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WEIGHTED INTEGRAL REPRESENTATIONS IN TUBE

DOMAIN OVER REAL UNIT BALL

ARMAN H. KARAPETYAN

Abstract. Weighted spaces of functions holomorphic in tube domain
over the real unit ball of Rn are considered. For these classes reproducing
kernels are constructed in an explicit form. Estimates for these kernels
are obtained.

1. Introduction

It is well known that the Hardy class H2(Rez > 0) is defined as the set
of all holomorphic functions f(z), Rez > 0, satisfying the condition

sup
x>0

(∫ +∞

−∞
|f(x+ iy)|2dy

)
< +∞. (1.1)

The following result was established by R.Paley and N.Wiener[1]:

Theorem 1.1. The class H2(Rez > 0) admits an integral representation of
the form

f(z) =

∫ +∞

0
F (t)e−ztdt, Rez > 0, (1.2)

where F (t) ∈ L2(0; +∞).

Theorem 1.1 initiated numerous investigations where this classical result
was generalized in various directions.

In [2] (see also [3, Chapter 7]) Hardy type weighted classes in arbitrary
angular domains were introduced and for these classes Paley-Wiener type
integral representations by means of Mittag-Leffler type kernels were estab-
lished.

In [4] (see also [5]) an analogue of Theorem 1.1 for multidimensional
Hardy classes H2 over radial tube domains in Cn were established. Later
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on, in [6], this result was generalized for Siegel domains of type two (much
more general than radial tube domains). Moreover, in [6,§5] a somewhat
different problem was set and solved: to obtain Paley-Wiener type integral
representations for classes of functions holomorphic in Siegel domains of
type two and belonging to L2 over the whole domain. On the basis of these
integral representations reproducing kernels for the classes were constructed
in an explicit form.

In order to review further investigations we need some notations.
For any z = (z1, . . . , zn) ∈ Cn and w = (w1, . . . , wn) ∈ Cn set

< z,w >=
n∑
k=0

zkwk. (1.3)

Suppose that B ⊂ Rn is a domain and γ(y) > 0, y ∈ B, is an arbitrary
continuous function. We put

γ∗(t) =

∫
B
e−<y,t>γ(y)dy, t ∈ Rn. (1.4)

Further, for p, s ∈ (0; +∞) we denote by Hp
s,γ(TB) the set of all functions

f(z) ≡ f(x+ iy) holomorphic in the tube domain

TB = {z = x+ iy ∈ Cn : x ∈ Rn, y ∈ B} (1.5)

and satisfying the condition

Mp
s,γ(f) ≡

∫
B

(∫
Rn
|f(x+ iy)|pdx

)s
γ(y)dy < +∞. (1.6)

For any f ∈ Hp
s,γ(TB) put

I(f) = {y ∈ B : fy(x) ≡ f(x+ iy) ∈ Lp(Rn)}. (1.7)

Obviously, mes{B\I(f)} = 0.
Note that for s = 1 the space Hp

s,γ(TB) = Hp
1,γ(TB) consists of those

functions holomorphic in TB, which are from Lp{TB; γ(y)dxdy}.
The following theorem is valid:

Theorem 1.2. 1. Assume that 2 ≤ p < +∞, 1/p+ 1/q = 1, 0 < s < +∞
and a measurable function F (t), t ∈ Rn, satisfies the condition∫

B

(∫
Rn
|F (t)|qe−q<y,t>dt

)s(p−1)

γ(y)dy < +∞. (1.8)

Then the function

f(z) =
1

(2π)n/2

∫
Rn
F (t)ei<z,t>dt, z ∈ TB, (1.9)
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belongs to the space Hp
s,γ(TB) and

Mp
s,γ(f) ≤ 1

(2π)
n
2
s(p−2)

∫
B

(∫
Rn
|F (t)|qe−q<y,t>dt

)s(p−1)

γ(y)dy < +∞.

