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FIXED POINT THEOREMS FOR GENERALIZED F−CONTRACTION
ON METRIC SPACE

DINANATH BARMAN AND KALISHANKAR TIWARY

ABSTRACT. In this paper, we have generalizedF−contraction toMF−contraction,
a new of notation in metric space and we have proved some results with examples
and corollaries.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is an important part of mathematics. In 1922, Banach inves-
tigated the fixed point theorem in metric spaces. It is used not only in Mathematics
but also in other sciences such as Biology, Physics to find theexistance of a unique
solution to an equation. There are two types of generalization in literature. One
is due to change to more generalized spaces such asb−metric space,bv(s)metric
space etc. and the other is due to change of various contractions such as Kannan,
Chatterjea, Reich,́Ciri ć type contraction etc. on this spaces. Let us first recall the
definition of a metric space. In this paper, we denote the metric space(X,d) by X.

Definition 1.1. Let X be a non-empty set and d: X → [0,+∞) be a function satis-
fying

i) d(x,y) ≥ 0 and d(x,y) = 0 if and only if x= y;
ii) d(x,y) = d(y,x);
iii) d (x,y) ≤ d(x,z)+d(z,y)

for all x,y,z∈X. Then d is called a metric on X and(X,d) is called a metric space.

Definition 1.2. Let {xn} be a sequence in X. Then the sequence is called conver-
gent if there exists an x∈ X such that d(xn,x) 7→ 0 as n→+∞.

The sequence is called a Cauchy sequence iflim
m,n→+∞

d(xm,xn) = 0 for all m,n∈N.

The space(X,d) is called complete if every Cauchy sequence converges in X.

In 2012, D. Wardowski [10] introduced the notion ofF−contraction as follows:
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Definition 1.3. [10] Let F : (0,+∞)→ (−∞,+∞) be a mapping satisfying:

(F1) F is strictly increasing, i.e., for all a,b∈ (0,+∞),a< b implies F(a)< F(b);
(F2) For each sequence{αn} ∈ (0,+∞), limn→+∞ αn = 0 if and only if

limn→+∞ F(αn) =−∞;
(F3) There exists k∈ (0,1) such thatlimα→0+ αkF(α) = 0.
A mapping T: X → X is a F−contraction on a metric space(X,d) if there exists
τ > 0 such that for all x,y∈ X,

d(Tx,Ty) > 0 impliesτ+F(d(Tx,Ty))≤ F(d(x,y)).

It is noted that everyF−contraction is continuous in the metric space. Many
authors used this contraction partially or fully in variousways.

Turinci [7] showed that the condition(F2) can be relaxed to the form

(F2′) limt→0+ F(t) =−∞.

After that Wardowski [11] also introduced(φ,F)− contraction as:

Definition 1.4. [11] A self-mapping T on metric space(X,d), for some functions
F : (0,+∞)→ (−∞,+∞) andφ : (0,+∞)→ (0,+∞) is said to be(φ,F)−contract-
ion if the following condition holds:

(H1) F satisfies(F1) and(F2’);
(H2) lim in fs→t+φ(s)> 0 for all t ≥ 0;
(H3) φ(d(x,y))+F(d(Tx,Ty)) ≤ F(d(x,y)) for all x,y∈ X such that Tx6= Ty.

Cosentino and Vetro [3] defined the notion ofF−contraction of Hardy-Rogers
type and generalized the main result of Wardowski [10].

Definition 1.5. [3] Let (X,d) be a metric space. A mapping T: X → X is called
a F−contraction of Hardy-Rogers-type if there existsτ > 0 and F : (0,+∞) →
(−∞,+∞) satisfying(F1), (F2) and (F3) such that

τ+F(d(Tx,Ty))≤ F(ad(x,y)+bd(x,T x)+ γd(y,Ty)+δd(x,Ty)+Ld(y,T x))
holds for any x,y∈ X with d(Tx,Ty)> 0, where a,b,γ,δ,L are non-negative num-
bers,γ 6= 1 and a+b+ γ+2δ = 1.

