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FIXED POINT THEOREMS FOR GENERALIZED F—-CONTRACTION
ON METRIC SPACE

DINANATH BARMAN AND KALISHANKAR TIWARY

ABSTRACT. Inthis paper, we have generalizZ€éd contraction talF —contraction,
a new of notation in metric space and we have proved somesestth examples
and corollaries.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is an important part of mathematics. 182,Banach inves-
tigated the fixed point theorem in metric spaces. It is use@nly in Mathematics
but also in other sciences such as Biology, Physics to finebtlstance of a unique
solution to an equation. There are two types of generatizat literature. One
is due to change to more generalized spaces subh-aeetric spaceb,(s)metric
space etc. and the other is due to change of various cownimactuch as Kannan,
Chatterjea, ReictCiric type contraction etc. on this spaces. Let us first recall the
definition of a metric space. In this paper, we denote theimgpaceX,d) by X.

Definition 1.1. Let X be a non-empty set and ¥ — [0,+) be a function satis-
fying
i) d(x,y) >0and dx,y) = 0if and only if x=y;
i) d(x,y) =d(y,);
i) d(xy) <d(x,2)+d(zy)
forall x,y,ze€ X. Thend is called a metric on X ar{X,d) is called a metric space.

Definition 1.2. Let{x,} be a sequence in XThen the sequence is called conver-

gent if there exists an& X such that @x,,x) — 0as n— +oo.

The sequence is called a Cauchy sequenf]:q(?ziriﬁ+ d(Xm,%n) = 0for allm,ne N.
.N—>+00

The spacéX,d) is called complete if every Cauchy sequence converges in X

In 2012, D. Wardowski [10] introduced the notionfefcontraction as follows:
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Definition 1.3. [10] Let F: (0,+) — (—o0, +00) be a mapping satisfying:
(F1) F is strictly increasing, i.e., for all & € (0,4),a < b implies Ha) < F(b);
(F2) For each sequencgn,} € (0,+), limy_, 1.0, =0 if and only if

limn_ 4 F(0n) = —00;
(F3) There exists k (0,1) such thatim_,q+ akF (a) = 0.
A mapping T: X — X is a F—contraction on a metric spacgX,d) if there exists
T > 0 such that for all xy € X,

d(Tx Ty) > 0impliest+F(d(Tx Ty)) < F(d(x,y)).

It is noted that everyr —contraction is continuous in the metric space. Many
authors used this contraction partially or fully in variovays.
Turinci [7] showed that the conditiofi-2) can be relaxed to the form

(F2) lim¢_o; F(t) = —co.
After that Wardowski [11] also introduce@, F )— contraction as:

Definition 1.4. [11] A self-mapping T on metric spa¢¥,d), for some functions
F :(0,40) — (—00,400) and@: (0,+) — (0,+c0) is said to beg g, F ) —contract-
ion if the following condition holds:

(H1) F satisfieqF1) and(F2);

(H2) liminfs 4+ @(s) > 0forallt > 0;

(H3) @(d(x,y)) +F(d(TxTy)) < F(d(xy)) for all x,y € X such that Tx£ Ty.

Cosentino and Vetro [3] defined the notionfof-contraction of Hardy-Rogers
type and generalized the main result of Wardowski [10].

Definition 1.5. [3] Let (X, d) be a metric space. A mapping: X — X is called
a F—contraction of Hardy-Rogers-type if there exists> 0 and F: (0, +c) —
(—o0,+00) satisfying(F1), (F2) and (F3) such that

T+F(d(Tx Ty)) < F(ad(x,y) + bd(x, TX) +yd(y, Ty) + 3d(x, Ty) + Ld(y, T X))
holds for any xy € X with d(Tx Ty) > O, where ab,y, d,L are non-negative num-
bers,y#1and a+-b+y+20=1

Also Wardowski-Dung [12] introduce the notion Bf-weak contraction as fol-
lows:

Definition 1.6. [12] Let (X,d) be a metric space. A mapping:TX — X is said
to be a F—~weak contraction or(X,d) if there exists F. (0,4) — (—o0,+00)
satisfying(F1), (F2) and(F3) andt > 0 such that for all xy € X with d(Tx Ty) >
0, the following holds:
T+ F(d(TX Ty)) < F(dM(x.Y))),
where
M(x,y) = max{d(x,y),d(x, T x),d(y, Ty), 26T 5a0Ty.

