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(w,c)-ALMOST PERIODIC GENERALIZED FUNCTIONS

MOHAMMED TAHA KHALLADI, MARKO KOSTI C, ABDELKADER RAHMANI AND
DANIEL VELINOV

ABSTRACT. The aim of this work is to introduce and study a new space of
(w, c) —almost periodic generalized functions containing (¥vec) — almost pe-
riodic functions,(w,c) —almost periodic Schwartz distributions, the algebra of
periodic generalized functions, the space of Bloch-péciggneralized func-
tions as well as the space @f;, c) —periodic generalized functions.

1. INTRODUCTION

The class of Bloch periodic functions, which extends thess#a of periodic
functions and anti-periodic functions, plays an importaté in the quantum me-
chanics and solid state physics. The clasén€) —periodic functions, which ex-
tends the class of Bloch periodic functions, has been intred and investigated by
Alvarez, Gbmez and Pinto [1]. This class(@¥f,c)—periodic functions is of major
relevance in the qualitative analysis of solutions to thehiéa linear differential
equation

y'(t) +[a—2qcos2]y(t) =0,
arising in modeling of seasonally forced population dyreani

The concept ofw, c) —almost periodicity of functions (resp. distributions) and
their Stepanov generalizations, is a generalization ofatek known Bohr (resp.
Schwartz) almost periodicity, these concepts have recbetin introduced by M.
T. Khalladi, M. Kosti¢, A. Rahmani and D. Velinov, see [9]dafl0]. In [9], the
authors briefly explain how the established theoreticalltesan be applied in
the qualitative analysis dfv, c)—almost periodic solutions to the abstract integro-
differential equations and inclusions in Banach spacegh&mmore, as an applica-
tion in [10], the authors have analyzed the existence ofidigtonal (w, c)—almost
periodic solutions of the linear ordinary differential am®s.
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The Colombeau algebr@ of generalized functions gives an answer to the prob-
lem of multiplication of distributions. For a detailed syudf these generalized
functions see the book [7]. An algebra of almost periodicegalized functions
of Colombeau type containing classical Bohr almost pecifalictions and almost
periodic Schwartz distributions has been introduced amdies in [5].

The main purpose of this paper is to continue the above madicesearches [9]
and [10] by introducing and investigating a new spacéwwt) —almost periodic
generalized functions containirfgy, c) —almost periodic functiongw, c) —almost
periodic Schwartz distributions, the algebra of periodtagralized functions, the
space of Bloch-periodic generalized functions as well asfface ofw, c) —periodic
generalized functions. In section 2, we recall the basicdefns and results that
we shall use in this paper. The main results are given in tin@ ection. First,
we construct the spacgi. of (w,c) —bounded generalized functions in which
we study the(w,c) —almost periodicity. The new spaagap,. of (w,c) —almost
periodic generalized functions of Colombeau type is giveDefinition 8. A char-
acterization of elements @fag,. is given by Proposition 14. Some algebraic prop-
erties of(w,c)—almost periodic generalized functions are given. Otheroirigmt
results related to the composition principle and convotugroduct inGag,., are
established by Proposition 19 and Proposition 20. An exiarnsf classical Bohl-
Bohr theorem to the case (f,c)—almost periodic generalized functions is given.
Finally, a new spacgp, of (w,c) —periodic generalized functions containing the
space of Bloch-periodic generalized functions introduoed/. F. Hasler in [8] as
well as the space of periodic generalized functions intceduby V. F. Valmorin
in [12], is also given. We refer the reader to [5], [6] and [/@rfi which the results
of this paper were inspired. In this paper we shall be comzkwith functions and
distributions defined on the whole lifie

2. (W,C) —ALMOST PERIODIC FUNCTIONS AND DISTRIBUTIONS

The aims of this section are twofold. The first one is to briedlgall the def-
inition of (w,c) —almost periodic functions and some basic properties of them
The second one is devoted to summarizing the definition aporitant results of
(w,c) —almost periodicity in the setting of Sobolev-Schwartz milisttions. For the
proofs and more details see [9] and [10].

