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WEIGHTED INTEGRAL REPRESENTATIONS IN TUBE
DOMAIN OVER REAL UNIT BALL

ARMAN H. KARAPETYAN

ABSTRACT. Weighted spaces of functions holomorphic in tube domain
over the real unit ball of R™ are considered. For these classes reproducing
kernels are constructed in an explicit form. Estimates for these kernels
are obtained.

1. INTRODUCTION

It is well known that the Hardy class H2(Rez > 0) is defined as the set
of all holomorphic functions f(z), Rez > 0, satisfying the condition

sup </+OO |f(z+ iy)\zdy> < 400. (1.1)

x>0 —00
The following result was established by R.Paley and N.Wiener[1]:

Theorem 1.1. The class H?>(Rez > 0) admits an integral representation of
the form

+0o0
f(z) = / F(t)e *dt, Rez >0, (1.2)
0
where F(t) € L*(0;+00).

Theorem 1.1 initiated numerous investigations where this classical result
was generalized in various directions.

In [2] (see also [3, Chapter 7]) Hardy type weighted classes in arbitrary
angular domains were introduced and for these classes Paley-Wiener type
integral representations by means of Mittag-Leffler type kernels were estab-
lished.

In [4] (see also [5]) an analogue of Theorem 1.1 for multidimensional
Hardy classes H? over radial tube domains in C™ were established. Later
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on, in [6], this result was generalized for Siegel domains of type two (much
more general than radial tube domains). Moreover, in [6,85] a somewhat
different problem was set and solved: to obtain Paley-Wiener type integral
representations for classes of functions holomorphic in Siegel domains of
type two and belonging to L? over the whole domain. On the basis of these
integral representations reproducing kernels for the classes were constructed
in an explicit form.
In order to review further investigations we need some notations.

For any z = (21,...,2,) € C" and w = (wy,...,w,) € C™ set
n
<z,w>= szuTk (1.3)
k=0

Suppose that B C R"™ is a domain and 7(y) > 0,y € B, is an arbitrary
continuous function. We put

v (t) :/ e <V q(y)dy, t € R". (1.4)
B
Further, for p,s € (0;400) we denote by HE.(Tg) the set of all functions
f(2) = f(x + iy) holomorphic in the tube domain
Tp={z=xz+iyeC":z € R",y € B} (1.5)

and satisfying the condition

mz = [ ([ e rimpis) sty <. o)
For any f € HY.(Tp) put

I(f)={ye B: fy(z) = f(x + iy) € LP(R")}. (1.7)

Obviously, mes{B\I(f)} = 0.

Note that for s = 1 the space H{(Tp) = Hy . (Tp) consists of those
functions holomorphic in Tz, which are from LP{Tp;~y(y)dzdy}.

The following theorem is valid:

Theorem 1.2. 1. Assume that 2 <p < 4o00,1/p+1/¢g=1,0< s < 400
and a measurable function F(t),t € R", satisfies the condition

/B </n |F(t)|qe—q<y=t>dt>8(p_1) Y(y)dy < +oo. (1.8)

Then the function
1
f(z) =

W /n F(t)€i<z7t>dt, RS TB, (19)
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belongs to the space HY(Tg) and

1 s(p—1)
MP gn/ </ F(t)4 _Q<y’t>dt> dy < +oo.
7’7(f) (27_‘_)53(}7—2) B n | ( )| e fY(y) Y (jolo)

2. Assume that 1 < p < 2 and 0 < s < 4+00. Then each function f €
HY(Tg) admits an integral representation of the form (1.9), where:
—ifp=1, F(t),t € R" is continuous and satisfies the condition

1
sup (PO (st} < Ml (1.11)
teR™ (27r) 2

—if 1 <p <2, F(t),t € R",is measurable and satisfies the condition

[ ([ rorersea)™ g

M:,(f)
= (2m)25P)
Also, for any y € I(f) we have
fy(t) = F(t)e"<¥*>  te R" (1.13)

where fy is the Fourier transform of f,(z),z € R".

3. Forp =2and 0 < s < 400 the formula (1.9) gives an integral
representation of the whole class HY~(Tg), i.e. HSQ’W(TB) coincides with the
set of all functions f(z) representable in the form (1.9) with a measurable
function F(t),t € R", satisfying the condition

/B (/n !F(t)\2e—2<y,t>dt>sry(y)dy < 4o0. (1.14)

Moreover, the Parseval identity holds:

(0= [ ([ et a) swa. s

For n > 1,7(y) = 1(y € B) and p = 2,s = 1 Theorem 1.2 follows from
results of [6] formulated for arbitrary Siegel domains.