Also Wardowski-Dung [12] introduce the notion ofF−weak contraction as fol-
lows:

Definition 1.6. [12] Let (X,d) be a metric space. A mapping T: X → X is said
to be a F−weak contraction on(X,d) if there exists F: (0,+∞) → (−∞,+∞)
satisfying(F1), (F2) and(F3) andτ > 0 such that for all x,y∈X with d(Tx,Ty)>
0, the following holds:

τ+F(d(Tx,Ty)) ≤ F(d(M(x,y))),
where

M(x,y) = max{d(x,y),d(x,T x),d(y,Ty), d(x,Ty)+d(y,T x)
2 }.

They have proved the generalized Banach contraction principle using thisF-weak
contraction.
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Recently in a similar way, Vujakovi ´c et. al. [8] have introduced the notion
of (φ,F)−weak contraction,(φ,F)−weak contraction of Hardy Rogers type and
(φ,F)−weak contraction of́Ciri ć type contraction. They have proved some results
considering the functionsF and φ satisfying only the conditions(F1) and (H2)
respectively.

Hussain and Salimi [5] worked onF−contraction with another two functions
α admissible mapping with respect toη. Also they have introduced the notion of
α−η−GF−contraction as bellow and proved some results on it.

Let ∆G denote the set of all continuous functionsG : [0,+∞)4 → [0,+∞) satis-
fying: for all t1, t2, t3, t4 ∈ [0,+∞) with t1.t2.t3.t4 = 0 there exists aτ > 0 such that
G(t1, t2, t3, t4) = τ.

Definition 1.7. [5] Let (X,d) be a metric space and T be a self-mapping on X.

Also suppose thatα,η : X ×X → [0,+∞) be two functions. The mapping T is
said to be anα−η−GF−contraction if for x,y ∈ X with η(x,Tx) ≤ α(x,y) and
d(Tx,Ty)> 0 holds

G(d(x,T x),d(y,Ty),d(x,Ty),d(y,T x))+F(d(Tx,Ty)) ≤ F(d(x,y))

where G∈ ∆G and F satisfying(F1), (F2) and(F3).

Many authors such as Ahamad et. al. [1], Ansari et al. [2], Deyet. al. [4],
Piri and Kumam [6], Vujakovi ´c and Radenovi ´c [9] and others have worked on the
F−conteaction in metric spaces and generalized many existingresults.

2. MAIN RESULTS

In view of this generalization and the works of Wardowski [10], Wardowski-
Dung [12], Hussain and Salimi [5], Vujakovi ´c et. al. [8] and others we introduce a
new notion as follows:

Definition 2.1. Let,(X,d) be a metric space. A self-map T: X → X is said to be a
MF− contraction if there existsτ > 0 such that for x,y∈ X

M(Tx,Ty)> 0 impliesτ+F(M(Tx,Ty)) ≤ F(M(x,y)),

where M(x,y) is a function of d(x,y) and F : (0,+∞) → (−∞,+∞) satisfies(F1)
and (F2).

Remark2.1. Let (X,d) be a complete metric space and self-mapT is MF− con-
traction. If M(x,y) = d(x,y), thenT has a unique fixed point inX according to
Wardowski’s theorem.

In this caseT is continuous since it is aF−contraction.

Theorem 2.1. Let (X,d) be a complete metric space and T continuous self-map
that is MF−contraction where M(x,y) = max{d(x,y),d(x,T x),d(y,Ty),
d(x,Ty)+d(y,T x)

2 }, then T has a unique fixed point in X.
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Proof. Let, {xn} be a sequence inX with an initial approximationx0 ∈ X such that
xn+1 = Txn for all n∈ N∪{0}. Clearly, if xn+1 = xn, thenxn is a fixed point ofT
and is unique.

Now we show that limn→+∞ d(xn,xn+1) = 0. We have

M(xn,xn+1) = max
{

d(xn,xn+1),d(xn,Txn),d(xn+1,Txn+1),
d(xn,Txn+1)+d(xn+1,Txn)

2

}

= max
{

d(xn,xn+1),d(xn,xn+1),d(xn+1,xn+2),
d(xn,xn+2)+d(xn+1,xn+1)

2

}

= max{d(xn,xn+1),d(xn+1,xn+2)}.

