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(w,c)-ALMOST PERIODIC GENERALIZED FUNCTIONS

MOHAMMED TAHA KHALLADI, MARKO KOSTI Ć, ABDELKADER RAHMANI AND
DANIEL VELINOV

ABSTRACT. The aim of this work is to introduce and study a new space of
(w,c)−almost periodic generalized functions containing the(w,c)− almost pe-
riodic functions,(w,c)−almost periodic Schwartz distributions, the algebra of
periodic generalized functions, the space of Bloch-periodic generalized func-
tions as well as the space of(w,c)−periodic generalized functions.

1. INTRODUCTION

The class of Bloch periodic functions, which extends the classes of periodic
functions and anti-periodic functions, plays an importantrole in the quantum me-
chanics and solid state physics. The class of(w,c)−periodic functions, which ex-
tends the class of Bloch periodic functions, has been introduced and investigated by
Alvarez, Gómez and Pinto [1]. This class of(w,c)−periodic functions is of major
relevance in the qualitative analysis of solutions to the Mathieu linear differential
equation

y′′ (t)+ [a−2qcos2t]y(t) = 0,

arising in modeling of seasonally forced population dynamics.
The concept of(w,c)−almost periodicity of functions (resp. distributions) and

their Stepanov generalizations, is a generalization of thewell known Bohr (resp.
Schwartz) almost periodicity, these concepts have recently been introduced by M.
T. Khalladi, M. Kostić, A. Rahmani and D. Velinov, see [9] and [10]. In [9], the
authors briefly explain how the established theoretical results can be applied in
the qualitative analysis of(w,c)−almost periodic solutions to the abstract integro-
differential equations and inclusions in Banach spaces. Furthermore, as an applica-
tion in [10], the authors have analyzed the existence of distributional(w,c)−almost
periodic solutions of the linear ordinary differential systems.
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The Colombeau algebraG of generalized functions gives an answer to the prob-
lem of multiplication of distributions. For a detailed study of these generalized
functions see the book [7]. An algebra of almost periodic generalized functions
of Colombeau type containing classical Bohr almost periodic functions and almost
periodic Schwartz distributions has been introduced and studied in [5].

The main purpose of this paper is to continue the above mentioned researches [9]
and [10] by introducing and investigating a new space of(w,c)−almost periodic
generalized functions containing(w,c)−almost periodic functions,(w,c)−almost
periodic Schwartz distributions, the algebra of periodic generalized functions, the
space of Bloch-periodic generalized functions as well as the space of(w,c)−periodic
generalized functions. In section 2, we recall the basic definitions and results that
we shall use in this paper. The main results are given in the third section. First,
we construct the spaceGL∞

w,c
of (w,c)−bounded generalized functions in which

we study the(w,c)−almost periodicity. The new spaceGAPw,c of (w,c)−almost
periodic generalized functions of Colombeau type is given in Definition 8. A char-
acterization of elements ofGAPw,c is given by Proposition 14. Some algebraic prop-
erties of(w,c)−almost periodic generalized functions are given. Other important
results related to the composition principle and convolution product inGAPw,c, are
established by Proposition 19 and Proposition 20. An extension of classical Bohl-
Bohr theorem to the case of(w,c)−almost periodic generalized functions is given.
Finally, a new spaceGPw,c of (w,c)−periodic generalized functions containing the
space of Bloch-periodic generalized functions introducedby M. F. Hasler in [8] as
well as the space of periodic generalized functions introduced by V. F. Valmorin
in [12], is also given. We refer the reader to [5], [6] and [7] from which the results
of this paper were inspired. In this paper we shall be concerned with functions and
distributions defined on the whole lineR.

2. (w,c)−ALMOST PERIODIC FUNCTIONS AND DISTRIBUTIONS

The aims of this section are twofold. The first one is to brieflyrecall the def-
inition of (w,c)−almost periodic functions and some basic properties of them.
The second one is devoted to summarizing the definition and important results of
(w,c)−almost periodicity in the setting of Sobolev-Schwartz distributions. For the
proofs and more details see [9] and [10].

Recall (Cb,‖ ‖L∞) the Banach algebra of bounded and continuous complex
valued functions onR endowed with the norm‖ ‖L∞ of uniform convergence on
R. Denote byAP the well-known space of Bohr almost periodic functions onR.
In the sequel we will use the following notation:

ϕw,c (.) = c−
(.)
w ϕ(.) ,∀ϕ ∈ C ∞ or Lp,1≤ p≤+∞ andTw,c = c−

(.)
w T,∀T ∈ D ′,

where the equality is taken in the usual (resp. Lebesgue, distributional) sense.
We first recall the spaceAPw,c of (w,c)−almost periodic functions.
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Definition 2.1. Let c∈ C\{0} and w> 0. A complex-valued function f defined
and continuous onR is called (w,c)−almost periodic, if and only if, fω,c ∈ AP.
Denote by APw,c the set of all such functions.