For n > 1,7(y) = 1(y € B) and under assumptions 1 < p < 2,s =1 or
1 <p<2,s=1/(p—1) the formulated assertions were established in [7-9].

For n =1,v(y) = 1(y € B) the theorem follows from more general results
of [10].

Finally, in the form formulated above, Theorem 1.2 was established in
[11, Theorems 2.3-2.5] and [12, Theorem 2].

It turns out [13-15] that the supports of functions F(¢) in Theorem 1.2
(2,3) are significantly narrow if only the domain B C R" is a sharp (or

<400 (I/p+1/g=1). (1.12)
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an acute) open convex cone V. C R"™ and the weight function ~(y), (y €
V') satisfy certain growth conditions adapted to the structure of V. In
all these cases we have suppF(t) C V* | where V* is a cone conjugate to
V. Furthermore, in[13-15] for 1 < p < 2 and under additional conditions
on ¥(y),y € V and on the parameter s a reproducing kernel for the class
HY (Ty) was constructed. In [16] similar problems were solved in tube
domains over polyhedra P C R™.

In [17-19], in a sense, a converse problem was considered and solved: given
a domain D C R"™, integrals of the form

_ 1 1<z,t>

1) = s /DF(t)e dt, (1.16)
were considered for, in general, arbitrary functions F'(t),t € D. Then, re-
quiring the holomorphic functions f(z) to belong to Hardy type spaces (in-
cluding the condition of square integrability over domain), the correspond-
ing conditions on functions F'(¢) and the maximal tube domain in C™ where
the functions (1.16) can be extended, were determined. For the considered
spaces reproducing kernels were constructed.

It should be mentioned that for the case p = 2, s = 1,7(y) = 1 the results
of [11-15] are close to [17-19].

In the present paper we consider above-mentioned spaces HE (Tg) where
the domain B is the unit ball in the space R™. For these spaces the cor-
responding reproducing kernels are constructed (in an explicit form) and
estimated.

2. MAIN INTEGRAL REPRESENTATIONS

Assume that 1 <p <2,2<¢g<4o0and 1/p+1/q=1. It is well-known
that for a function f € LP(R") its Fourier transform is defined as follows:

£ 1 —i<t,x n
ft) = T (z)e "<b">dx, t € R, (2.1)
if p=1, and
£ . 1 —i<t,x n
f(t) = l'l'm-A—>+oo(2ﬂ_)n/2/| Af(x)e <tT>dx, t € R", (2.2)
z|<

if 1 < p < 2, where the l.i.m. is understood in the sense of the space LI(R").
In what follows we need the following two important (and well-known)
assertions:

Theorem 2.1. For any functions f1, fo € LP(R™),1 < p < 2 we have

file) - fo(w)dz = [ fi(x) - fo(a)da. (2.3)
R® R®
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Theorem 2.2. (Hausdorff-Young theorem) For any function f € LP(R™),
1 <p <2 we have

{amm [ |f<t>rth}1/q Ao [ rf<x>rpdx}l/p. (24)

In what follows we suppose that B is the unit ball in the space R", i.e.
B ={y € R": |y| < 1}. Moreover, v(y),y € B, is supposed to be a positive
continuous function such that v € L'(B;dy). Naturally, v*(t),t € R", is
defined by the formula (1.4). Denote by S the unit sphere in R™ and let o
be the surface Lebesgue measure on S.

Proposition 2.1. The function v*(t),t € R"™, has the following properties:

(a) 0 <~*(t) < 400 for any t € R™;
(b) v*(t),t € R", is a continuous function;
(¢) There exists a constant Ch = C1(7y) such that

() < Cy - el vt € R, (2.5)
(d) For any § € (0;1) there exists a constant Ca(d;7y;n) such that
V() > Cy - 1M vt € R (2.6)

Proof. Note that

—<ut> Ly (y) < el A (y) (2.7)

uniformly in y € B and ¢t € R™. Hence

(&

¥ (t) < el / v(y)dy = C1(7) - el < 400, Vt € R™ (2.8)

