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SUMMABILITY MATRICES THAT PRESERVE

ASYMPTOTIC EQUIVALENCE FOR IDEAL

CONVERGENCE

JEFF CONNOR AND HAFIZE GUMUS

Abstract. A characterization of summability matrices that preserve
the asymptotic equivalence of two sequences is given, where asymptotic
equivalence is defined with respect to an ideal I of subsets of N. Poby-
vanets (1980) gave necessary and sufficient conditions for a nonnegative
summability matrix A to have the property that, for two nonnegative
sequences x and y bounded away from 0, the ratio Ax/Ay tends to 1
whenever x/y tends to 1; an analogous characterization is given where
the convergence of x/y is with respect to an ideal I as well as a new
proof of Pobyvanets’ theorem. Similar extensions are given of theorems
of Marouf and Li, in particular characterizations of summabilty matri-
ces that map sequences x and y such that x/y is I-convergent to 1 to
sequences with the property that the ratio of the sums of their tails or
the ratio of the supremum of their tails also tend to 1 with respect to
an ideal J.

The main results of this paper are characterizations of summability ma-
trices that preserve the asymptotic equivalence of two sequences, where the
measures of asymptotic equivalence are defined with respect to an ideal of
subsets of N. The work builds on, and generalizes, similar theorems charac-
terizing matrices that preserve asymptotic equivalence when defined using
the standard definition of sequential convergence. The starting point for
this paper is a 1980 theorem of Pobyvanets [16], which gives necessary and
sufficient conditions for a nonnegative summability matrix A to have the
property that, for two nonnegative sequences x and y bounded away from 0,
one has that Ax/Ay tends to 1 whenever x/y tends to 1. In this paper we es-
tablish this result (and others) where the convergence of x/y is with respect
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to an ideal, which is weaker than ordinary sequential convergence. We also
characterize nonnegative summability matrices that preserve convergence
with respect to an ideal.

We continue our investigations by establishing generalizations of some
results of Marouf [13] and Li [12]. They established results similar to Poby-
vanets’ by studying summability matrices that map sequences x and y such
that x/y tends to 1 to sequences with the property that the ratio of the
sums of their tails or the ratio of the supremum of their tails also tends to
1. An analog of Pobyvanets’ result, where ordinary convergence is replaced
by statistical convergence, was established by Patterson in 2003 [15]. All of
these results will be extended to the setting where convergence is replaced
by convergence with respect to an ideal.

This paper has focuses on the characterization of the summability ma-
trices that, in some sense, preserve asymptotic equivalence. It is worth
noting, however, that there is another active area of research in the preser-
vation of asymptotic equivalence that is not pursued in this paper. This
area began with with a paper of Patterson and Savas [14], in which they
established necessary and sufficient conditions for sequences to be simul-
taneously asymptotical equivalent with respect to statistical convergence,
lacunary statistical convergence and lacunary strong summability. Their re-
sults have been extended in a variety of directions by a number of different
authors.

1. Pobyvanets’ theorem and related results

The first section of this paper describes the results that are generalized
in this paper, which is followed by a brief introduction to convergence with
respect to an ideal. We begin with a key definition and some notation.
We let c0, c, and `∞ denote the collections of real-valued sequences that,
respectively, converge to 0, converge to a limit, and are bounded. Given a
sequence x = (xn) , we let ‖x‖ = sup {|xn| : n ∈ N} . We also make use of
the following definition throughout this paper:

Definition 1.1. Let x and y be two real-valued sequences:

(1) x and y are said to be asymptotically equivalent if limn
xn
yn

= 1. In

this case we write x ∼ y.
(2) Let δ > 0. We say that the sequence x = (xn) is an element of Pδ if

xn > δ for all n ∈ N.

Pobyvanets characterized the nonnegative summability matrices that pre-
serve asymptotic equivalence for bounded sequences in Pδ ([16]).
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Theorem 1.2. (Pobyvanets, 1980) Let T = (tnk) be a nonnegative matrix.
Then the following are equivalent:

(1) If x, y ∈ Pδ ∩ l∞ for some δ > 0 and x ∼ y, then Tx ∼ Ty.
(2) Given a finite subset A ⊂ N,

lim
n→∞

∑
k {tnk : k ∈ A}∑∞

k=1 tnk
= 0.

In [10], we offer an alternative proof for (2) implies (1) and extend Poby-
vanets’ result to broader setting; we will adopt a similar approach, and
further extend the result in that paper. The rough idea of the approach is,
given a matrix T that we wish to show preserves asymptotic equivalence, we
use the hypothesis on T to create a regular matrix S and then exploit the
regularity of S to show that T has the desired property. A key observation,
which is generalized in Remark 2.4, is that if x, y ∈ Pδ ∩ l, then x ∼ y if and
only if lim (x− y) = 0.