Whenc = 1 andw > 0 arbitrary, we obtainAPw,c := AP. The spaceAPw,c is
a vector space together with the usual operations of addition and pointwise mul-
tiplication with scalars. Some properties of(w,c)−almost periodic functions are
summarized in the following result.

Proposition2.1. i) The spaceAPw,c endowed with the(w,c)−norm
‖ f‖w,c = sup

t∈R
| fw,c (t)| ,

is a Banach space.
ii) If f ∈ APw,c, then f̃ (.) = f (−.) ∈ APw,1/c.
iii) If w> 0,c∈C\{0} such that|c|= 1 and if f ∈ APw,c such that inf

x∈R
| f (x)|> 0,

then 1/ f ∈ APw,1/c.
iv) If f ∈ APw,c andgw,c ∈ L1, then f ∗g∈ APw,c.

To recall the concept of(w,c)−almost periodicity in the setting of Sobolev-
Schwartz distributions, we first present the spaceDLp

w,c
, 1≤ p≤ ∞, and its topolog-

ical dual, which were initially introduced in [10]. Letp∈ [1,+∞] and f be a com-
plex valued measurable function onR.We denote byLp

w,c the set of(w,c)−Lebesgue
functions with exponentp, i.e.

Lp
w,c = { f : R−→ C measurable :fw,c ∈ Lp} .

Whenc= 1, Lp
w,c = Lp the classical Lebesgue space overR.

Proposition2.2. The spaceLp
w,c endowed with the(w,c)−norm

‖ f‖
L

p
w,c

:= ‖ fw,c‖Lp , for 1≤ p<+∞,

and
‖ f‖

L∞
w,c

:= ‖ f‖w,c , for p=+∞,

is a Banach space.

Proposition2.3. D is dense inLp
w,c;1≤ p< ∞.

We recall that the following functional spaces

DLp :=
{

ϕ ∈ C ∞ : ϕ( j) ∈ Lp,∀ j ∈ Z+

}
,

endowed with the topology defined by the countable family of norms

|ϕ|k,p := ∑
j≤k

∥∥∥ϕ( j)
∥∥∥

Lp
,k∈ Z+,

are differential Fréchet subalgebras ofC ∞.
Define

DLp
w,c

:= {ϕ ∈ C ∞ : ϕw,c ∈ DLp} .
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Whenc = 1, we getDLp
w,c

= DLp. Moreover, it is easy to show that the space
DLp

w,c
,1 ≤ p ≤ ∞, endowed with the topology defined by the following countable

family of norms
|ϕ|k,p;w,c := ∑

j≤k

∥∥∥(ϕw,c)
( j)
∥∥∥

Lp
, k∈ Z+,

is a Fréchet subspace ofC ∞.

Proposition2.4. Let 1≤ p≤ ∞, if ϕ,ψ ∈ DLp
2w,c

, thenϕψ ∈ DLp
w,c

.

The following result shows that the family of norms|.|k,p;w,c is submultiplicative.

Proposition2.5. Let 1≤ p≤ ∞, if ϕ,ψ ∈ DLp
2w,c

, then for allk ∈ Z+, there exists
Ck > 0 such that

|ϕψ|k,p;w,c ≤Ck |ϕ|k,p;2w,c . |ψ|k,p;2w,c .

For 1≤ p< ∞, we haveD ⊂ DLp
w,c

⊂ DL∞
w,c
. Moreover, we have the following

result.

Proposition2.6. For 1≤ p< ∞, the spaceD is dense inDLp
w,c
.

Since he spaceD is not dense inDL∞
w,c
, we then define

.

DL∞
w,c

as the subspace of
all functions inDL∞

w,c
which vanish at infinity with all their derivatives. This space

is the closure inD of the spaceDL∞
w,c
. It is clear that

.

DL∞
w,c

is a closed subspace
of DL∞

w,c
, hence it is a Fréchet space. Moreover, it is easy to check thefollowing

properties on the structure ofDLp
w,c
.

Proposition2.7. For 1≤ p< ∞, we have

DLp
w,c

→֒
.

DL∞
w,c

→֒ DL∞
w,c
,

with continuous embedding.

Thanks to the density of the spaceD in DLp
w,c
,1≤ p< ∞, (resp.

.

DL∞
w,c

), we have

that the spaceDLp
w,c

(resp.
.

DL∞
w,c

) is a normal space of distributions, i.e. the elements

of the topological dual ofDLp
w,c

(resp.
.

DL∞
w,c

) can be identified with continuous
linear forms onD.

Definition 2.2. For 1< p ≤ ∞, we denote byD ′
Lp

w,c
the topological dual ofDLq

w,c
,

where1
p +

1
q = 1.

