu et al [2, 3].
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