Recall (G, || |.~) the Banach algebra of bounded and continuous complex
valued functions ofR endowed with the nornj ||, of uniform convergence on
R. Denote byAP the well-known space of Bohr almost periodic functionsikn
In the sequel we will use the following notation:

uc() =C 7 (), ¥ € C®orLP,1< p< o0 andTye=c #T,vT € D,

where the equality is taken in the usual (resp. Lebesgugifdisonal) sense.
We first recall the spac&R,,c of (w,c) —almost periodic functions.
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Definition 2.1. Let ce C\{0} and w> 0. A complex-valued function f defined
and continuous omR is called (w,c)—almost periodic, if and only if, .fc € AP,
Denote by AR, the set of all such functions.

Whenc = 1 andw > 0 arbitrary, we obtairAR,¢ := AP. The spaceAR, is
a vector space together with the usual operations of add#ia pointwise mul-
tiplication with scalars. Some properties (o¥, c) —almost periodic functions are
summarized in the following result.

Proposition2.1 i) The spaceAR, endowed with théw,c) —norm
[ fllwe = tSURp’ fue (V)]
€

is a Banach space.
i) If f ARy, thenf(.)=f(-.)€ARy1/c.
iii) If w>0,ce C\ {0} such thatc| =1 and if f € ARy such that iﬂgﬂ f(x)| >0,
Xe

then ]/f S APWl/C'
iv) If f € ARycandgwc € L, thenfxge ARyc.

To recall the concept ofw,c) —almost periodicity in the setting of Sobolev-
Schwartz distributions, we first present the sp@kge , 1 < p < e, and its topolog-
ical dual, which were initially introduced in [10]. Lgte [1,+] and f be a com-
plex valued measurable function BnWe denote by iy the set ofw, c) —Lebesgue
functions with exponenp, i.e.

Lic = {f : R — C measurable fyc € L"}.

Whenc = 1, L ¢ = LP the classical Lebesgue space oRer
Proposition2.2. The space.fc endowed with théw,c) —norm
”fHL@c = | fwell o, fOr 1 < p < oo,

and
11l g, = [ITllwe, for p=+eo,

is a Banach space.
Proposition2.3. D is dense irlLiyc;1 < p < o.
We recall that the following functional spaces
Do = {¢ ec®: oW elPvje Z+},
endowed with the topology defined by the countable familyafms

Pl p = gk ¢(j>HLp’k € Ly,

are differential Fréchet subalgebras@f.

Define )
Dip, ={0 € C” dwc € Do}
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Whenc =1, we getD,p = Dip. Moreover, it is easy to show that the space
Dip.,1 < p < oo, endowed with the topology defined by the following countable

family of norms _
‘q)’k,p;wp = zkH(q)V\LC)(J)H ,KeZy,
&= LP
is a Fréchet subspace oF.
Proposition2.4. Let 1< p< oo, if ¢, € D thenpy € Dyp .

The following result shows that the family of normig pwc IS submultiplicative.

Proposition2.5. Let 1< p< oo, if ¢, € D then for allk € Z ,, there exists

Ck > 0 such that
|¢w|k,p;w.c < Ck|¢|k,p;2\/V,C' |qJ|k,p;2W,0'

For 1< p <, we haveD C Dp_ C D . Moreover, we have the following
result. '

Proposition2.6. For 1< p < =, the spaceD is dense inDyp, .
Since he spac@® is not dense D , we then definebLmCas the subspace of
all functions inD - which vanish at infinity with all their derivatives. This spa

is the closure inD of the spaceDi . It is clear thatd)._;ac is a closed subspace
of D , hence it is a Fréchet space. Moreover, it is easy to checlotlusving
properties on the structure @ p .

Proposition2.7. For 1< p < o, we have
@L\Pv.c = i.DL\%.C = 5DI-\%.(:’
with continuous embedding.
Thanks to the density of the spagein Dy p ,1 < p <o, (resp.Q)Lm), we have
that the space, p _ (resp.fDme) is a normal space of distributionise. the elements

of the topological dual ofDp (resp. @LWC) can be identified with continuous
linear forms onD. '

Definition 2.2. For 1 < p < o, we denote b)ﬂ)l’_&,.VC the topological dual ofD g ,
Wherelp + % =1

Definition 2.3. i) The topological dual ofD; , denoted byB\/N’c, is called the
space of w,c) —bounded distributions.

i) The topological dual ofz')l_m, denoted b)a)'L1 , Is called the space dfw,c)-
integrable distributions. "

We can easily show the following characterizationd f§—distributions.
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Theorem 2.1. Let T € 2V, the following statements are equivalent:
i) Te @L@c.
i) CW (Tye*0) € Lic, Vo € D.