Definition 2.3. i) The topological dual ofDL1
w,c
, denoted byB

′
w,c, is called the

space of(w,c)−bounded distributions.

ii) The topological dual of
.

DL∞
w,c
, denoted byD

′
L1

w,c
, is called the space of(w,c)-

integrable distributions.

We can easily show the following characterizations ofLp
w,c−distributions.
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Theorem 2.1. Let T∈ D ′, the following statements are equivalent:

i) T ∈ D ′
Lp

w,c
.

ii) c
t
w (Tw,c ∗ϕ) ∈ Lp

w,c, ∀ϕ ∈ D.

iii) ∃k∈ Z+,∃( f j)0≤ j≤k ⊂ Lp
w,c : T = c

t
w

k
∑
j=0

( fw,c)
( j)
j , where

(
( fw,c) j

)
0≤ j≤k

=
(

c−
t
w f j

)
0≤ j≤k

.

Remark2.1. As a consequence of Theorem 2.1, a distributionT ∈ D ′
Lp

w,c
, if and

only if, Tw,c ∈ D ′
Lp.

Proposition2.8. Let T ∈ D ′. ThenT ∈ D ′
Lp

w,c
,1≤ p≤ ∞, if and only if, there exists

S∈ D ′
Lp,1≤ p≤ ∞, such thatT = c

t
w S in D ′.

Recall that the spaceB
′
ap of almost periodic distributions, which was introduced

and studied by L. Schwartz, is based on the topological definition of Bochner’s
almost periodic functions. Leth∈R andT ∈ D ′, the translated ofT by h, denoted
by τhT, is defined as:

〈τhT,ϕ〉= 〈T,τ−hϕ〉 , ϕ ∈ D,

whereτ−hϕ(x) = ϕ(x+h) .
The definition and characterizations of Schwartz almost periodic distributions

are given in the following result.

Theorem 2.2. For any bounded distribution T∈ D
′
L∞ , the following statements are

equivalent:

(i) The set{τhT,h∈ R} is relatively compact inD ′
L∞ .

(ii) T ∗ϕ ∈ AP, ∀ϕ ∈ D.

(iii) ∃k∈ Z+,∃( f j)0≤ j≤k ⊂ AP : T =
k
∑
j=0

f ( j)
j .

The concept of(w,c)−almost periodicity of Schwartz distributions is given by
the following

Definition 2.4. A distribution T∈ B
′
w,c is said to be(w,c)−almost periodic, if and

only if, Tw,c ∈ B
′
ap, i.e. the set{τhTw,c,h∈ R} is relatively compact inD

′
L∞. The set

of (w,c)−almost periodic distributions is denoted byB ′
APw,c

.

Example 2.1. (i) The associated distribution of an(w,c)−almost periodic func-
tion (resp. Stepanov(p,w,c)−almost periodic function) is an(w,c)−almost peri-
odic distribution, i.e.

APw,c →֒ B ′
APw,c

(resp. SpAPw,c →֒ B ′
APw,c

).

(ii) When c= 1 it follows thatB ′
APw,c

:= B
′
ap.
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Characterizations of(w,c)−almost periodic distributions are given in the fol-
lowing result.

Theorem 2.3. Let T∈ B
′
w,c, the following statements are equivalent:

(i) T ∈ B ′
APw,c

.

(ii) c
t
w (Tw,c∗ϕ) ∈ APw,c, ∀ϕ ∈ D.

(iii) ∃k∈ Z+,∃( f j)0≤ j≤k ⊂ APw,c : T = c
t
w

k
∑
j=0

( fw,c)
( j)
j , where

(
( fw,c) j

)
0≤ j≤k

=
(

c−
t
w f j

)
0≤ j≤k

.

We recall also the following space of smooth(w,c)−almost periodic functions

BAPw,c :=
{

ϕ ∈ DL∞
w,c

: ϕw,c ∈ Bap

}
,

where
Bap :=

{
ϕ ∈ DL∞ : ϕ( j) ∈ AP,∀ j ∈ Z+

}
,

is the space of smooth almost periodic functions introducedby L. Schwartz. We
endowBAPw,c with the topology induced byDL∞

w,c
. Some properties ofBAPw,c are

given in the following

Proposition2.9. i) BAPw,c = APw,c∩DL∞
w,c
.

ii) BAPw,c is a closed subspace ofDL∞
w,c

.

iii) If f ∈ L1
w,c andϕ ∈ BAPw,c, thenc

t
w ( fw,c ∗ϕw,c) ∈ BAPw,c.

Corollary 2.1. If f ∈ DL∞
w,c

and c
t
w ( fw,c ∗ϕw,c) ∈ APw,c,∀ϕ ∈ D, then f∈ BAPw,c.