It is worth noting, as the next two examples demonstrate, that the as-
sumptions that T ≥ 0 and that y ∈ Pδ cannot be easily removed from the
hypothesis of the theorem.

First we observe that there is a matrix where T � 0 and the conclusion
of Pobyvanets’ theorem is false. Let α > 0 and define T by

T =


1 + α −α 0 0 0 0 0 . . .

0 0 1 + α −α 0 0 0 . . .
0 0 0 0 1 + α −α 0 . . .
...

...
...

...
...

...
...


Note that T satisfies condition 2) of Pobyvanets’ theorem. Now set

z = 1,
1 + α

α
, 1,

1 + α

α
, 1,

1 + α

α
, . . .

and observe that (Tz)n = 0 for all n.
Now let δ = (δn) be a positive-valued sequence decreasing to zero. Set

x = z + δ and y = z − δ and note x ∼ y. Yet

lim
n

(Tx)n
(Ty)n

= lim
n

(Tz)n + (Tδ)n
(Tz)n − (Tδ)n

= lim
n

(Tδ)n
− (Tδ)n

= −1.

Hence x ∼ y but Tx is not asymptotically equivalent to Ty.
Next we observe that, even if T ≥ 0, then the condition that y ∈ Pδ

cannot not be omitted. Let (Tx)n =
x1
2n

+xn for n > 1. Then T satisfies the

condition

lim
n→∞

∑
k {tnk : k ∈ A}∑∞

k=1 tnk
= 0
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for every finite subset A ⊂ N. Now set

x = 2, 2−2, . . . , 2−2n, . . . and y = 1, 2−2, . . . , 2−2n, . . .

Note x, y → 0 and x ∼ y, yet

lim
n

(Tx)n
(Ty)n

= lim
n

2 + 2−n

1 + 2−n
= 2

and hence Tx � Ty.
J. Fridy, in a study of the comparison of the rates of convergence of series,

introduced two other techniques for comparing rates of convergence [6] that
have been used to study the asymptotic equivalence of sequences. One,
which we shall denote as R-asymptotic equivalence, considers the ratio of the
sums of the tails of the series. The other, which we will call µ-equivalence,
considers the ratio of the supremum of the tails of a sequence; this test, in
its original form, was used to compare how fast two series converged to their
respective sums. Following Marouf, we use the following definition:

Definition 1.3. Let x and y be two real valued sequences.

(1) Let w be a sequence and set Rn (w) =
∑
k≥n
|wk| . Then x and y are R-

asymptotically equivalent provided that limn (Rn (x) /Rn (y)) = 1;
in this case we write Rx ∼ Ry.

(2) Let w be a sequence and set µn (w) = supk≥n {wk : k ≥ n} .Then x

and y are µ-asymptotically equivalent provided that limn(µn(x)µn(y)
) = 1;

in this case we write µx ∼ µy.

Pobyvanets’ theorem served as the starting point for a paper of Marouf
[13], which was followed by a paper of Li [12], and we will continue their
investigations in the setting of convergence with respect to an ideal. Marouf
examined matrices for which x ∼ y implies Rx ∼ Ry. In the course of his
investigations he established the following result:

Theorem 1.4. (Marouf, 1993) Let T ≥ 0 and T : l∞ → l1.Then the follow-
ing are equivalent:

(1) If x, y ∈ Pδ ∩ l∞ and x ∼ y, then Rx ∼ Ry.
(2) For every finite subset A ⊂ N

lim

∑∞
j=n

∑
k {tjk : k ∈ A}∑∞

j=n

∑∞
k=1 tjk

= 0.

Marouf’s proof of this result used calculations based on the definition of
Rn: the delicate part of these computations involved using the assumption
that the terms of y are bounded away from 0 by δ and that x is bounded
to show that Rn (Tx) /Rn (Ty) < 1 + ε (for any ε > 0) when x ∼ y. In
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this paper we will extend this result using a different proof that is similar
to the proof given for Pobyvanets’ theorem. Marouf also showed that if T
is a nonnegative matrix that maps c0 into c0, x, y ∈ Pδ ∩ l∞, and x ∼ y,
then µ(Tx) ∼ µ (Ty) . In a later paper, Li [12] characterized nonnegative
matrices which preserve µ-equivalence. This result can also be extended to
the setting of convergence with respect to an ideal, as will be demonstrated
in the last section of this paper.