They have proved the generalized Banach contraction pitenasing thig=-weak
contraction.
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Recently in a similar way, Vujakowiéet. al. [8] have introduced the notion
of (@ F)—weak contraction(@, F)—weak contraction of Hardy Rogers type and
(¢,F)—weak contraction ofiric type contraction. They have proved some results
considering the functions and ¢ satisfying only the conditiongF1) and (H2)
respectively.

Hussain and Salimi [5] worked oR—contraction with another two functions
a admissible mapping with respect o Also they have introduced the notion of
o —n — GF—contraction as bellow and proved some results on it.

Let Ag denote the set of all continuous functioBs [0, +)% — [0, +-c) satis-
fying: for all t1,tp,t3,t4 € [0,+00) with t;.t,.t3.t4 = O there exists @ > 0 such that
G(ty,to,t3,ta) =T.

Definition 1.7. [5] Let (X,d) be a metric space and T be a self-mapping on X
Also suppose that,n : X x X — [0,+) be two functions. The mapping T is
said to be amx — n — GF—contraction if for xy € X withn(x, Tx) < a(x,y) and
d(Tx Ty) > 0holds

G(d(x, TX),d(y, Ty),d(x, Ty),d(y, TX)) + F(d(Tx Ty)) < F(d(x,y))
where Ge Ag and F satisfyingF1), (F2) and (F3).

Many authors such as Ahamad et. al. [1], Ansari et al. [2], Beyal. [4],
Piri and Kumam [6], Vujakow and Radenowi[9] and others have worked on the
F —conteaction in metric spaces and generalized many existggts.

2. MAIN RESULTS

In view of this generalization and the works of Wardowski ][1@/ardowski-
Dung [12], Hussain and Salimi [5], Vujakavet. al. [8] and others we introduce a
new notion as follows:

Definition 2.1. Let, (X,d) be a metric space. A self-map: K — X is said to be a
MF — contraction if there exists > 0 such that for xy € X

M(Tx Ty) > 0impliest+F(M(Tx Ty)) <F(M(x,y)),
where Mx,y) is a function of @x,y) and F: (0,+) — (—oo,+00) satisfies(F1)
and(F2).

Remark2.1 Let (X,d) be a complete metric space and self-nfajg MF — con-
traction. IfM(x,y) = d(x,y), thenT has a unique fixed point iX according to
Wardowski’s theorem.

In this caseT is continuous since it is B—contraction.

Theorem 2.1. Let (X,d) be a complete metric space and T continuous self-map
that is MF—contraction where Nix,y) = max{d(x,y),d(x, T x),d(y, Ty),
W}, then T has a unique fixed point in X
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Proof. Let, {x,} be a sequence X with an initial approximation € X such that
Xn+1 = T X, for all n € NU{0}. Clearly, if X,11 = Xn, thenx, is a fixed point ofT
and is unique.

Now we show that i o d(X,, Xh+1) = 0. We have

A0, T Xp1)+d(Xns1, T
M(Xn,xn+1):max{d(xn,xn+1),d(xn,T)q]),d(an’TXnH)’ (*n mlz Xni1 xq)}

d(%nXn+2)+d(Xn+1,%0+1) }
2

— max{d(Xm Xﬂ+1)7 d(xrh Xn+l)> d(xn+l> Xﬂ+2)7

= max{d(Xn,Xn+1),d(Xnt1,%n+2) }-
Similarly we can show

M(T X, TXai1) = Max{d(Xns1,%112), d(Xns2,Xn+3) }-
If d(Xn,Xnt1) < d(Xnt+1,%n42) for all ne N, then
M (Xn, Xn+1) = d(Xn+-1,%0+2) and M(T X%y, TX111) = d(Xn+2, %n+3)-
Then by the given condition
T+F(M(TX), TX11)) < F(M (X, %n11))
implies,
F(d(Xn+2,%+3)) < F(d(Xn11,%142)) = T < F(d(Xn, Xn11)) —2T < ...
< F(d(x0.x1)) — (N+2)T.