K .
i) 3KeEZi,I(f))oejey C Like: T = vy (pr)ﬁ” , where
<j< 2

(“V\I’C)j)ogjgk - (C_W fj)ogjgk'

Remark2.1 As a consequence of Theoreni2a distributionT € Q)ll_&a if and
only if, Tyc € D/ . '

Proposition2.8 LetT € 2. ThenT € @L@C, 1 < p< o, ifand only if, there exists
Se D{p,1< p< oo, such thafl = cwSin 7.

Recall that the spacB;p of almost periodic distributions, which was introduced
and studied by L. Schwartz, is based on the topological diefmof Bochner’s
almost periodic functions. Léte R andT € 2, the translated of by h, denoted
by 1T, is defined as:

(ThT,0) = (T, 1_nd), ¢ € D,
wheret_p$ (X) = ¢ (X+h).

The definition and characterizations of Schwartz almosibger distributions
are given in the following result

Theorem 2.2. For any bounded distribution € @[_m, the following statements are
equivalent:

(i) The sefthT,he R} is relatively compact irD)] ..

(i) T«d AP Vd € D.

k .
(i) 3keZy,3(fj)ocjck CAPIT = jzofj(l).

The concept ofw,c) —almost periodicity of Schwartz distributions is given by
the following
Definition 2.4. A distribution Te 23\;\,7(: is said to bg'w, c) —almost periodic, if and
only if, Tyc € fB;p, i.e. the seftyTyc, h € R} is relatively compact inD’Lw. The set
of (w, ¢) —almost periodic distributions is denoted Byp, .

Example 2.1. (i) The associated distribution of gmv,c) —almost periodic func-
tion (resp. Stepanoip,w,c) —almost periodic function) is afw,c) —almost peri-
odic distribution, i.e.

ARuc = Bpp,. (resp. SARyc — Bpp,.)-

(i) When c= 1it follows thatByp = B,
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Characterizations ofw,c) —almost periodic distributions are given in the fol-
lowing result.

Theorem 2.3.Let T € fB\'ch, the following statements are equivalent:
() T€Bpp,,
(i) ¢ (Twe*®) € ARye, Vo € D.

K .
(ii)) K€ Ze, 3())ge s C ARy : T =i _zo(fwc)g” . where
<j< 2

(“V\I’C)j)ogjgk - (C_VLV fj)ogjgk'

We recall also the following space of smodth c) —almost periodic functions

BaRye = {(I) € Dig. - dwe € anp},
where _
Bap = {q> € Do) cAPYj € Z+},
is the space of smooth almost periodic functions introdumed. Schwartz. We

endow Bag,. with the topology induced by~ . Some properties oBag,, are
given in the following '

Proposition2.9. i) Bag,, = ARucNDis..
ii) Bag, is a closed subspace 61 .
iii) If feLl,andd € Bag,,, thencw (fucxdwc) € Bap,.-

Corollary 2.1. If f € Die_and 6 (fuc* Gwc) € ARye, Vo € D, then fe Bag,..

Remark2.2 Itis clear thatBag,. C ARycM C”, whereas the converse inclusion is
not true. Indeed, the function

f(t)=2" \/2+ cost + cosv/2t
is an element oAR, N C* with ¢ = 2 andw = 1. However

f’(t):2t< —sint — v2sinv2 —In2\/2+cost+cosxﬁ2t>

21/2+ cost + cosy/2t
is not bounded, becautseRiéiJr cost + cos\/§t> = 0 and therefore
S
—sint —v/2sinv/2t ¢ AP
2v/2+ cogt + cosv'2t ’

hencef §é @prc.