(1.10)
2. Assume that 1 ≤ p ≤ 2 and 0 < s < +∞. Then each function f ∈
Hp
s,γ(TB) admits an integral representation of the form (1.9), where:
—if p = 1, F (t), t ∈ Rn is continuous and satisfies the condition

sup
t∈Rn

{|F (t)|γ∗(st)} ≤
M1
s,γ(f)

(2π)
n
2
s
< +∞; (1.11)

—if 1 < p ≤ 2, F (t), t ∈ Rn,is measurable and satisfies the condition∫
B

(∫
Rn
|F (t)|qe−q<y,t>dt

)s(p−1)

γ(y)dy

≤ Mp
s,γ(f)

(2π)
n
2
s(2−p) < +∞ (1/p+ 1/q = 1). (1.12)

Also, for any y ∈ I(f) we have

f̂y(t) = F (t)e−<y,t>, t ∈ Rn, (1.13)

where f̂y is the Fourier transform of fy(x), x ∈ Rn.
3. For p = 2 and 0 < s < +∞ the formula (1.9) gives an integral

representation of the whole class Hp
s,γ(TB), i.e. H2

s,γ(TB) coincides with the
set of all functions f(z) representable in the form (1.9) with a measurable
function F (t), t ∈ Rn, satisfying the condition∫

B

(∫
Rn
|F (t)|2e−2<y,t>dt

)s
γ(y)dy < +∞. (1.14)

Moreover, the Parseval identity holds:

M2
s,γ(f) =

∫
B

(∫
Rn
|F (t)|2e−2<y,t>dt

)s
γ(y)dy. (1.15)

For n ≥ 1, γ(y) ≡ 1(y ∈ B) and p = 2, s = 1 Theorem 1.2 follows from
results of [6] formulated for arbitrary Siegel domains.

For n ≥ 1, γ(y) ≡ 1(y ∈ B) and under assumptions 1 ≤ p ≤ 2, s = 1 or
1 < p < 2, s = 1/(p− 1) the formulated assertions were established in [7-9].

For n = 1, γ(y) ≡ 1(y ∈ B) the theorem follows from more general results
of [10].

Finally, in the form formulated above, Theorem 1.2 was established in
[11, Theorems 2.3-2.5] and [12, Theorem 2].

It turns out [13-15] that the supports of functions F (t) in Theorem 1.2
(2,3) are significantly narrow if only the domain B ⊂ Rn is a sharp (or
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an acute) open convex cone V ⊂ Rn and the weight function γ(y), (y ∈
V ) satisfy certain growth conditions adapted to the structure of V . In
all these cases we have suppF (t) ⊂ V ∗ , where V ∗ is a cone conjugate to
V . Furthermore, in[13-15] for 1 ≤ p ≤ 2 and under additional conditions
on γ(y), y ∈ V and on the parameter s a reproducing kernel for the class
Hp
s,γ(TV ) was constructed. In [16] similar problems were solved in tube

domains over polyhedra P ⊂ Rn.
In [17-19], in a sense, a converse problem was considered and solved: given

a domain D ⊂ Rn, integrals of the form

f(z) =
1

(2π)n/2

∫
D
F (t)ei<z,t>dt, (1.16)

were considered for, in general, arbitrary functions F (t), t ∈ D. Then, re-
quiring the holomorphic functions f(z) to belong to Hardy type spaces (in-
cluding the condition of square integrability over domain), the correspond-
ing conditions on functions F (t) and the maximal tube domain in Cn where
the functions (1.16) can be extended, were determined. For the considered
spaces reproducing kernels were constructed.

It should be mentioned that for the case p = 2, s = 1, γ(y) ≡ 1 the results
of [11-15] are close to [17-19].

In the present paper we consider above-mentioned spaces Hp
s,γ(TB) where

the domain B is the unit ball in the space Rn. For these spaces the cor-
responding reproducing kernels are constructed (in an explicit form) and
estimated.