Similarly we can show

M(Txn,Txn+1) = max{d(xn+1,xn+2),d(xn+2,xn+3)}.

If d(xn,xn+1)≤ d(xn+1,xn+2) for all n∈ N, then

M(xn,xn+1) = d(xn+1,xn+2) and M(Txn,Txn+1) = d(xn+2,xn+3).

Then by the given condition
τ+F(M(Txn,Txn+1))≤ F(M(xn,xn+1))

implies,

F(d(xn+2,xn+3))≤ F(d(xn+1,xn+2))− τ ≤ F(d(xn,xn+1))−2τ ≤ . . .

≤ F(d(x0,x1))− (n+2)τ.
Applying (F2), we get

limn→+∞ F(d(xn+2,xn+3)) =−∞ implies, limn→+∞ d(xn+2,xn+3) = 0.
Therefore limn→+∞ d(xn,xn+1) = 0.
If d(xn+1,xn+2)≤ d(xn,xn+1), thenM(xn,xn+1) = d(xn,xn+1) and

M(Txn,Txn+1) = d(xn+1,xn+2).
Then as above we can show limn→+∞ d(xn,xn+1) = 0.
Next, we show that{xn} is a Cauchy sequence.
Let, n, p∈ N. Then

d(xn,xn+p)≤ d(xn,xn+1)+d(xn+1,xn+p)

≤ d(xn,xn+1)+d(xn+1,xn+2)+d(xn+2,xn+p)
...

≤ d(xn,xn+1)+d(xn+1,xn+2)+ . . .+d(xn+p−1,xn+p).

Taking the limit asn→+∞ we get

lim
n→+∞

d(xn,xn+p) = 0 i.e., lim
n→+∞

d(xn+p,xn) = 0.

Thus{xn} is a Cauchy sequence. Since the space is complete, there exists ana in
X such that limn→+∞ xn = a. Again T is continuous. Therefore limn→+∞ Txn = Ta
i.e., limn→+∞ xn+1 = a= Ta.

Thusa is a fixed point ofT.
Again supposeF is continuous andTa 6= a. Sod(Ta,a) > 0.
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SinceF is strictly increasing, we take the limit asn→+∞
τ+F

(

lim
n→+∞

M(Txn,Ta)
)

≤ F( lim
n→+∞

M(xn,a)). (2.1)

Now

lim
n→+∞

M(xn,a) = lim
n→+∞

max
{

d(xn,a),d(xn,Txn),d(a,Ta),
d(xn,Ta)+d(a,Txn)

2

}

= max{0,0,0,0,0} = 0,

and

lim
n→+∞

M(Txn,Ta) =

= lim
n→+∞

max
{

d(Txn,Ta),d(Txn,T
2xn),d(Ta,T2a),

d(Txn,T2a)+d(Ta,T2xn)

2

}

= max{0,0,0,0,0} = 0.

From (2.1) we get,
τ+F(0)≤ F(0),

which is a contradiction.
ThusTa= a.
To show the uniqueness, letb be another fixed point ofT.
Then by given condition

τ+F(M(Ta,Tb)) ≤ F(M(a,b))

i.e., τ+F(M(a,b)) ≤ F(M(a,b))

i.e., τ ≤ 0,

which is a contradiction.
ThereforeT has a unique fixed point inX. �

Remark2.2. The theorem can also be proved without considering the condition
(F2).

Corollary 2.1. Let (X,d) be a complete metric space and T be a continuous self-
map satisfying MF− contraction where

M(x,y) = max{d(x,y),d(x,T x),d(y,Ty)}.

Then T has a unique fixed point in X.