B
Thus, (c) and (a) are proved. By the way, in view of (2.7), (b) is also proved.
Further, assume that ¢ # 0 = t = |t| - tp with ¢y € S(i.e. [to| = 1). The

passage to polar coordinates (y = r-(,r > 0,{ € S = dy = r" Ldrdo(¢))
yields:

1
’y*(t)—/o 7“"1/Ser<g’t>-’y(r-§)da(g“)dr
:/01 7ﬂ1/36r|t<c,to>.fy(r.g)dg(g)dr, (2.9)

For any n € (0;1) there exists a neighborhood G C S of —ty € S such that

<(-ty>>1-nes—<(tg>>1-—n, V(eQG. (2.10)
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Note that mes(G) depends on 1 and n, but does not depend on ¢y € S.
1
0z [t [ e o do(Cdr
0 G
1

=1 rltl(1-n) | e Odo(OVdr .
> /0 /G A - C)dor(C)d (2.11)

Now fix also an arbitrary € € (0;1), then
1
POz [ et [ 6 Qaatcar
1—¢ G
1
> =)=l . / -1 / (- O)do(C)dr
1—¢ G

_ 0=l | / v (y)dy. (2.12)
1—e<r<1,(eG

Note that

Y(y)dy > const(n;e;v;n) > 0
1—e<r<1,(eG

uniformly in ¢g € .S. Hence

v (t) > const(n;e;y;n) - eIyt € R, (2.13)
It remains to note that n and e can be chosen in a such way that (1 —¢)(1—
n) = (1-19). O
Proposition 2.2. For any v,y € B put
ef<v+y,t>
t)=—— teR" 2.14

Then for any p € (0;1) there exists a function 1 belonging to all spaces
LP(R™),0 < p < oo such that

ey (t) <Y(t), t € R", (2.15)
uniformly in v with |v]| <1 and y with |y| < p < 1.
Proof. Application of Proposition 2.1 yields (¢t € R"):

e(lvl+lyDll c(1+p)It] )
— < R n -
7*(275) < const 210 1/1('15) el (R ), 0<p< oo,

(2.16)
if only 6 > 0 is sufficiently small to ensure the condition 1+p < 2(1—4¢). O

Yoy (B)] <

Forany z=x+1iy € Tp,w =u+1iv € Tp put

i<z—w,t>
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where w is understood as (wy,ws, . . ., Wy,)-
The properties of the kernel introduced are described by the following:

Proposition 2.3.
(a) The integral above converges absolutely, i.e. the kernel ® is well
defined forVz =x +iy,w =u+1iv € Tp;
(b) ®(z,w) is holomorphic in z € T and antiholomorphic in w € Tpg;
(c) For fized z € Tp and v € B, ®(z,u +iv) (as a function of u € R™)
1s the Fourier transform of the function

ez’<z+iv,t>

vH(2t)
which belongs to all spaces LP(R™),0 < p < co.
(d) If 0<d<2, then

|D(z, w)| < const(d;y;n) (2.19)

(2)"/2 . , teR", (2.18)

uniformly in z = x +iy,w = u+ v € Tp with |v| + |y| <2 —4.

Proof. First of all, under the assumption |v|+ |y| < 2—¢ with any § € (0;2)
we have:
pi<z—w,t> e—<vtyt>  o(lvl+yDltl (2=l
< < .
7*(2t) v(2t) T2t T r(20)

Further, according to Proposition 2.1,

Vi (t) > const(5;y) - A DI =

1 1
< const(d;v;n) - ————, Vt € R™.
TEp S cnstEnn) ooy
Hence
ei<z—w,t> e(2—|5\)|t| 5
————| < const(d;v;n) - ———— = const(d;y;n)-e 2" t € R™.
| <t G (%7im)

(2.20)
The last estimate immediately implies the assertions (a) and (b). To prove
(c), it suffices to rewrite (2.17) as

@( ) 1 / {(2 )n/2 ei<2+iv,t> } —i<u t>dt (2 21)
Z, W) = ——= i e - € ’ .
’ (2m)n/2 J g 7*(2) ’

and then note that the inner function

ei<z+iv,t>

/2 €
(2m) v*(2t)

€ LP(R™), 0 < p < oo, (2.22)

due to inequality (2.20).
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Finally, combination of (2.17) and (2.20) yields:

St
|®(2,w)| < const(d;v;n) / e~ 3ltlg 222

n

1 1
= const(§;v;n) - =5 - / e Ildt = const(5;y;m) - 5 = const(d;;m).