2. Main integral representations

Assume that 1 ≤ p ≤ 2, 2 ≤ q ≤ +∞ and 1/p+ 1/q = 1. It is well-known
that for a function f ∈ Lp(Rn) its Fourier transform is defined as follows:

f̂(t) =
1

(2π)n/2

∫
Rn
f(x)e−i<t,x>dx, t ∈ Rn, (2.1)

if p = 1, and

f̂(t) = l.i.m.A→+∞
1

(2π)n/2

∫
|x|<A

f(x)e−i<t,x>dx, t ∈ Rn, (2.2)

if 1 < p ≤ 2, where the l.i.m. is understood in the sense of the space Lq(Rn).
In what follows we need the following two important (and well-known)

assertions:

Theorem 2.1. For any functions f1, f2 ∈ Lp(Rn), 1 ≤ p ≤ 2 we have∫
Rn
f̂1(x) · f2(x)dx =

∫
Rn
f1(x) · f̂2(x)dx. (2.3)
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Theorem 2.2. (Hausdorff-Young theorem) For any function f ∈ Lp(Rn),
1 ≤ p ≤ 2 we have{

1

(2π)n/2
·
∫
Rn
|f̂(t)|qdt

}1/q

≤
{

1

(2π)n/2
·
∫
Rn
|f(x)|pdx

}1/p

. (2.4)

In what follows we suppose that B is the unit ball in the space Rn, i.e.
B = {y ∈ Rn : |y| < 1}. Moreover, γ(y), y ∈ B, is supposed to be a positive
continuous function such that γ ∈ L1(B; dy). Naturally, γ∗(t), t ∈ Rn, is
defined by the formula (1.4). Denote by S the unit sphere in Rn and let σ
be the surface Lebesgue measure on S.

Proposition 2.1. The function γ∗(t), t ∈ Rn, has the following properties:

(a) 0 < γ∗(t) < +∞ for any t ∈ Rn;
(b) γ∗(t), t ∈ Rn, is a continuous function;
(c) There exists a constant C1 = C1(γ) such that

γ∗(t) ≤ C1 · e|t|, ∀t ∈ Rn; (2.5)

(d) For any δ ∈ (0; 1) there exists a constant C2(δ; γ;n) such that

γ∗(t) ≥ C2 · e(1−δ)|t|,∀t ∈ Rn. (2.6)

Proof. Note that

e−<y,t> · γ(y) ≤ e|t| · γ(y) (2.7)

uniformly in y ∈ B and t ∈ Rn. Hence

γ∗(t) ≤ e|t| ·
∫
B
γ(y)dy ≡ C1(γ) · e|t| < +∞, ∀t ∈ Rn. (2.8)

Thus, (c) and (a) are proved. By the way, in view of (2.7), (b) is also proved.
Further, assume that t 6= 0 ⇒ t = |t| · t0 with t0 ∈ S(i.e. |t0| = 1). The
passage to polar coordinates (y = r · ζ, r > 0, ζ ∈ S ⇒ dy = rn−1drdσ(ζ))
yields:

γ∗(t) =

∫ 1

0
rn−1

∫
S
e−r<ζ,t> · γ(r · ζ)dσ(ζ)dr

=

∫ 1

0
rn−1

∫
S
e−r|t|<ζ,t0> · γ(r · ζ)dσ(ζ)dr. (2.9)

For any η ∈ (0; 1) there exists a neighborhood G ⊂ S of −t0 ∈ S such that

< ζ,−t0 >≥ 1− η ⇔ − < ζ, t0 >≥ 1− η, ∀ζ ∈ G. (2.10)
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Note that mes(G) depends on η and n, but does not depend on t0 ∈ S.

γ∗(t) ≥
∫ 1

0
rn−1

∫
G
e−r|t|<ζ,t0> · γ(r · ζ)dσ(ζ)dr

≥
∫ 1

0
rn−1er|t|(1−η) ·

∫
G
γ(r · ζ)dσ(ζ)dr. (2.11)

Now fix also an arbitrary ε ∈ (0; 1), then

γ∗(t) ≥
∫ 1

1−ε
rn−1er|t|(1−η) ·

∫
G
γ(r · ζ)dσ(ζ)dr

≥ e(1−ε)(1−η)|t| ·
∫ 1

1−ε
rn−1

∫
G
γ(r · ζ)dσ(ζ)dr

= e(1−ε)(1−η)|t| ·
∫

1−ε≤r<1,ζ∈G
γ(y)dy. (2.12)