2. A short introduction to convergence with respect to an
ideal

Before moving to the main results of this paper, however, we pause for
a brief introduction to sequential convergence with respect to an ideal. Se-
quential convergence with respect to an ideal was introduced by Kostryko,
S̆alát, and Wilczyński [11], and is a generalization of statistical convergence
as introduced by Fast [5] and developed by Fridy with respect to summabil-
ity theory in his frequently cited paper On Statistical Convergence [7]. Our
paper only uses the elementary aspects of this theory and we will include
any necessary details as they are needed.

Definition 2.1. A collection I of subsets of N is called an admissible ideal
provided 1) φ ∈ I; 2) A,B ∈ I implies A ∪B ∈ I; and 3) B ∈ I and A ⊂ B
implies A ∈ I. If the ideal I contains the finite subsets of N and N /∈ I, then
I is called an admissible ideal.

A rudimentary example of an admissible ideal is the set of all finite subsets
of N. As has been noted by others, many of the traditional objects of study
in summability theory, such as regular summability matrices, can be used to
generate ideals. A well-known ideal is collection of subset of N with natural
density zero, i.e., {

A ⊂ N : lim
n

1

n

∑
k≤n

χA (k) = 0

}
This corresponds with the sequences of 0′s and 1′s that are statistically
convergent to 0 and is the ideal generated by the Cesaro summability ma-
trix. There is also a strong connection between ideals of N and two-valued
measures defined on subalgebras of subsets of N.(cf. [2]).

The definition of convergence with respect to an ideal has it roots in
observing that a sequence (xn) is convergent to L if and only if, for every
ε > 0,. the set {n : |xn − L| ≥ ε} is in the ideal of finite subsets of N. This
in mind, we recall the following definition ([11]).

Definition 2.2. Let I be an ideal of subsets of N, x = (xn) be a (real-
valued) sequence and L ∈ R. The sequence x is said to be I-convergent to
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L, and we write I − limx = L, provided

{n : |xn − L| ≥ ε} ∈ I

for every ε > 0. We let cI denote the I-convergent sequences.

It is well known, and routine to establish, that the I-limit is a linear func-
tional as well as satisfying other properties of the limit function. Ordinary
convergence is preserved by I-convergence for admissible ideals, i.e., if I is
admissible and x is a convergent sequence, then I − limx exists and equals
limx. That said, some caution needs to be used in working with the I-limit.
For instance, I-convergent sequences are not necessarily bounded and the
I-limit is not necessarily translation invariant.

We are now ready to extend the definition of asymptotic equivalence to
the setting of convergence with respect to an ideal.

Definition 2.3. We say that the sequences x and y are I-asymptotically
equivalent if I-lim(x/y) = 1; in this case we write x ∼I y.

For sequences x and y, we let Rx ∼I Ry and µx ∼I µy denote, respec-
tively, the I-asymptotic equivalence of Rx and Ry and the I-asymptotic
equivalence of µx and µy (see Definition 1.3 for the definition of Rx and
µx).

Given an ideal I, it will often be convenient to work with the filter associ-
ated with I, which is denoted F (I) and defined by F (I) = {A ⊆ N : Ac ∈ I}.
Note that F (I) satisfies the defining properties of a filter, i.e., 1) φ /∈ F (I) ,
2) F (I) is closed under finite intersection, and 3) if A ∈ F (I) and A ⊆ B,
then B ∈ F (I). It is often convenient to think of the members of I as having
‘I-density 0’ and the members of F (I) as having ‘I-density 1’. The property
of being admissible ideal corresponds to the associated filter containing no
finite sets.

The following remark, given in [10], will be useful in the remainder of the
paper.

Remark 2.4. Let I be an admissible ideal and let y be a bounded sequence.

(1) If y is a bounded sequence, {k : yk > 0} ∈ F (I) , and x is a sequence
such that I − lim (x/y) = 1, then I − lim (x− y) = 0.

(2) If there is a δ > 0 such that {k : yk > δ} ∈ F (I) and x is a sequence
such that I − lim (x− y) = 0, then I − lim (x/y) = 1.

Proof. 1.) Let ε > 0 be given. Since I − lim (x/y) = 1, we have that

A =

{
n :

∣∣∣∣xnyn − 1

∣∣∣∣ < ε

2 ‖y‖

}
∈ F (I)
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and, if n ∈ A, then

|xn − yn| <
(

yn
2 ‖y‖

)
ε < ε.

Hence A ⊂ {n : |xn − yn| < ε} = B and, as B ∈ F (I) and ε was arbitrary,
I − lim (x− y) = 0.