Remark2.2. It is clear thatBAPw,c ⊂ APw,c∩C ∞, whereas the converse inclusion is
not true. Indeed, the function

f (t) = 2−t
√

2+cost +cos
√

2t

is an element ofAPw,c∩C ∞ with c= 2 andw= 1. However

f ′ (t) = 2−t

(
−sint −

√
2sin

√
2t

2
√

2+cost +cos
√

2t
− ln2

√
2+cost +cos

√
2t

)

is not bounded, because inf
t∈R

(
2+cost +cos

√
2t
)
= 0 and therefore

−sint −
√

2sin
√

2t

2
√

2+cost +cos
√

2t
/∈ AP,

hencef /∈ BAPw,c.

The main properties ofB ′
APw,c

are given in the following proposition.
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Proposition2.10. i) If T ∈ B ′
APw,c

, thenc
t
w (Tw,c)

( j) ∈ B ′
APw,c

,∀ j ∈ Z+.

ii) If ϕ ∈ BAPw,c andT ∈ B ′
APw,c

, thenϕw,cT ∈ B ′
APw,c

.

iii) If T ∈ B ′
APw,c

andS∈ D ′
L1

w,c
, thenc

t
w (Tw,c ∗Sw,c) ∈ B ′

APw,c
.

iv) BAPw,c is dense inB ′
APw,c

.

3. (w,c)−ALMOST PERIODIC GENERALIZED FUNCTIONS

In this section, we will introduce the space of(w,c)−almost periodic general-
ized functions of Colombeau type and give their elementary properties. First, let
us recall the simplified Colombeau algebra of generalized functions onR. For a
detailed study see [7]. SetI := (0,1] . We denote by(C ∞ (R))I the set of all families
of maps of classC ∞ onR indexed byI and endowed with the following operations:

i) (uε)ε+(vε)ε = (uε +vε)ε , for all ε ∈ I .
ii) (uε)ε .(vε)ε = (uεvε)ε , for all ε ∈ I .
iii) λ(uε)ε = (λuε)ε , for all ε ∈ I andλ ∈ C.

iv) (uε)
( j)
ε =

(
u( j)

ε

)
ε
, for all ε ∈ I and j ∈ Z+.

Definition 3.1. The algebra of generalized functions onR, denoted byG , is defined
as elements of the quotient space

G :=
EM [R]

N (R)
,

where

EM [R] =





(uε)ε ∈ (C ∞ (R))I ;∀K ⋐ R,∀α ∈ Z+,∃m∈ Z+,

sup
x∈K

∣∣∣u(α)ε (x)
∣∣∣= O(ε−m) , ε −→ 0



 ,

is the space of moderate elements and

N (R) =





(uε)ε ∈ (C ∞ (R))I ;∀K ⋐ R,∀α ∈ Z+,∀m∈ Z+,

sup
x∈K

∣∣∣u(α)ε (x)
∣∣∣= O(εm) , ε −→ 0



 ,

is the space of negligible elements.

Recall the algebra of bounded generalized functions onR

GL∞ :=
ML∞

NL∞
,

where

ML∞ =
{
(uε)ε ∈ (DL∞)I ,∀k∈ Z+,∃m∈ Z+, |uε|k,∞ = O

(
ε−m) ,ε −→ 0

}
,

and

NL∞ =
{
(uε)ε ∈ (DL∞)I ,∀k∈ Z+,∀m∈ Z+ |uε|k,∞ = O(εm) ,ε −→ 0

}
.
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The algebraGap of almost periodic generalized functions, introduced and stud-
ied in [5], contains the classical Bohr almost periodic functions as well as almost
periodic Schwartz distributions. We refer to [5] and [6] fordetails on the construc-
tion of this algebra and their main properties. Recall the space of smooth almost
periodic functions introduced above,

Bap :=
{

ϕ ∈ DL∞ : ϕ( j) ∈ AP,∀ j ∈ Z+

}
.

The algebra of almost periodic generalized functions onR, is defined by the
quotient algebra

Gap :=
Map

Nap
,

where

Map =
{
(uε)ε ∈ (Bap)

I ,∀k∈ Z+,∃m∈ Z+, |uε|k,∞ = O
(
ε−m) ,ε −→ 0

}
,

is called the space of almost periodic moderate elements and

Nap =
{
(uε)ε ∈ (Bap)

I ,∀k∈ Z+,∀m∈ Z+, |uε|k,∞ = O(εm) ,ε −→ 0
}
,

is called the space of almost periodic negligible elements.

Remark3.1. The spaceMap is a subalgebra of(Bap)
I andNap is an ideal ofMap.

Let us consider the following notation:

uw,c := c−
t
w u,∀t ∈ R, ∀u∈ G .

This means that
(
(uw,c)ε − c−

t
w uε
)

ε ∈ N (R) , for all representatives(uw,c)ε ,uε of
uw,c,u respectively.

Definition 3.2. The space of(w,c)−bounded generalized functions is denoted and
defined by

GL∞
w,c

:= {u∈ G : uw,c ∈ GL∞} .