The main properties OBAPWC are given in the following proposition.
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Proposition2.10 i) If T € Q%APM, thencw (TW7C)“) € Bap, o Vi € L.
i) If ¢ € Bag,. andT € Byg, , thendwcT € Byp, -

i) If T € Bhg,_andSe D/, , thenc (Tuc * Swe) € Bag,..

V) Bag,, is dense iBy, |

1
W,C

3. (W,c) —ALMOST PERIODIC GENERALIZED FUNCTIONS

In this section, we will introduce the space (@f,c) —almost periodic general-
ized functions of Colombeau type and give their elementaopgrties. First, let
us recall the simplified Colombeau algebra of generalizedttions onR. For a
detailed study see [7]. Skt= (0, 1]. We denote by (R))' the set of all families
of maps of clasg”” onR indexed byl and endowed with the following operations:

D) (Ug)g+(Ve)e = (U +Ve),, foralleel.

i) (Ug)g-(Ve)e = (UgVe)g, foralleel.

i) A(Ug)e = (AUg)g, foralle e | andA € C.

iv) (u)) = (ugw) , foralleclandj € Z,.
€

Definition 3.1. The algebra of generalized functionsBndenoted byg, is defined
as elements of the quotient space

B[R]
9= N®)

where

(Ue)e € (C*(R)) ;VK € R,Va € Z,,Ime Z,
Ev [R] = :

sup|ul® (x)‘ =0(™),e—0
xeK

is the space of moderate elements and

(Ue), € (C°(R));VK € R, Vo € Z, ,Yme Z,
sup‘uéa) (x)‘ =0(eM),e—0 ’
xeK

N(R) =

is the space of negligible elements.
Recall the algebra of bounded generalized function® on
M, -
GL‘” = ﬁ?

where
Mo = {(us)8 € (Do) VKEZ,IME T Ul = O (™) & —> o},
and
A= = {(us)s € (D=)' YK E Z;.,YME Zy |Ug|y,, = O (€M) € — 0}.
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The algebrag,, of almost periodic generalized functions, introduced &nd-s
ied in [5], contains the classical Bohr almost periodic fiots as well as almost
periodic Schwartz distributions. We refer to [5] and [6] €mtails on the construc-
tion of this algebra and their main properties. Recall trecepof smooth almost
periodic functions introduced above,

Bap = {q> € Do) cAPYj € Z+}.

The algebra of almost periodic generalized functionsRons defined by the
quotient algebra
Map

Gap = Ny’

where
Myp = {(ug)a € (Bap) YK E Z1,IME Zy, |l = O (™) € —» o} ,
is called the space of almost periodic moderate elements and
Nop = {(ug)E € (Bap) Yk EZ\,YME Z, Ul = O(EM) € — 0} :
is called the space of almost periodic negligible elements.
Remark3.1 The spaceMs, is a subalgebra dfBap,)' and\Gy is an ideal ofMy),.
Let us consider the following notation:
Upc = c‘vlvu,Vt eR,Vue gG.

This means thaf (Uyc), — c‘vaug)s € NAL(R), for all representativesuyc), , U Of
Uw,c, U respectively

Definition 3.2. The space ofw, c) —bounded generalized functions is denoted and
defined by

Glo, :={UE G Uyc € GLo}.
Remark3.2 Itis easy to show that ik € C andu,v € G thenAu,u+v e Giz,
anduve G. While uv¢ Gi, in fact we haveuv € Gz e because

(UV)W/Z,C =c W (uv) = Cwuc WV = Uw,cVine € GLe-

It is clear that ifc~wu = v almost everywhere oR in LP, thenu = cwv almost
everywhere ofR in LY, c. Moreover, we have the following proposition.

Proposition3.1 Letue G. Thenu € Gig ., if and only if, there existy € G- such
that

u=cwvin G. (3.1)
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Proof. (=) : Letu € Gi»_, thenuyc = cwu € G, Vvt € R. So for all repre-
sentatives(Uyc), € ML~ of uwc and for all representatives; € M- of u, we
have ((Uwc)e —c*vlvus)8 € AL~. ThereforeVe € I, (Uyc), = C Wl in Dy, ie.