Applying (F2), we get
limn_ 4 F(d(Xni2,X013)) = —o0 implies, limy ;o d(Xn12,%113) = 0.

Therefore lim— 1o d(Xn, Xnt1) = 0.

If d(Xn+1,Xn+2) < d(Xn, Xn+1), thenM (Xn, Xn+1) = d(%n, Xn+1) and
M(T X, TX+1) = d(Xnt1, Xn12).-

Then as above we can show jm, . d(X, Xn+1) = O.

Next, we show thafx,} is a Cauchy sequence.

Let,n,pe N. Then

d(Xn, Xn+p) < d(Xn,Xnt1) +d(Xnt1,Xn4p)
S d(xna Xn-l—l) + d(xn+17 Xn+2) + d()(l']+27 Xn-i-p)

< d(%n,%n+1) +d(Xn+1,%012) + ..+ A(Xnsp-1,Xn4p)-
Taking the limit as — +oo we get
lim d(Xh,Xp) =0 i.e, rlirﬂmd(xnﬂn,xn) =0.

n—4-00
Thus{x,} is a Cauchy sequence. Since the space is complete, theiseandsn
X such that lim_, ;- X, = @ Again T is continuous. Therefore lim, .. TX, =Ta
e, lim_.ioX1=a=Ta
Thusais a fixed point ofT.
Again supposé is continuous anda# a. Sod(Ta,a) > 0.
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SinceF is strictly increasing, we take the limit as— +o
. - . ' .
N T+F( lim M(Tx,, Ta)) <F( lim M(x,a)) (2.1)
ow

d(xn,Ta)+d(a,Txn)}

lim M(x,,a) :nirpwmax{d(xn,a),d(xn,Txn),d(a,Ta), 5

N—+-o0
= max{0,0,0,0,0} =0,

and
nlLT M(Txy, Ta) =
00 ) ,

= max{0,0,0,0,0} = 0.
From (2.1) we get,
1+ F(0) <F(0),
which is a contradiction.
ThusTa=a.

To show the uniqueness, lebe another fixed point oF.
Then by given condition

T+F(M(TaTh) <F
i.e, T+F(M(a,b)) <F(M(ab))
i.e, 1<0,
which is a contradiction.
ThereforeT has a unique fixed point iX. O

Remark2.2 The theorem can also be proved without considering the tiondi
(F2).

Corollary 2.1. Let(X,d) be a complete metric space and T be a continuous self-
map satisfying MF contraction where
M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty)}.
Then T has a unique fixed point in X
Proof. The proof follows fromTheorem 2.1 O

Theorem 2.2. Let (X,d) be a complete metric space and T be a continuous self-
map satisfying MF- contraction of Hardy Rogers type wherg¥ly) = a;d(x,y) +
02d(x, Tx) 4+ asd(y, Ty) + 0ad(X, Ty) + asd(y, T x) and each ofi; > 0, (01 + 02+

03+ 204+ 20s5) < 1. Then T has a unique fixed point in X

Proof. Construct a sequende,} asTheorem 2.1and assume that, ;1 # X, for
allne NU{0}.
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By the given condition,

T F (M (T, TX01)) < F (MO e12), 22)
where,
M (Xn, Xn+1) = 0110 (Xn, Xn 1) + 020 (X, TX0) + 030 (X1, T Xa 1)
+ 040 (X, TX41) + 050(Xn+1, TX0)
= 020 (Xn, Xn41) + 020 (X, Xn-1) + 03d (Xng1, Xn12)
+ 04d (Xn, Xn+2) + 050 (Xn 41, Xn41)
< (04 a2+ 04)d(Xn, Xnr1) + (003 + 04)d (Xns1, Xnr2),
and