Remark3.2. It is easy to show that ifλ ∈ C andu,v∈ GL∞
w,c

thenλu,u+v∈ GL∞
w,c

anduv∈ G . While uv /∈ GL∞
w,c
, in fact we haveuv∈ GL∞

w/2,c
, because

(uv)w/2,c = c−
2t
w (uv) = c−

t
w uc−

t
w v= uw,cvw,c ∈ GL∞ .

It is clear that ifc−
t
w u= v almost everywhere onR in Lp, thenu= c

t
w v almost

everywhere onR in Lp
w,c. Moreover, we have the following proposition.

Proposition3.1. Let u∈ G . Thenu∈ GL∞
w,c
, if and only if, there existsv∈ GL∞ such

that
u= c

t
w v in G . (3.1)
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Proof. (=⇒) : Let u ∈ GL∞
w,c
, then uw,c = c−

t
w u ∈ GL∞ , ∀t ∈ R. So for all repre-

sentatives(uw,c)ε ∈ ML∞ of uw,c and for all representativesuε ∈ ML∞ of u, we
have

(
(uw,c)ε − c−

t
w uε
)

ε ∈ NL∞ . Therefore∀ε ∈ I , (uw,c)ε = c−
t
w uε in DL∞, i.e.

∀ε ∈ I , c
t
w (uw,c)ε = uε in DL∞, hence

(
c

t
w (uw,c)ε −uε

)
ε ∈ NL∞ ⊂ N (R) . By taking

v =
[
(uw,c)ε

]
∈ GL∞ we obtain thatu= c

t
w v in G . On the other hand, ifvε and ṽε

are two representatives ofv such that
(
uε −c

t
w vε
)

ε ∈ N (R) and
(
ũε −c

t
w ṽε
)

ε ∈ N (R) ,

for all representativesuε andũε of u, then
(
uε −c

t
w vε
)

ε −
(
ũε −c

t
w ṽε
)

ε ∈ N (R)

=⇒ (uε − ũε)ε −c
t
w (vε − ṽε)ε ∈ N (R)

=⇒ (uε − ũε)ε ∈ N (R) ,

because(vε − ṽε)ε ∈ NL∞ andc
t
w (vε − ṽε)ε ∈ N (R) . This shows that (3.1) does not

depend on the choice of representatives.
(⇐=) : Suppose that there existv∈ GL∞ such thatu= c

t
w v in G , thenc−

t
w u=

c−
t
w
(
c

t
w v
)
= v in G , this shows thatuw,c ∈ GL∞ , henceu∈ GL∞

w,c
. �

The following definition introduces the space of(w,c)−almost periodic gener-
alized functions.

Definition 3.3. The space of(w,c)−almost periodic generalized functions is de-
noted and defined by

GAPw,c :=
{

u∈ GL∞
w,c

: uw,c ∈ Gap

}
.

By definition, it follows that
GAPw,c ⊂ GL∞

w,c
⊂ G .

As a consequence of Proposition 3.1, we have the following proposition.

Proposition3.2. Let u ∈ G . Thenu ∈ GAPw,c, if and only if, there existsv ∈ Gap

such thatu= c
t
w v in G .

Corollary 3.1. In the case where c∈ C\{0} is such that|c|= 1, we obtain that
GAPw,c = Gap.

Example 3.1. i) We have
APw,c ⊂ B ′

APw,c
⊂ GAPw,c.

ii) The generalized function u= (uε)ε +N (R) , where

uε (t) = e(iε− lnc
w )t , t ∈R, ε ∈ I ,

is an element ofGAPw,c.
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Let us recall the space of smooth(w,c)−almost periodic functions onR

BAPw,c :=
{

ϕ ∈ DL∞
w,c

: ϕw,c ∈ Bap

}
.

A characterization of elements ofGAPw,c similar to the result obtained for(w,c)-
almost periodic distributions is given by the following.

Proposition3.3. Let u∈ GL∞
w,c
, the following assertions are equivalent:

(i) u is (w,c)-almost periodic.
(ii) c

t
w
(
(uw,c)ε ∗ϕ

)
∈ BAPw,c, for all ϕ ∈ D and for all representatives(uw,c)ε of

uw,c.

Proof. (i) =⇒ (ii) : Let u∈ GAPw,c. Thenuw,c ∈ Gap, therefore for everyε ∈ I , we
have(uw,c)ε ∈ Bap. SinceBap∗D ⊂ Bap, then(uw,c)ε ∗ϕ ∈ Bap, ∀ε ∈ I , ∀ϕ ∈ D,

hencec
t
w
(
(uw,c)ε ∗ϕ

)
∈ BAPw,c, ∀ε ∈ I , ∀ϕ ∈ D.