Veel,cw (Uwc)g = Ug in Dy, hence(Cva(u\,\w)8 —U), € Ai= C A (R). By taking
V= [(Unc),] € GL~ We obtain that = cwvin G. On the other hand, i, andV;

are two representatives wkuch that

t ~ t
(ue —cwve), € AL(R) and (T —cwVe ), € AL(R),
for all representatives; andug of u, then

(Ug — Cvlvvg)8 — (G — CVLVVE)S € N (R)
— (U — ), — C¥ (Ve — V), € A (R)
= (U — Ug)e € N(R),

becausgve — V¢ ), € AL~ andci (Ve — V), € AL(R). This shows that (3.1) does not
depend on the choice of representatives.

(<=) : Suppose that there exigtc G~ such thatu = cwvin G, thenc wu =
¢ v (cwv) = vin G, this shows thati, € G, henceu € Gig_. O

The following definition introduces the space (@f c) —almost periodic gener-
alized functions.

Definition 3.3. The space ofw,c) —almost periodic generalized functions is de-
noted and defined by

GARy i= {u € Glo, Unc € gap},

By definition, it follows that
GAR,: C GLz. C G-
As a consequence of Proposition 3.1, we have the followinggsition.

Proposition3.2 Letu € G. Thenu € Gag,,, If and only if, there existy € Gap
such thau = cwv in G.
Corollary 3.1. In the case where € C\{0} is such thafc| = 1, we obtain that
gAPW,c = gap'
Example 3.1. i) We have
AP\MC C gAPW,C C gAPWC
ii) The generalized function (ug), + A (R), where
e (1) = elE=W)t teR, e,
is an element o&ap, -
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Let us recall the space of smodiiv,c) —almost periodic functions oR

Bary. := {¢ € Q)L:}Qc S Quc € gap}-

A characterization of elements ghp,, similar to the result obtained fdw, c)-
almost periodic distributions is given by the following.

Proposition3.3. Letu € G , the following assertions are equivalent:
(i) uis (w,c)-almost periodic.
(i) cw ((Unc) *9) € Bap,,, for all ¢ € D and for all representative@iyc), of
Uw,c-

Proof. (i) = (ii) : Letu € Gap,.- Thenuyc € Gap, therefore for everg € |, we
have (Uyc), € Bap. SINCEBap+ D C Bap, then (Uyc), *§ € Bap, Ve |, Vo € D,
hencecw ((Uwg), *§) € Bar,., Ve € I, Vo € D.

(i) = (i) : If cw ((Unc)e *9) € Bag,,, for all ¢ € D and for all representatives

(Uwc), OF Uyc, then (Uwe), * & € Bap, Ve € 1,V € D, SO (Uyc), € Bap, VEC I, it
suffices to show that

vkeZ,,Ime Z,,

(Une)e o =O (7)€ — 0,

which follows from the fact thatuwc), € M. If (Unc), € AL> and (Ue), *§ €
Bap, Ve € 1,Y$ € D, we obtain the same result, becadge C M. O

Remark3.3. The characterizatiofii) does not depend on the choice of represen-
tatives.

We have the following algebraic properties (@f,c) —almost periodic general-
ized functions.

Proposition3.4. Let c € C\{0}, wi,w, > 0, u € GAR,, . @NdV € Gag,, . If there
existsw > 0 such that; = ;- + o=, thenuve Gag,.

Proof. If ue GARy, o andv € GARw, c. thenuy, ¢ € Gap andv, ¢ € Gap, SO

141 1), ot ,
(uv)W.C:c*%uv:c(WﬁWz 5 (c " UC Wzv> = Uy cMip.c IN Gio.

AS Uw, cViw, ¢ € Gap, then(uv),,. € Gap, henceuv € Gag,,- O

Proposition3.5. Let ¢ € C\{0} such thatic| = 1, w> 0 andu,v € Gag,.. Then
uve g,/_\pwc.

Proof. According to Corollary 3.1, it follows that,v € Gap = G, @and sinc&Gap
is a subalgebra of; ~, we deduce thatv € Gap = Gag,.- O
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It is clear that for any real numbecs, ¢, w1, W, > 0, we have the equality

Furthermore, we have:

Proposition3.6. Letcs,c; € R \{0}, wywy,w, >0, u e GARy, o, ANAV € Gag,, .
W w

Thenuv e Gag,, Wherec = c;*c;?.