Note that ∫
1−ε≤r<1,ζ∈G

γ(y)dy ≥ const(η; ε; γ;n) > 0

uniformly in t0 ∈ S. Hence

γ∗(t) ≥ const(η; ε; γ;n) · e(1−ε)(1−η)|t|, ∀t ∈ Rn. (2.13)

It remains to note that η and ε can be chosen in a such way that (1− ε)(1−
η) ≥ (1− δ). �

Proposition 2.2. For any v, y ∈ B put

ψv,y(t) =
e−<v+y,t>

γ∗(2t)
, t ∈ Rn. (2.14)

Then for any ρ ∈ (0; 1) there exists a function ψ belonging to all spaces
Lp(Rn), 0 < p ≤ ∞ such that

ψv,y(t) ≤ ψ(t), t ∈ Rn, (2.15)

uniformly in v with |v| < 1 and y with |y| ≤ ρ < 1.

Proof. Application of Proposition 2.1 yields (t ∈ Rn):

|ψv,y(t)| ≤
e(|v|+|y|)|t|

γ∗(2t)
≤ const · e

(1+ρ)|t|

e2(1−δ)|t| ≡ ψ(t) ∈ Lp(Rn), 0 < p ≤ ∞,

(2.16)
if only δ > 0 is sufficiently small to ensure the condition 1+ρ < 2(1−δ). �

For any z = x+ iy ∈ TB, w = u+ iv ∈ TB put

Φ(z, w) =

∫
Rn

ei<z−w,t>

γ∗(2t)
dt, (2.17)
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where w is understood as (w1, w2, . . . , wn).
The properties of the kernel introduced are described by the following:

Proposition 2.3.

(a) The integral above converges absolutely, i.e. the kernel Φ is well
defined for ∀z = x+ iy, w = u+ iv ∈ TB;

(b) Φ(z, w) is holomorphic in z ∈ TB and antiholomorphic in w ∈ TB;
(c) For fixed z ∈ TB and v ∈ B, Φ(z, u+ iv) (as a function of u ∈ Rn)

is the Fourier transform of the function

(2π)n/2 · e
i<z+iv,t>

γ∗(2t)
, t ∈ Rn, (2.18)

which belongs to all spaces Lp(Rn), 0 < p ≤ ∞.
(d) If 0 < δ < 2, then

|Φ(z, w)| ≤ const(δ; γ;n) (2.19)

uniformly in z = x+ iy, w = u+ iv ∈ TB with |v|+ |y| ≤ 2− δ.

Proof. First of all, under the assumption |v|+ |y| ≤ 2− δ with any δ ∈ (0; 2)
we have: ∣∣∣∣ei<z−w,t>γ∗(2t)

∣∣∣∣ ≤ e−<v+y,t>

γ∗(2t)
≤ e(|v|+|y|)|t|

γ∗(2t)
≤ e(2−|δ|)|t|

γ∗(2t)
.

Further, according to Proposition 2.1,

γ∗(t) ≥ const(δ; γ) · e(1− δ
4

)|t| ⇒
1

γ∗(2t)
≤ const(δ; γ;n) · 1

e(2− δ
2

)|t|
, ∀t ∈ Rn.

Hence∣∣∣∣ei<z−w,t>γ∗(2t)

∣∣∣∣ ≤ const(δ; γ;n) · e
(2−|δ|)|t|

e(2− δ
2

)|t|
= const(δ; γ;n) · e−

δ
2
|t|, t ∈ Rn.

(2.20)
The last estimate immediately implies the assertions (a) and (b). To prove
(c), it suffices to rewrite (2.17) as

Φ(z, w) =
1

(2π)n/2

∫
Rn

{
(2π)n/2 · e

i<z+iv,t>

γ∗(2t)

}
· e−i<u,t>dt, (2.21)

and then note that the inner function

(2π)n/2 · e
i<z+iv,t>

γ∗(2t)
∈ Lp(Rn), 0 < p ≤ ∞, (2.22)

due to inequality (2.20).
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Finally, combination of (2.17) and (2.20) yields:

|Φ(z, w)| ≤ const(δ; γ;n) ·
∫
Rn
e−

δ
2
|t|dt

δ
2
t→t

===

= const(δ; γ;n) · 1

δn
·
∫
Rn
e−|t|dt = const(δ; γ;n) · 1

δn
≡ const(δ; γ;n).