(ii) =⇒ (i) : If c
t
w
(
(uw,c)ε ∗ϕ

)
∈ BAPw,c, for all ϕ ∈ D and for all representatives

(uw,c)ε of uw,c, then(uw,c)ε ∗ϕ ∈ Bap, ∀ε ∈ I ,∀ϕ ∈ D, so (uw,c)ε ∈ Bap, ∀ε ∈ I , it
suffices to show that

∀k∈ Z+,∃m∈ Z+,
∣∣(uw,c)ε

∣∣
k,∞ = O

(
ε−m) ,ε −→ 0,

which follows from the fact that(uw,c)ε ∈ ML∞ . If (uw,c)ε ∈ NL∞ and(uw,c)ε ∗ϕ ∈
Bap, ∀ε ∈ I ,∀ϕ ∈ D, we obtain the same result, becauseNL∞ ⊂ ML∞. �

Remark3.3. The characterization(ii) does not depend on the choice of represen-
tatives.

We have the following algebraic properties of(w,c)−almost periodic general-
ized functions.

Proposition3.4. Let c ∈ C\{0}, w1,w2 > 0, u ∈ GAPw1,c
andv ∈ GAPw2,c.

If there

existsw> 0 such that1w = 1
w1

+ 1
w2
, thenuv∈ GAPw,c.

Proof. If u∈ GAPw1,c
andv∈ GAPw2,c,

thenuw1,c ∈ Gap andvw2,c ∈ Gap , so

(uv)w,c = c−
t
w uv= c

(
1

w1
+ 1

w2
− 1

w

)
t
(

c−
t

w1 uc−
t

w2 v
)
= uw1,cvw2,c in GL∞ .

As uw1,cvw2,c ∈ Gap , then(uv)w,c ∈ Gap , henceuv∈ GAPw,c. �

Proposition3.5. Let c ∈ C\{0} such that|c| = 1, w > 0 andu,v ∈ GAPw,c. Then
uv∈ GAPw,c.

Proof. According to Corollary 3.1, it follows thatu,v∈ Gap= GAPw,c and sinceGap

is a subalgebra ofGL∞ , we deduce thatuv∈ Gap = GAPw,c. �
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It is clear that for any real numbersc1,c2,w1,w2 > 0, we have the equality

c
− t

w1
1 c

− t
w2

2 =

(
c

w
w1
1 c

w
w2
2

)− t
w

, t ∈R.

Furthermore, we have:

Proposition3.6. Let c1,c2 ∈ R+\{0}, w,w1,w2 > 0, u∈ GAPw1,c1
andv∈ GAPw2,c2.

Thenuv∈ GAPw,c wherec= c
w

w1
1 c

w
w2
2 .

Proof. It follows from the fact that

(uv)w,c = c−
t
w uv=

(
c

w
w1
1 c

w
w2
2

)− t
w

uv = c
− t

w1
1 uc

− t
w2

2 v= uw1,c1vw2,c2 in GL∞ . �

Motivated by the need of a good theory of a Fourier transform of generalized
functions, J. F. Colombeau introduced the algebraGT (C) of tempered generalized
functions onC. For more details on this algebra see [7].

Proposition3.7. If u ∈ GAPw,c, then c
t
w P(uw,c) ∈ GAPw,c, whereP(x) = ∑

k≤m
akxk,

m∈ Z+ andak ∈C.

Proof. Let u∈ GAPw,c. Thenuw,c ∈ Gap and from the fact thatGap is an algebra, it

follows thatP(uw,c) =
(
P
(
(uw,c)ε

))
ε +Nap∈ Gap, hencec

t
w P(uw,c) ∈ GAPw,c. �

The following proposition generalizes this result.

Proposition3.8. Letu∈GAPw,c andF ∈GT (C). Then the compositionc
t
w (F ◦uw,c)

is a well defined element ofGAPw,c.

Proof. If u∈ GAPw,c, thenuw,c ∈ Gap. SinceGap is stable under convolution by any
tempered generalized function, it follows from the composition theorem inGap that
F ◦uw,c ∈ Gap. Thusc

t
w (F ◦uw,c) ∈ GAPw,c. �

Recall the algebra of integrable generalized functions onR

GL1 :=
ML1

NL1
,

where

ML1 =
{
(uε)ε ∈ (DL1)I ,∀k∈ Z+,∃m∈ Z+, |uε|k,1 = O

(
ε−m) , ε −→ 0

}
,

and

NL1 =
{
(uε)ε ∈ (DL1)I ,∀k∈ Z+,∀m∈ Z+, |uε|k,1 = O(εm) , ε −→ 0

}
.

Definition 3.4. A generalized function u∈ G is said to be(w,c)−integrable onR,
if and only if, uw,c ∈ GL1. The space of(w,c)−integrable generalized functions on
R is denoted byGL1

w,c
.
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Proposition3.9. If u∈ GAPw,c andv∈ GL1
w,c

, then the convolutionu∗v given by

u∗v := c
t
w (uw,c ∗vw,c) ,

is a well defined element ofGAPw,c.