M(T %0, TXa1) = 010(T X0, TXy1) + 020 (T %0, T2%q) + 030 (T Xos1, T?Xn11)
+ G4d(TXn,T2Xn+1) + (X5d(TXn+1,T2Xn)
= 010(Xns 1, X0+ 2) + 020 (Xn 1, Xn12) + 030 (X012, Xn13)
+ 04d(Xn+1, %n+3) + 050 (Xn4-2, Xn4-3)
< (a1 402+ 04)d(Xn+1,%n12) + (03 + 04)d (Xn1-2, X0 +3)-
Now if d(Xn,Xn+1) < d(Xn+1,%ns2), then

M (X, Xnt1) = (011 + 02 + 03+ 2004)d (Xn1, Xn+-2)
and

M (X1, Xn12) = (01 4 02+ 03+ 204)d (Xn 12, Xn13)-
From (2.2), we get
T+F((014 024034 204)d (X2, %0+3)) < F((a1+0az+ 03+ 204)d(Xn11,%0+2))
implying,
F((a140a2403+204)d(Xni2,%n13)) < F((01+02+03+204)d(Xn1, Xni2)) —T
< F((a1+0+03+204)%d (X0, Xni1) ) — 2T

<F (((Xl+(Xz+(X3+2CX4)n+2d(X0, Xl)) — (n—l—l)'[.
Applying (F2), we get
JimF((ag+02+ 03+ 204)d (X2, Xn+3)) = —

implies,
[sinceas + ay+ a3+ 204 # 0]

We can easily show as aboveTineorem 2.1that {x,} is a Cauchy sequence.
Since the spack is complete, there exists @ae X such that lim ., . X, = a.

Also T is continuous. So we have

lim Tx,=Ta i.e., Iim x,.1=a=Ta
n—-o0 N——-o00
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Thusa s a fixed point ofT.
Let, b be an another fixed point df i.e.,d(a,b) > 0. Then

T+F(M(TaTh)) <F(M(ab)).
(@)
" T+ F(M(a,b)) < F(M(a,b)),
which is a contradiction.

Thereforea=b.
ThusT has a unique fixed point iX. O

Remark2.3. This theorem can also be prove without using condified). Also if
F is continuous, thef has a unique fixed point iX.

Corollary 2.2. Let(X,d) be a complete metric space and T be a continuous self-
map satisfying MF contraction of Banach type where (My) = ad(x,y) and
O0<a <1 ThenT has a unique fixed point in X

Corollary 2.3. Let(X,d) be a complete metric space and T be a continuous self-
map satisfying MF contraction of Kannan type where (My) = ad(x, Tx) +
Bd(y,Ty) and0 < (o +B) < 1. Then T has a unique fixed point in X

Corollary 2.4. Let (X,d) be a complete metric space and T be a continuous
self-map satisfying MF contraction of Reich type where (My) = aid(x,y) +
a2d(x, Tx)+azd(y, Ty) anda; > 0, (a1 +az+03) < 1, then T has a unique fixed
point in X.

Corollary 2.5. Let(X,d) be a complete metric space and T be a continuous self-
map satisfying M contraction of Chaterjea type where(My) = a,d(x, Ty) +
osd(y, Tx) and each ofiy,05 > 0, (044 as5) < 1. Then T has a unique fixed point
in X.