The proof is completed. �

Theorem 2.3. Assume that 1 ≤ p ≤ 2, 1/p ≤ s < +∞, then each function
f ∈ Hp

s,γ(TB) has the following integral representation (z ∈ TB):

f(z) =
1

(2π)n

∫
TB

f(w)Φ(z, w)γ(v)dudv, (w = u+ iv). (2.23)

Proof. Let f be a function from Hp
s,γ(TB). According to Theorem 1.2(2)

f(z) =
1

(2π)n/2

∫
Rn
F (t)ei<z,t>dt, z ∈ TB, (2.24)

where F (t), t ∈ Rn, is continuous and satisfies (1.11) for p = 1, and F (t), t ∈
Rn, is measurable and satisfies (1.12) for 1 < p ≤ 2. Moreover, for a.e.
v ∈ B

f̂v(t) = F (t)e−<v,t>, t ∈ Rn, (2.25)

where fv(u) ≡ f(u+ iv), u ∈ Rn.
Now fix an arbitrary z = x+ iy ∈ TB and set

I(z) =
1

(2π)n

∫
TB

f(w)Φ(z, w)γ(v)dudv. (2.26)

Assuming the absolute convergence of the integral (2.26), we consecutively
use Proposition 2.3(c), Theorem 2.1, (2.25), (1.4), (2.24) and establish the
the equality I(z) = f(z) in the following way:

I(z) =
1

(2π)n

∫
B
γ(v)

∫
Rn
f(u+ iv)Φ(z, u+ iv)dudv

=
1

(2π)n

∫
B
γ(v)

∫
Rn
fv(u)

̂{
(2π)n/2 · e

i<z+iv,t>

γ∗(2t)

}
(u)dudv

=
1

(2π)n

∫
B
γ(v)

∫
Rn
f̂v(t)(2π)n/2 · e

i<z+iv,t>

γ∗(2t)
dtdv

=
1

(2π)n/2

∫
B
γ(v)

∫
Rn
F (t)e−<v,t>

ei<z+iv,t>

γ∗(2t)
dtdv

=
1

(2π)n/2

∫
Rn
F (t)

ei<z,t>

γ∗(2t)

∫
B
γ(v)e−2<v,t>dvdt
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=
1

(2π)n/2

∫
Rn
F (t)ei<z,t>dt = f(z).

So it remains to show that the integral I(z) converges absolutely. To this
end set

Ĩ(z) =

∫
B
γ(v)

∫
Rn
|fv(u)||Φ(z, u+ iv)|dudv. (2.27)

An application of Hőlder′s integral inequality gives:∫
Rn
|fv(u)||Φ(z, u+iv)|du ≤ f̃(v)·

(∫
Rn
|Φ(z, u+ iv)|qdu

)1/q

(1/p+1/q = 1),

where

f̃(v) =

(∫
Rn
|fv(u)|pdu

)1/p

, v ∈ B. (2.28)

Further, the condition 1 ≤ p ≤ 2 makes it possible an application of
Hausdorff-Young theorem (Theorem 2.1):(∫

Rn
|Φ(z, u+ iv)|qdu

)1/q

≤ const ·
(∫

Rn

∣∣∣∣ei<z+iv,t>γ∗(2t)

∣∣∣∣p dt)1/p

= const ·
(∫

Rn

e−p<y+v,t>

[γ∗(2t)]p
dt

)1/p

≡ Rz(v).

(2.29)

Hence (2.27) implies:

Ĩ(z) ≤ const ·
∫
B
f̃(v)Rz(v)γ(v)dv ≡ J. (2.30)

Note that the condition f ∈ Hp
s,γ(TB) implies∫

B
[f̃(v)]psγ(v)dv < +∞. (2.31)

Moreover, in view of Proposition 2.2

sup
v∈B
{Rz(v)} < +∞. (2.32)

So, it remains to show J < +∞ under conditions (2.31) and (2.32). To
this end consider the measure dµ(v) = Rz(v)γ(v)dv(v ∈ B) and note that
µ0 =

∫
B dµ(v) < +∞ due to (2.32) and initial assumption γ ∈ L1(B; dy).