Proof. Let (uε)ε be a representative ofu and(vε)ε be a representative ofv, then for
eachε ∈ I , we have

(uε ∗vε)(t) =
∫

R

uε (t −s)vε (s)ds

=

∫

R

c
t−s
w (uw,c)ε (t −s)c

s
w (vw,c)ε (s)ds

= c
t
w

∫

R

(uw,c)ε (t −s)(vw,c)ε (s)ds

= c
t
w
(
(uw,c)ε ∗ (vw,c)ε

)
(t) .

From Proposition 2.9−(iii ) , for eachε ∈ I , we havec
t
w ( fw,c ∗ϕw,c)∈BAPw,c, there-

fore for eachε ∈ I , (uw,c)ε ∗ (vw,c)ε ∈ Bap. On the other hand, since(uw,c)ε ∈ Map

and(vw,c)ε ∈ ML1, then

∀k∈ Z+,∃m1 ∈ Z+,
∣∣(uw,c)ε

∣∣
k,∞ = O

(
ε−m1

)
, ε −→ 0,

∀k∈ Z+,∃m2 ∈ Z+,
∣∣(vw,c)ε

∣∣
k,1 = O

(
ε−m2

)
, ε −→ 0.

By Young inequality there existsc′ > 0 such that
∥∥∥
(
(uw,c)ε ∗ (vw,c)ε

)( j)
∥∥∥

L∞
≤ c′

∥∥∥(uw,c)
( j)
ε

∥∥∥
L∞

∥∥(vw,c)ε
∥∥

L1 ,

so there existsc′′ > 0 such that∀k∈ Z+, we have
∣∣(uw,c)ε ∗ (vw,c)ε

∣∣
k,∞ ≤ c′′

∣∣(uw,c)ε
∣∣
k,∞

∣∣(vw,c)ε
∣∣
k,1 . (3.2)

Consequently there existsm∈ Z+ such that
∣∣(uw,c)ε ∗ (vw,c)ε

∣∣
k,∞ = O

(
ε−m
)
, ε −→ 0,

which shows that
(
(uw,c)ε ∗ (vw,c)ε

)
ε ∈ Map. The inequality (3.2) shows that(

(uw,c)ε ∗ (vw,c)ε
)

ε where ε is independent of the representatives of(uw,c)ε and

(vw,c)ε . Henceuw,c ∗vw,c ∈ Gap andu∗v= c
t
w (uw,c ∗vw,c) ∈ GAPw,c. �

Definition 3.5. Let u= [(uε)ε] ∈ G and x0 ∈ R. A primitive of u is a generalized
function U defined by

U (x) :=

( x∫

x0

uε (t)dt

)

ε

+N [R] .
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A generalized version of the classical Bohl-Bohr theorem isgiven and proved
in [5]. We extend this result to the case of(w,c)−almost periodic generalized
functions.

Proposition3.10. A primitive of a (w,c)−almost periodic generalized function is
(w,c)−almost periodic, if and only if, it is a(w,c)−bounded generalized function.

Proof. (=⇒) : It follows from the fact thatGAPw,c ⊂ GL∞
w,c
. (⇐=) : Let u= [(uε)ε] ∈

GAPw,c andU its primitive. By the hypothesis, we haveU ∈ GL∞
w,c

, thenUw,c =[
(Uw,c)ε

]
∈ GL∞ and by definition

∀ε ∈ I , ∀x∈ R, (Uw,c)ε =
x∫
x0

(uw,c)ε (t)dt ∈ DL∞ .

Thus(Uw,c)ε is a bounded primitive of(uw,c)ε ∈ Cap. By the classical result of
Bohl-Bohr we deduce that(Uw,c)ε ∈ Cap and sinceCap∩DL∞ = Bap, we obtain that
for eachε ∈ I , (Uw,c)ε ∈ Bap. The moderateness condition of

(
(Uw,c)ε

)
ε follows

from the fact that
(
(Uw,c)ε

)
ε ∈ ML∞, i.e.

∀k∈ Z+,∃m∈ Z+,
∣∣(Uw,c)ε

∣∣
k,∞ = O(ε−m) ,ε −→ 0.