Proof. The proof follows fromTheorem 2.1. �

Theorem 2.2. Let (X,d) be a complete metric space and T be a continuous self-
map satisfying MF− contraction of Hardy Rogers type where M(x,y)=α1d(x,y)+
α2d(x,T x)+α3d(y,Ty)+α4d(x,Ty)+α5d(y,Tx) and each ofαi ≥ 0, (α1+α2+
α3+2α4+2α5)< 1. Then T has a unique fixed point in X.

Proof. Construct a sequence{xn} asTheorem 2.1and assume thatxn+1 6= xn for
all n∈N∪{0}.
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By the given condition,

τ+F(M(Txn,Txn+1))≤ F(M(xn,xn+1)), (2.2)
where,

M(xn,xn+1) = α1d(xn,xn+1)+α2d(xn,Txn)+α3d(xn+1,Txn+1)

+α4d(xn,Txn+1)+α5d(xn+1,Txn)

= α1d(xn,xn+1)+α2d(xn,xn+1)+α3d(xn+1,xn+2)

+α4d(xn,xn+2)+α5d(xn+1,xn+1)

≤ (α1+α2+α4)d(xn,xn+1)+ (α3+α4)d(xn+1,xn+2),

and

M(Txn,Txn+1) = α1d(Txn,Txn+1)+α2d(Txn,T
2xn)+α3d(Txn+1,T

2xn+1)

+α4d(Txn,T
2xn+1)+α5d(Txn+1,T

2xn)

= α1d(xn+1,xn+2)+α2d(xn+1,xn+2)+α3d(xn+2,xn+3)

+ α4d(xn+1,xn+3)+α5d(xn+2,xn+3)

≤ (α1+α2+α4)d(xn+1,xn+2)+ (α3+α4)d(xn+2,xn+3).

Now if d(xn,xn+1)≤ d(xn+1,xn+2), then

M(xn,xn+1) = (α1+α2+α3+2α4)d(xn+1,xn+2)

and
M(xn+1,xn+2) = (α1+α2+α3+2α4)d(xn+2,xn+3).

From (2.2), we get

τ+F((α1+α2+α3+2α4)d(xn+2,xn+3))≤ F((α1+α2+α3+2α4)d(xn+1,xn+2))

implying,

F((α1+α2+α3+2α4)d(xn+2,xn+3))≤ F((α1+α2+α3+2α4)d(xn+1,xn+2))−τ

≤ F((α1+α2+α3+2α4)
2d(xn,xn+1))−2τ

...

≤ F((α1+α2+α3+2α4)
n+2d(x0,x1))−(n+1)τ.

Applying (F2), we get
lim

n→+∞
F((α1+α2+α3+2α4)d(xn+2,xn+3)) =−∞

implies,

limn→+∞(α1 + α2 + α3 + 2α4)d(xn+2,xn+3) = 0 i.e., limn→+∞ d(xn,xn+1) = 0
[sinceα1+α2+α3+2α4 6= 0].

We can easily show as above inTheorem 2.1that{xn} is a Cauchy sequence.
Since the spaceX is complete, there exists ana∈ X such that limn→+∞ xn = a.

Also T is continuous. So we have

lim
n→+∞

Txn = Ta i.e., lim
n→+∞

xn+1 = a= Ta.
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Thusa is a fixed point ofT.
Let, b be an another fixed point ofT i.e.,d(a,b) > 0. Then

τ+F(M(Ta,Tb))≤ F(M(a,b)).

Or,
τ+F(M(a,b)) ≤ F(M(a,b)),

which is a contradiction.
Thereforea= b.
ThusT has a unique fixed point inX. �

Remark2.3. This theorem can also be prove without using condition(F2). Also if
F is continuous, thenT has a unique fixed point inX.

Corollary 2.2. Let (X,d) be a complete metric space and T be a continuous self-
map satisfying MF− contraction of Banach type where M(x,y) = αd(x,y) and
0< α < 1. Then T has a unique fixed point in X.

Corollary 2.3. Let (X,d) be a complete metric space and T be a continuous self-
map satisfying MF− contraction of Kannan type where M(x,y) = αd(x,T x) +
βd(y,Ty) and0≤ (α+β)< 1. Then T has a unique fixed point in X.