The proof is completed. 0

Theorem 2.3. Assume that 1 < p <2,1/p < s < 400, then each function
[ € HY(Tg) has the following integral representation (z € Tg):

1
f(z)=— f(w)®(z,w)y(v)dudv, (w=u+iv). (2.23)
(2m)™ Jry
Proof. Let f be a function from HY.(Tg). According to Theorem 1.2(2)
_ 1 1<z,t>

where F'(t),t € R"™, is continuous and satisfies (1.11) for p = 1, and F(t),t €
R"™, is measurable and satisfies (1.12) for 1 < p < 2. Moreover, for a.e.
veD

folt) = F()e™<"*> te R", (2.25)
where f,(u) = f(u+ w),u € R™.
Now fix an arbitrary z = = + iy € Ts and set

Iz)= (271r)"

. f(w)®(z, w)y(v)dudv. (2.26)

Assuming the absolute convergence of the integral (2.26), we consecutively
use Proposition 2.3(c), Theorem 2.1, (2.25), (1.4), (2.24) and establish the
the equality I(z) = f(z) in the following way:

1

I(z) = @) /ny(v) o fu+i)®(z,u + v)dudv

~ e 10 [ s @are 2

- ; njz €5
~ o [0 [ R0 S

_1/ (v)/ F(t)e*<”’t>@dtdv
e Y S v (20)

1 ez’<z,t> —ocuts

3
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1

= Gy /R F()e< > dt = £(2).

So it remains to show that the integral I(z) converges absolutely. To this
end set

I(z) = / 'y(v)/ | fo(w)]|®(2, u + iv)|dudv. (2.27)
B R"
An application of Hélder’s integral inequality gives:
~ 1/q
| @le i < fo- ([ o) a/pje =1
R R"
where

Fo) = ( /R N fU(u)]pdu>1/p,v B (2.28)

Further, the condition 1 < p < 2 makes it possible an application of
Hausdorff-Young theorem (Theorem 2.1):
p 1/p
‘ dt)

(1w usioma) < ([ [0

e P<y+v,t> 1/p
= const - </ dt> = R, (v).

1<z+iv,t>

[y<(2t)]P
(2.29)
Hence (2.27) implies:
I(z) < const / F0)R.(v)y(v)dv = J. (2.30)
B
Note that the condition f € HY~(Tp) implies
/ [f(0)]P*y(v)dv < +00. (2.31)
B
Moreover, in view of Proposition 2.2
sup{R.(v)} < +o0. (2.32)

veEB

So, it remains to show J < 400 under conditions (2.31) and (2.32). To
this end consider the measure du(v) = R.(v)y(v)dv(v € B) and note that
po = [pdu(v) < 400 due to (2.32) and initial assumption v € L'(B;dy).
As a consequence, the integral can be written as

J= /B Fo)du(v). (2.33)
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In view of the condition 1/p < s < +00 < ps > 1 Hélder's integral inequal-
ity can be applied to (2.33) with ps instead of p and with ps/(ps—1) instead
of g:

J:Aj@»wmws(@mwwwwﬂwi<émmwfmj

7o < [ Fopnte) ! < oo
B
in view of (2.31)-(2.32). This completes the proof of the theorem. O

3. IMPORTANT SPECIAL CASE

In this section we discuss the following particular case:

y) =1~y yeB (a>-1). (3.1)
As it will be shown below, in this case v*(¢),t € R" can be evaluated more
explicitly. Moreover, the estimates (2.5),(2.6) and (2.19) can be strength-
ened.

We begin with several well-known facts.
The Bessel function Jy(z)(A € C) is defined as follows:

(D (/2P
T(k+1) - T(k+1+\)

- (=DF - (2/2)**
(Z/2)A'kzzor(k+1) T(k+1+N)

Ix(z)
k=0

z e C. (3.2)

The important properties of Jy (when Re\ > —%) are given by the following
assertion ([20,§ 11], [21,p.647]):

Theorem 3.1. (a) For any z € C

_ (2/2))\ . ! Tz | _ 2)\—%
h) = =T /_1@ (1—r2P3dr

= —2 : (2/2))\ : 1608 72) - (1 —72 A=y T
= T /0 (72)- (1 — 72 3dr. (3.3)
(b) For any z € C
o 2-(iz/2* 1C (] — 22 b
hiiz) = 2 /O hrz) - (1 — 72 4dr. (3.4)

(c) When A\ > —3, then

Jy(ix) x — 400, (3.5)

) e
X
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A
where the symbol < means that the absolute value of the quotient
of corresponding expressions remains between two fixed positive con-
stants (depending only on \ ) when v — +oo.