Proof. It follows from the fact that
t wow o\ Ty _t _t
L W- w- w- W- H
(uv)wC =Cc wuv= <c11022> UV =C; 1UC, 2V = U, c;Viwsc, IN GLe. O

Motivated by the need of a good theory of a Fourier transfofrgemeralized
functions, J. F. Colombeau introduced the algehfe C) of tempered generalized
functions onC. For more details on this algebra see [7].

Proposition3.7. If u € Gag,., then C%P(uw,c) € GAR,., WhereP(x) = kz axk,
<m

me Z., andag € C.

Proof. Letu € Gag,.. Thenuyc € Gap and from the fact thatz,p, is an algebrait

follows thatP (uyc) = (P ((Uwe)g) ) + Nap € Gap, henceciP (Uyc) € GARye- U
The following proposition generalizes this result.

Proposition3.8. Letu e Gag,. andF € G (C). Thenthe compositionw (F oUwc)
is a well defined element afap, .-

Proof. If u€ Gap,., thenuyc € Gap. SinceGap is stable under convolution by any
tempered generalized function, it follows from the compositheorem inG,,, that

F o Uwc € Gap. Thuscw (F oUwc) € GAR,c- O
Recall the algebra of integrable generalized function®on
M 1
GLl = El_l’
where

MLl - {(US)E € (@Ll)l ,Vk € Z+,E|m€ Z+, |u5|k,1 - O(S_m) 5 E—> O},
and
A = {(ug)s e (D) \VkeZ, YmeZ,, Ul 1 =O(eM), € — 0}.

Definition 3.4. A generalized function @ G is said to bgw, c) —integrable onR,
if and only if, uc € G 1. The space ofw,c) —integrable generalized functions on
R is denoted byg, 1 .
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Proposition3.9. If u € Gag,. andv € G, , then the convolutioi+ v given by
t

UV :i=CW (U * Viyc) »
is a well defined element afap,. -

Proof. Let (ug), be a representative afand(vg), be a representative gfthen for
eache € |, we have

(Ue Vo) (t) = /ug (t—9)ve (s)ds

R
B / C¥ (Ue), (t = 9)C* (Ve () ds

R
= 0 [ (Une), (1) (V) (9)ds
R

= C"LV ((UW,C)g * (VW,C)?_) (t).

From Proposition @— (iii ) , for eache € |, we havecw (fwe * dwe) € Bar,,, there-
fore for eacte € I, (Uwc), * (Viuc)s € Bap- On the other hand, sindeic), € Map
and(Vyc), € M1, then

VkeZ,,Im € Z,, |(uW,C)£\k7oo =0(e ™), e—0,
VkeZ,,Imp € Z,, |(Vw,0)s|k,1 =0(e™), e—0.

By Young inequality there exists$ > 0 such that
<c

H((UV\LC)g*(VV\LC)s)(j) Lo (uV\LC)éj)
so there exists” > 0 such thavk € Z, , we have
[ (Une)e * (ne)e b = € (o) | (Vic)elc - 3.2)
Consequently there existse 7. such that
| (Unc), * (v\,m)gh“c =0(e ™), e—0,

1 (c)ell e

L

which shows thaf (Uyc), * (VWC)S)S € Map. The inequality (3.2) shows that
((Ue)g * (Viue)g), Wheree is independent of the representatives(of,c), and

t
(Vi) - HENCeUyc * iye € Gap andu*V = Cw (Uyc * Viue) € GAR,- O

Definition 3.5. Let u= [(ug),] € G and % € R. A primitive of u is a generalized
function U defined by

U (%) = (/us(t)dt> + AR
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A generalized version of the classical Bohl-Bohr theoremgiven and proved
in [5]. We extend this result to the case (@f,c) —almost periodic generalized
functions.

Proposition3.1Q A primitive of a (w,c) —almost periodic generalized function is
(w, c) —almost periodic, if and only if, it is &, c) —bounded generalized function.