Example 2.1. Let, X=[0,2] and the metric d be defined by>dy) = [x —y|.
T:X — X begiven by Tx %xz and F is given by Fx= Inx.
Then clearly(X,d) is a complete metric space.
NOW’ M(va) = d(X,y) = |X_y| and

M(Tx Ty) = d(Tx=Ty) = [Tx— Ty =[5 — &y*| = §[x—y|[x+y| < §Ix—VI.
Therefore, KM(x,y)) = F(]x—y|) =In|x—y| and

F(M(TxTY) =F(§x—y|) <In(§x—y|) = (In(8) —In(9)) + In(jx— y]).
Thus(In(9) —In(8)) + F(M(Tx Ty)) < F(M(x,y)).
Therefore taking < In(9) —In(8)), we get

T+FM(TxTy)) < F(M(xy)).
Then byRemark 2.1, T has a unique fixed poirQ.

Example 2.2. Let, X = [0,1] and the metric d be defined by>dy) = [x—y|.
T:X — X begiven by Tx %x and F is given by Fx= Inx.
Then(X,d) is a complete metric space. Suppose ¥.
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Then
M(x,y) = max{d(x,y),d(x, T x),d(y, Ty)}
= maX{’X—y’, ’X_TX‘7 ‘y_ Ty‘}

_ vl XY
= max{|x—y|,|x 2|,|y 2|}

Xy
= max{lx_ylalélalé‘}

= max{|x—y] |5}
If [x—y| < 3], then3|x—y| <[],
Thus Mx,y) = |3| and
M(Tx Ty) = max{d(Tx Ty),d(Tx T?x),d(Ty. T?)}
= max{|Tx—Tyl,|Tx—T2x|,[Ty—T?/}

:max{‘:—zlx—%y‘, %X—%X, %y—%y‘}
1x
- E‘E '
Therefore,
=+ () ) =z
d
" FIM(TxTy)) = F(‘%D —In(|x) — 2In(2).
So,

In(2) + F(M(Tx Ty)) < F(M(x,y)).
Takingt < In(2), we get
T+F(M(TxTy)) <F(M(xy)).
Therefore byCorollary 2.1, T has a unique fixed poirQ.
Again, if|5| < [x—y], then Mx,y) = [x—y| and M(Tx Ty) = %\x—y\.
Therefore,
F(M(x,y)) = In(x—y|) and F(M(Tx Ty)) = F(3]x—y]) = In(jx—y]) = In(2).
Thus,
In(2) + F(M(TxTy)) < F(M(xy)).
Takingt < In(2), we get
T+F(M(TxTy)) <F(M(xy)).
Therefore, byCorollary 2.1 T has a unique fixed poirQ.
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Example 2.3. Let, X=[0,1] and the metric d be defined by>dy) = [x—y|.
T:X — X begiven by Tx %x and F is given by Fx Inx+x,x > 0.
Then

M(X7y) = ald(xa y) + sz(XaTX) + ng(y,Ty) + a4d(X7Ty) + a5d(y7TX)
= d1|X—Yy|+ 02X —TX +agly— Ty +ag/x— Tyl + asly— TX
=aix—yl+a ]x—nga | 2 |+a ]x—g | + a5 —gx]
=01 y 2 3 3y 3y 4 3y 51y 3
and

M(TxTy)

= 0a1d(Tx Ty) + 020 (Tx T2X) + azd(Ty, T?y) + a4d (T x, T?y) + asd(Ty, T?x)

= 0q| TXx— Ty + 02| Tx— T2X| + 03| Ty— T?y| 4 a4/ Tx— T?y| + as| Ty— T?X|

:al‘sx——y‘Jrcxz‘sx——x‘+a3‘3y——y‘+a4‘3x——y‘+O(5‘3y——X‘

_ g[o(1|x—)’| +cx2‘x— éx‘ +a3(y— éy‘ +a4‘X— gy( +a5‘y— —XH
Therefore,

FM(TxTy)= In(é[ou‘x y‘+cxz‘x——x‘+0(3‘ ‘+0(4‘ ‘+O(5‘y—§XH)

BTSSR I IS e
= In(M(x,y))+In @

or, In (g) FEM(TXTY) < F(M(xy)).

Thus takingr < In (E

3>, we get

T+F(M(TxTy)) <F(M(xy)).
Therefore byTheorem 2.2, T has unique fixed poir.
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