As a consequence, the integral can be written as

J =

∫
B
f̃(v)dµ(v). (2.33)
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In view of the condition 1/p ≤ s < +∞⇔ ps ≥ 1 Hőlder′s integral inequal-
ity can be applied to (2.33) with ps instead of p and with ps/(ps−1) instead
of q :

J =

∫
B
f̃(v) · 1dµ(v) ≤

(∫
B

[f̃(v)]psdµ(v)

)1/ps

·
(∫

B
1dµ(v)

)1/q

⇒

Jps ≤
∫
B

[f̃(v)]psdµ(v) · µps−1
0 < +∞

in view of (2.31)-(2.32). This completes the proof of the theorem. �

3. Important special case

In this section we discuss the following particular case:

γ(y) = (1− |y|2)α, y ∈ B (α > −1). (3.1)

As it will be shown below, in this case γ∗(t), t ∈ Rn can be evaluated more
explicitly. Moreover, the estimates (2.5),(2.6) and (2.19) can be strength-
ened.

We begin with several well-known facts.
The Bessel function Jλ(z)(λ ∈ C) is defined as follows:

Jλ(z) =
∞∑
k=0

(−1)k · (z/2)2k+λ

Γ(k + 1) · Γ(k + 1 + λ)

≡ (z/2)λ ·
∞∑
k=0

(−1)k · (z/2)2k

Γ(k + 1) · Γ(k + 1 + λ)
, z ∈ C. (3.2)

The important properties of Jλ (when Reλ > −1
2) are given by the following

assertion ([20,§ 11], [21,p.647]):

Theorem 3.1. (a) For any z ∈ C

Jλ(z) =
(z/2)λ

√
π · Γ(λ+ 1

2)
·
∫ 1

−1
eiτz · (1− τ2)λ−

1
2dτ

≡ 2 · (z/2)λ
√
π · Γ(λ+ 1

2)
·
∫ 1

0
cos(τz) · (1− τ2)λ−

1
2dτ. (3.3)

(b) For any z ∈ C

Jλ(iz) =
2 · (iz/2)λ
√
π · Γ(λ+ 1

2)
·
∫ 1

0
ch(τz) · (1− τ2)λ−

1
2dτ. (3.4)

(c) When λ > −1
2 , then

Jλ(ix)
λ� ex√

x
, x→ +∞, (3.5)
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where the symbol
λ� means that the absolute value of the quotient

of corresponding expressions remains between two fixed positive con-
stants (depending only on λ ) when x→ +∞.

Theorem 3.2. The following formulas are valid:

γ∗(0) =

∫
B

(1− |y|2)αdy =
π
n
2 · Γ(α+ 1)

Γ(α+ n
2 + 1)

, (3.6)

γ∗(t) =
π
n
2 · Γ(α+ 1)

(i|t|/2)α+n
2

· Jα+n
2
(i|t|), t ∈ Rn\{0}, (3.7)

γ∗(t)
α,n
� e|t|

|t|α+n+1
2

, |t| → +∞. (3.8)

Proof. Introducing the polar coordinates in the integral of (3.6) we obtain:

γ∗(0) = σ(S) ·
∫ 1

0
(1− r2)αrn−1dr =

σ(S)

2
·
∫ 1

0
(1− t)αt

n
2
−1dt

=
σ(S)

2
·B(α+ 1;

n

2
) =

π
n
2

Γ(n2 )
·

Γ(α+ 1)Γ(n2 )

Γ(α+ 1 + n
2 )

=
π
n
2 · Γ(α+ 1)

Γ(α+ n
2 + 1)

.