Hence
(
(Uw,c)ε

)
ε ∈ Map andUw,c ∈ Gap. It is easy to show that the result does

not depend on the choice of representatives and by takingU =
[(

c
t
w (Uw,c)ε

)
ε

]
,

we conclude thatU is indeed a well-defined element ofGAPw,c. �

We can also introduce the notion of(w,c)−periodicity in the framework of al-
gebras of generalized functions. To this end, we recall thata continuous function
f is said to be(w,c)−periodic, if and only if, f (t +w) = c f (t) , for all t ∈ R.
We denote byPw the space of usual periodic functions with periodw and byPw,c

the space of(w,c)−periodic functions, thenPw ⊂ Pw,c; for more details onPw,c,
see [1]. We recall also the following notions and results of the algebra of periodic
generalized functions which have been introduced by V. F. Valmorin in [12]. Let
S1 := {z∈ C; |z|= 1} be the compact subgroup ofC. In the same way as that of
Colombeau algebraG , we construct the algebraG (S1) of generalized functions on
S1. We denote byX (S1) the algebra(E (S1))

I of families of applications of class
C ∞ on S1 indexed byI and we set

XM (S1) =

{
(uε)ε ∈ X (S1) , ∀α ∈ Z+,∃m∈ Z+,∥∥∥u(α)ε

∥∥∥
L∞

= O(ε−m) , ε −→ 0

}
,

N (S1) =

{
(uε)ε ∈ X (S1) , ∀α ∈ Z+,∀m∈ Z+,∥∥∥u(α)ε

∥∥∥
L∞

= O(εm) , ε −→ 0

}
.

The spaceXM (S1) is a subalgebra ofX (S1) andN (S1) is an ideal ofXM (S1) .
The algebra of generalized functions onS1 is given by the quotient

G (S1) :=
XM (S1)

N (S1)
.
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To recall the algebra of periodic generalized functions onR we denote firstly
by Ew the space of functions of classC ∞ on R periodic with periodw, and let
Xw = (Ew)

I . Considering the following application

θw : R−→ S1

t 7−→ e2πi t
w ,

we define the following spaces

Xw,M = {(uε)ε ∈ Xw : ∃(vε)ε ∈ XM (S1) , uε = vε ◦θw} ,
Nw =

{
(uε)ε ∈ Xw : ∃(vε)ε ∈ N (S1) , uε = vε ◦θw

}
.

The algebra of periodic generalized functions onR with periodw, is defined by
the quotient

GPw :=
Xw,M

Nw
.

The map
G (S1)−→ GPw

(uε)ε +N (S1) 7−→ (uε ◦θw)ε +Nw,

is an isomorphism of differential algebras. Moreover, it iseasy to see that

GPw ⊂ Gap.

With the same approach that we adopted to define(w,c)−almost periodic gen-
eralize functions, we are able to introduce the following concept.

Definition 3.6. The space of(w,c)−periodic generalized functions, for given c∈
C\{0} and w> 0, is denoted and defined by

GPw,c :=
{

u∈ GL∞
w,c

: uw,c ∈ GPw

}
.

Whenc= 1, we get
GPw,c = GPw.

By applying the standard results of classical setting on thelevel of representa-
tives, we can prove the following characterizations of(w,c)−periodic generalized
functions.

Theorem 3.1. Let u∈ GL∞
w,c
. Then the following assertions are equivalent:

(i) u∈ GPw,c.

(ii) There exists v∈ GPw such that u= c
t
w v in G .

(iii) u(·+w) = cu(·) in G .

The space of Bloch-periodic generalized functions was introduced and studied
by M. F. Hasler, see [8].

Definition 3.7. For given w,k ∈ R, the space of Bloch-periodic generalized func-
tions is

GPw,k :=
{

u∈ G : u(·+w) = eik.wu(·)
}
.
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When.k.w= 2π, we obtain that

GPw,k = GPw,

and from Theorem 3.1− (iii ) , if c= eik.w , it follows that

GPw,k = GPw,c.

In conclusion, in the case where|c| = 1 andw > 0, we can simply show the fol-
lowing chain of inclusions

GPw,c ⊂ GAPw,c ⊂ GL∞
w,c

⊂ G .
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[1] E. Alvarez, A. Gómez and M. Pinto.(w,c)−Periodic functions and mild solution to abstract
fractional integro-differential equations, Electron. J. Qual. Theory Differ. Equ., 16,(2018),
1-8.

[2] J. Barros-Neto,An introduction to the theory of distributions, Marcel Dekker, 1973.
[3] B. Basit and H. Günzler,Generalized vector valued almost periodic and ergodic distributions,

J. Math. Anal. Appl., 314,(2006), 363–381.
[4] H. Bohr,Almost periodic functions, Chelsea Publishing Company, 1947.
[5] C. Bouzar and M. T. Khalladi,Almost periodic generalized functions, Novi Sad J. Math, Vol.,

41 (1)(2011), 33-42.
[6] C. Bouzar and M. T. Khalladi,Linear differential equations in the algebra of almost periodic

generalized functions, Rend. Sem. Mat. Univ. Pol. Torino., 70 (2)(2012), 111-120.
[7] J. F. Colombeau,Elementary introduction to new generalized functions, North Holland, 1985.
[8] M. F. Hasler,Bloch-periodic generalized functions, Novi Sad J. Math., 46 (2)(2016), 135-143.
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