Proof. (=) : It follows from the fact thatGag,, C GLs . (=) : Letu=[(Ue)¢] €
Gar,. andU its primitive. By the hypothesis, we hal¢ € G , thenUy,c =
[(Uwe)e] € GL= and by definition
X
Veel, Ve R, (Upc), = [ (Une) (t)dt € Dye.

X0
Thus (Uy,), is a bounded primitive ofuyc), € Cap. By the classical result of

Bohl-Bohr we deduce thdty,c), € Cap and sinceCapN Dy~ = Bap, We obtain that
for eache € I, (Uwc), € Bap- The moderateness condition @U.), ), follows
from the fact thaf( (Uy,), ), € M=, i.e.

vke Zy,Ime Z,, |(Uue)g|i, =O(E™™), e — 0.
Hence((UW,C)s)s € Map andUy,c € Gap. It is easy to show that the result does

not depend on the choice of representatives and by tdkirg [(c% (UW.C)8> } ,
we conclude thdt is indeed a well-defined element Ghpg,. . )

We can also introduce the notion @f, c) —periodicity in the framework of al-
gebras of generalized functions. To this end, we recalldhaintinuous function
f is said to be(w,c) —periodic, if and only if, f (t+w) = cf(t), for all t € R.
We denote byR,, the space of usual periodic functions with periwénd byPR,,¢
the space ofw, c) —periodic functions, them®y C Ryc; for more details orRyc,
see [1]. We recall also the following notions and resultshefalgebra of periodic
generalized functions which have been introduced by V. kngan in [12]. Let
S :={z€C; |z =1} be the compact subgroup @f In the same way as that of
Colombeau algebrg, we construct the algebrd (S;) of generalized functions on
S.. We denote byx (S;) the algebrg £ (S;))' of families of applications of class
C” on S, indexed byl and we set

(US)?_ € X(Sl.)» va e Z+7E|m6 Z+>
A (Sp) = u® L=0E™, e—0 ’
(Ug) € X(S1), VaeZy,Yme Z,,
N(Sl):{ u® . =O(m,e—0

The spaceXy (S)) is a subalgebra ok (S;) and A (S) is an ideal ofXy (S1).
The algebra of generalized functions $nis given by the quotient

(S
(5= 55y
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To recall the algebra of periodic generalized functionsRowe denote firstly
by £, the space of functions of clagd” on R periodic with periodw, and let
Xu = (Ey)' . Considering the following application

Ow:R— S
t— eznivLV,
we define the following spaces

Xum = {(Ue)e € X1 3 (Ve)e € X (S1), Ue = Ve 0 B},
Nov = {(Ue)e € X s 3 (Ve)e € N(S1), Ue = Ve o B} .

The algebra of periodic generalized functionsPwith periodw, is defined by

the quotient o Xoum
RV
The map
G(Sl) — ng

(Ug)g + N(S1) > (Ug 0 Bw) + N,

is an isomorphism of differential algebras. Moreover, gésy to see that

Gr, C Gap-
With the same approach that we adopted to defime) —almost periodic gen-
eralize functions, we are able to introduce the followingaapt.

Definition 3.6. The space ofw, c) —periodic generalized functions, for giverec
C\{0} and w> 0, is denoted and defined by

gpwc = {U c g'-\ﬁc . U\MC c gPW} .
Whenc =1, we get
GRye = GPy-
By applying the standard results of classical setting ondtel of representa-
tives, we can prove the following characterizationgwfc) —periodic generalized
functions.

Theorem 3.1. Letue G . Then the following assertions are equivalent:

() UE Gy,

(if) There exists ¥ Gp, such that u= cavin G.

(i) u(-+w)=cu(-)in gG.

The space of Bloch-periodic generalized functions wasthtced and studied

by M. F. Hasler, see [8].
Definition 3.7. For given wk € R, the space of Bloch-periodic generalized func-
tions is

G = {ue G u(-4w) = e""""u(-)}.
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When.k.w = 211, we obtain that

gpvv,k = gPW ’

and from Theorem 3 — (iii ), if c = €W , it follows that

gpw,k = gpvv,c'

In conclusion, in the case whefg = 1 andw > 0, we can simply show the fol-

lowing chain of inclusions
GRue C GAR, C Gl C G-
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