In order to establish (3.7) note that the function γ∗(t) is radial, i.e. it
depends, in fact, only on |t| of the variable t ∈ Rn. Hence γ∗(t1, t2, . . . , tn) ≡
γ∗(|t|, 0, . . . , 0) and, with the natural notation y = (y1, y2, . . . , yn) ≡ (y1, y

′)
in the mind, we have:

γ∗(t) =

∫
B
e−y1|t|(1− |y|2)αdy =

∫
|y1|<1

e−y1|t|
∫
|y′|<
√

1−y21
(1−y2

1−|y′|2)αdy′dy1

=

∫
|y1|<1

e−y1|t|(1− y2
1)α+n−1

2

∫
ω∈Cn−1,|ω|<1

(1− |ω|2)αdωdy1. (3.9)

According to (3.6) the inner integral in (3.9) is equal to π
n−1
2 ·Γ(α+1)

Γ(α+n+1
2

)
. Con-

sequently,

γ∗(t) =
π
n−1
2 · Γ(α+ 1)

Γ(α+ n+1
2 )

·
∫
|y1|<1

e−y1|t| · (1− y2
1)α+n−1

2 dy1

= 2
π
n−1
2 · Γ(α+ 1)

Γ(α+ n+1
2 )

·
∫ 1

0
ch(τ |t|) · (1− τ2)α+n−1

2 dτ

= π
n
2 Γ(α+ 1) · 2

√
π · Γ(α+ n

2 + 1
2)
·
∫ 1

0
ch(τ |t|) · (1− τ2)(α+n

2
)− 1

2dτ.

(3.10)
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On the other hand, according to (3.4) we have:

Jα+n
2
(i|t|) =

2 · (i|t|/2)α+n
2

√
π · Γ(α+ n

2 + 1
2)
·
∫ 1

0
ch(τ |t|) · (1− τ2)(α+n

2
)− 1

2dτ. (3.11)

The comparison of (3.10) and (3.11) yields (3.7).
Further, (3.5) implies:

Jα+n
2
(i|t|) � e|t|

|t|
1
2

, |t| → +∞. (3.12)

Combining (3.12) with (3.7), we obtain (3.8). �

Remark 3.1. Note that in the special case under consideration the asymp-
totic formula (3.8) describes the behaviour of γ∗(t) (when t → +∞) much
more explicitly than the estimates (2.5) and (2.6) of Proposition 2.1.

The following assertion gives more explicit estimate for the kernel Φ(z, w)
(see(2.17)):

Theorem 3.3. If 0 < δ < 2, then

|Φ(z, w)| ≤ const(α;n) +
const(α;n)

δ
3n+1

2
+α

(3.13)

uniformly in z = x+ iy, w = u+ iv ∈ TB with |v|+ |y| ≤ 2− δ.

Proof. First of all, note (see the proof of Proposition 2.3) that under the
assumption |v|+ |y| ≤ 2− δ with any δ ∈ (0; 2) we have:∣∣∣∣ei<z−w,t>γ∗(2t)

∣∣∣∣ ≤ e(2−|δ|)|t|

γ∗(2t)
. (3.14)

Hence

|Φ(z, w)| ≤
∫
Rn

e(2−|δ|)|t|

γ∗(2t)
dt =

∫
|t|≤1

. . . dt+

∫
|t|≥1

. . . dt ≡ I1 + I2. (3.15)

In view of (3.7)

I1 ≤ const(α;n). (3.16)
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As to the integral I2, due to (3.8) and (3.7) we have:

I2 ≤ const(α;n) ·
∫
|t|≥1

e(2−|δ|)|t| · |t|
n+1
2

+α

e2|t| dt

= const(α;n) ·
∫
|t|≥1

e−|δ||t| · |t|
n+1
2

+αdt

= const(α;n) ·
∫ +∞

1
e−|δ|r · r

n+1
2

+α+n−1dr
δr→r
===

=
const(α;n)

δ
n+1
2

+α+n
·
∫ +∞

δ
e−r · r

n+1
2

+α+n−1dr

≤ const(α;n)

δ
n+1
2

+α+n
· Γ(

n+ 1

2
+ α+ n) ≡ const(α;n)

δ
n+1
2

+α+n
. (3.17)

Combination of (3.16) and (3.17) gives (3.13). The proof is completed. �

Remark 3.2. Note that under the additional restriction 0 < δ ≤ 1 the
estimate (3.13) can be written as follows:

|Φ(z, w)| ≤ const(α;n)

δ
3n+1

2
+α

. (3.18)
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