Corollary 2.4. Let (X,d) be a complete metric space and T be a continuous
self-map satisfying MF− contraction of Reich type where M(x,y) = α1d(x,y) +
α2d(x,T x)+α3d(y,Ty) andαi ≥ 0,(α1+α2+α3)< 1, then T has a unique fixed
point in X.

Corollary 2.5. Let (X,d) be a complete metric space and T be a continuous self-
map satisfying MF− contraction of Chaterjea type where M(x,y) = α4d(x,Ty)+
α5d(y,Tx) and each ofα4,α5 ≥ 0,(α4+α5)< 1. Then T has a unique fixed point
in X.

Example 2.1. Let, X = [0,2] and the metric d be defined by d(x,y) = |x− y|.
T : X → X be given by Tx= 2

9x2 and F is given by Fx= lnx.
Then clearly(X,d) is a complete metric space.
Now, M(x,y) = d(x,y) = |x−y| and

M(Tx,Ty) = d(Tx−Ty) = |Tx−Ty|= |2
9x2− 2

9y2|= 2
9|x−y||x+y| ≤ 8

9|x−y|.
Therefore, F(M(x,y)) = F(|x−y|) = ln |x−y| and

F(M(Tx,Ty)) = F(8
9|x−y|)≤ ln(8

9|x−y|) = (ln(8)− ln(9))+ ln(|x−y|).
Thus(ln(9)− ln(8))+F(M(Tx,Ty))≤ F(M(x,y)).
Therefore takingτ < ln(9)− ln(8)), we get

τ+F(M(Tx,Ty))≤ F(M(x,y)).
Then byRemark 2.1, T has a unique fixed point0.

Example 2.2. Let, X = [0,1] and the metric d be defined by d(x,y) = |x− y|.
T : X → X be given by Tx= 1

2x and F is given by Fx= lnx.
Then(X,d) is a complete metric space. Suppose y< x.
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Then

M(x,y) = max{d(x,y),d(x,T x),d(y,Ty)}

= max{|x−y|, |x−Tx|, |y−Ty|}

= max{|x−y|, |x−
x
2
|, |y−

y
2
|}

= max{|x−y|, |
x
2
|, |

y
2
|}

= max{|x−y|, |
x
2
|}.

If |x−y| ≤ | x
2|, then 1

2|x−y| ≤ | x
4|.

Thus M(x,y) = | x
2| and

M(Tx,Ty) = max{d(Tx,Ty),d(T x,T2x),d(Ty,T2y)}

= max{|Tx−Ty|, |Tx−T2x|, |Ty−T2y|}

= max{
∣

∣

∣

1
2

x−
1
2

y
∣

∣

∣
,

∣

∣

∣

1
2

x−
1
4

x
∣

∣

∣
,

∣

∣

∣

1
2

y−
1
4

y
∣

∣

∣
}

=
1
2

∣

∣

∣

x
2

∣

∣

∣
.

Therefore,

F(M(x,y)) = F
(
∣

∣

∣

x
2

∣

∣

∣

)

= ln
(
∣

∣

∣

x
2

∣

∣

∣

)

= ln(|x|)− ln(2)

and
F(M(Tx,Ty)) = F

(
∣

∣

∣

x
4

∣

∣

∣

)

= ln(|x|)−2ln(2).

So,
ln(2)+F(M(Tx,Ty))≤ F(M(x,y)).

Takingτ ≤ ln(2), we get

τ+F(M(Tx,Ty)) ≤ F(M(x,y)).

Therefore byCorollary 2.1, T has a unique fixed point0.

Again, if | x
2| ≤ |x−y|, then M(x,y) = |x−y| and M(Tx,Ty) = 1

2|x−y|.

Therefore,

F(M(x,y)) = ln(|x−y|) and F(M(Tx,Ty)) = F(1
2|x−y|) = ln(|x−y|)− ln(2).

Thus,
ln(2)+F(M(Tx,Ty))≤ F(M(x,y)).

Takingτ ≤ ln(2), we get

τ+F(M(Tx,Ty)) ≤ F(M(x,y)).