Theorem 3.2. The following formulas are valid:

v = o=y = T (3:6)
ey T2-Tlat1) i .
V)= T e G, T RNOL (D
a,n €|t|
y(t) = [t| — 4o0. (3.8)

Proof. Introducing the polar coordinates in the integral of (3.6) we obtain:

1 1
7V*(0) = o (S) - /0 (1 - tar = 7). /0 (1— etsa

:UfWBm+n” uk %a+” 5) _ 7 T(a+1)

5):r(g) Fla+1+%) T(a+2%2+1)

In order to establish (3.7) note that the function ~*(¢) is radial, i.e. it
depends, in fact, only on |¢| of the variable t € R™. Hence v*(t1,t2,...,tn) =
v*(|t],0,...,0) and, with the natural notation y = (y1,y2,--.,yn) = (y1,¥)
in the mind, we have:

(1) =/ e (1 — |y[*)2dy =/ e~ vilt (I—yi—y'|*)*dy' dyr
B ly1|<1 ly'|<y/1-y3

— / U1 — 2yt / (1— o) dodys.  (3.9)
ly1]<1 weCn—1 |w|<1

n—1
w2 -I'(a+1)

According to (3.6) the inner integral in (3.9) is equal to . Con-

T(a+24)
sequently,
"I T(a+1)
* T2 -lla — 2\ya+2=1
7 (t) = / el (1 —y)at2 dy,
[+ nT—H) ly1]<1
N T(a+1) 1 n—1
- 1 / ch(rlt]) - (1 — 72)°+ " dr
F(a + %) 0
=7r20(a+1)- 2 ./1ch(7|t|)-(1—72)<a+3>—%dr
VT Dla+5+3) Jo

(3.10)
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On the other hand, according to (3.4) we have:

2 (ilt]/2)3
Vvr-D(a+2+1)

The comparison of (3.10) and (3.11) yields (3.7).
Further, (3.5) implies:

1
Jos (ilt]) = /O ch(rlt) - (1= 72)@ 8 dar (3.11)

[¢]
. e

|2
Combining (3.12) with (3.7), we obtain (3.8). O

Remark 3.1. Note that in the special case under consideration the asymp-
totic formula (3.8) describes the behaviour of v*(¢) (when ¢ — +00) much
more explicitly than the estimates (2.5) and (2.6) of Proposition 2.1.

The following assertion gives more explicit estimate for the kernel ®(z, w)
(see(2.17)):

Theorem 3.3. If 0 < § < 2, then

const(a;n)

|®(2,w)| < const(a;n) + TS

(3.13)

uniformly in z = + iy, w = u +iv € Tp with |v| + |y] <2 — 0.

Proof. First of all, note (see the proof of Proposition 2.3) that under the
assumption |v| + |y| <2 — § with any § € (0;2) we have:

i<z—w,t>

v*(2t)

(2= 18]
y(2t)

(&

(3.14)

1B(z, w)] </ e / dt / dt=1 + L. (3.15)
z,w)| < ——dt = Lo.at + oat =11+ I .
n y*(20) ltI<1 It)>1 e

In view of (3.7)

I < const(a;n). (3.16)
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As to the integral I, due to (3.8) and (3.7) we have:

2-I8NIE . 425 +a

I < const(a;n) /

t]>1 e2l!

= const(a;n) / eIl \t]nTHJradt
[t]>1

Feo 5 ntl Sr—r
= const(a;n) / e~ I8l . e tatn—1 g, o2
1

. +0oo
_ const(a;n) / oM a1 g,
0

5 Hadtn
const(a;n n+1 const(a;n
§ 2 totn 2 53 tatn

Combination of (3.16) and (3.17) gives (3.13). The proof is completed. O

Remark 3.2. Note that under the additional restriction 0 < 6 < 1 the
estimate (3.13) can be written as follows:

(1]
2]

[10]

const(a;n)
O

(3.18)
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