Therefore, byCorollary 2.1 T has a unique fixed point0.
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Example 2.3. Let, X = [0,1] and the metric d be defined by d(x,y) = |x− y|.
T : X → X be given by Tx= 2

3x and F is given by Fx= lnx+x,x> 0.
Then

M(x,y) = α1d(x,y)+α2d(x,Tx)+α3d(y,Ty)+α4d(x,Ty)+α5d(y,Tx)

= α1|x−y|+α2|x−Tx|+α3|y−Ty|+α4|x−Ty|+α5|y−Tx|

= α1|x−y|+α2|x−
2
3

x|+α3|y−
2
3

y|+α4|x−
2
3

y|+α5|y−
2
3

x|

and

M(Tx,Ty)

= α1d(Tx,Ty)+α2d(Tx,T2x)+α3d(Ty,T2y)+α4d(Tx,T2y)+α5d(Ty,T2x)

= α1|Tx−Ty|+α2|Tx−T2x|+α3|Ty−T2y|+α4|Tx−T2y|+α5|Ty−T2x|

= α1

∣

∣

∣

2
3

x−
2
3

y
∣

∣

∣
+α2

∣

∣

∣

2
3

x−
4
9

x
∣

∣

∣
+α3

∣

∣

∣

2
3

y−
4
9

y
∣

∣

∣
+α4

∣

∣

∣

2
3

x−
4
9

y
∣

∣

∣
+α5

∣

∣

∣

2
3

y−
4
9

x
∣

∣

∣

=
2
3

[

α1|x−y|+α2

∣

∣

∣
x−

2
3

x
∣

∣

∣
+α3

∣

∣

∣
y−

2
3

y
∣

∣

∣
+α4

∣

∣

∣
x−

2
3

y
∣

∣

∣
+α5

∣

∣

∣
y−

2
3

x
∣

∣

∣

]

.

Therefore,

F(M(Tx,Ty))= ln
(2

3

[

α1

∣

∣

∣
x−y

∣

∣

∣
+α2

∣

∣

∣
x−

2
3

x
∣

∣

∣
+α3

∣

∣

∣
y−

2
3

y
∣

∣

∣
+α4

∣

∣

∣
x−

2
3

y
∣

∣

∣
+α5

∣

∣

∣
y−

2
3

x
∣

∣

∣

])

= ln
(

α1

∣

∣

∣
x−y

∣

∣

∣
+α2

∣

∣

∣
x−

2
3

x
∣

∣

∣
+α3

∣

∣

∣
y−

2
3

y
∣

∣

∣
+α4

∣

∣

∣
x−

2
3

y
∣

∣

∣
+α5

∣

∣

∣
y−

2
3

x
∣

∣

∣

)

+ln
(2

3

)

= ln(M(x,y))+ln
(2

3

)

.

Or, ln
(2

3

)

+F(M(Tx,Ty)) ≤ F(M(x,y)).

Thus takingτ ≤ ln
(2

3

)

, we get

τ+F(M(Tx,Ty)) ≤ F(M(x,y)).

Therefore byTheorem 2.2, T has unique fixed point0.
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pings in metric spaces, Vojnotehnički glasnik / Military technical courier, 2020, Vol. 68, Issue
4, 18 pages

[10] D. Wardowski,Fixed points of a new type of contractive mappings in complete metric space,
Fixed Point Theory Appl. 2012, 2012, 94.

[11] D. Wardowski,Solving existence problems via F−contractions, Amer. Math. Soc. 2018, 146,
1585–1598.

[12] D. Wardowski, N. V. Dung,Fixed points of F−weak contractions on complete metric spaces,
Demonstr. Math. 2014, 47, 146–155.

(Received: November 26, 2020)
(Revised: December 23, 2020)

Dinanath Barman and Kalishankar Tiwary
Raiganj University
Department of Mathematics
Raiganj, West Bengal, India-733134
e-mail:dinanathbarman85@gmail.com,
e-mail: tiwarykalishankar@yahoo.com