2.) Let ε > 0. Note that if |xn − yn| < εδ and yn > δ, then∣∣∣∣xnyn − 1

∣∣∣∣ < εδ

yn
< ε

Hence

A = {n : |xn − yn| < εδ} ⊂
{
n :

∣∣∣∣xnyn − 1

∣∣∣∣ < ε

}
= B

and, as A ∈ F (I) , it follows that B ∈ F (I) . Since ε was arbitrary, I −
lim (x/y) = 1. �

3. Ideals & Pobyvanets theorem

Now we turn our attention to extending Pobyvanets’ result to the setting
of ideal convergence. The result closely parallels the statement of Poby-
vanets’ theorem and its proof follows the one described in the introduction.
The first step is to establish a result similar to the Silverman-Toeplitz the-
orem for the special case of nonnegative matrices that map the bounded
sequences into themselves, which similar to a more general result given in
[1] and extends a theorem stated (without proof) in [10].

Theorem 3.1. Let I and J be admissible ideals and suppose that T is
a nonnegative matrix which maps bounded sequences to bounded sequences.
Then the following are equivalent:

(1) I − limx = J − limTx for all x ∈ cI ∩ l∞.
(2) A ∈ I implies J − lim

∑
k {tnk : k /∈ A} = 1.

Proof. First suppose that I− limx = J− limTx for all x ∈ cI ∩ l∞. If A ∈ I,
then we have that, χAc is I-convergent to 1 and hence, by assumption,

J − limT (χAc) = J − lim
∑
k

{tnk : k /∈ A} = 1.

Hence (1) implies (2).
Next we establish that (2) implies (1). Before starting we make two obser-

vations. First note that if A ∈ I, then J − limT (χAc) = J − limT (χN) = 1,
thus

J − lim
∑
k∈A

tjk = J − limT (χN)− (J − limT (χAc)) = 0
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and we have that
{
j :
∣∣∑

k∈A tjk
∣∣ ≥ ε} ∈ J for all ε > 0. Second, if x ∈

cI ∩ l∞, then I − limx = L if and only if I − lim (x− L) = 0, and hence
it suffices to show that, for a bounded sequence x, condition (2) yields that
I − limx = 0 implies J − limTx = 0.

Having made these observations, we now establish that (2) implies (1).
Let x be a bounded sequence such that I− limx = 0 and let ε > 0 be given.

Set A =
{
k : |xk| ≥

ε

3

}
and note that Ac ∈ F (I). Define

B1 =

{
j :

∣∣∣∣∣∑
k∈Ac

tjk − 1

∣∣∣∣∣ < 1

2

}
and B2 =

{
j :

∣∣∣∣∣∑
k∈A

tjk

∣∣∣∣∣ < ε

2 ‖x‖

}
.

Observe that (2) yields that B1 ∈ F (J), that J − limT (χA) = 0 yields that
B2 ∈ F (J), and consequently B1 ∩ B2 ∈ F (J). Let j ∈ B1 ∩ B2 and note
that ∣∣∣∣∣∑

k

tjkxk

∣∣∣∣∣ ≤
∣∣∣∣∣∑
k∈Ac

tjkxk

∣∣∣∣∣+

∣∣∣∣∣∑
k∈A

tjkxk

∣∣∣∣∣
≤ ε

3

∑
k∈Ac

tjk + ‖x‖
∑
k∈A

tjk

<
ε

3
· 3

2
+ ‖x‖ · ε

2 ‖x‖
= ε.

It follows thatB1∩B2 ⊂ {j : |
∑
tjkxk| < ε}, and hence {j : |

∑
tjkxk| < ε}

∈ F (J). As ε was arbitrary, J − lim (Tx) = 0. �

Lemma 3.2. Let S be a nonnegative matrix that S maps bounded I-conver-
gent sequences to bounded J-convergent sequences with the property that
I − limx = J − limSx for every x ∈ cI ∩ `∞. If x, y ∈ Pδ ∩ `∞ and x is
I-asymptotically equivalent to y, then Sx is J-asymptotically equivalent to
Sy.

Proof. Observe that the complement of A = {k : xk > δ} is finite and hence
J−limS (χA)= I−limχA = 1, and it follows thatB =

{
j :
∑

l sjlχA (l) > 1
2

}
∈ F (J) . Hence, for j ∈ B,∑

l

sjlxj ≥
∑
l∈A

sjlxl > δ
∑
l∈A

sjl >
δ

2

and consequently x, y ∈ Pδ ∩ `∞ yields that Sx, Sy ∈ P δ
2
∩ `∞. Now

x ∼I y ⇒ I − lim (x− y) = 0

⇒ J − lim (Sx− Sy) = 0⇒ Sx ∼J Sy.

�
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We now offer the generalization of Pobyvanets’ theorem.

Theorem 3.3. Let I and J be and admissible ideals, T be a nonnegative
matrix and suppose that x and y are bounded elements of Pδ. Then the
following are equivalent:

(1) x ∼I y implies Tx ∼J Ty
(2) For every A ∈ I,

J − lim

∑
k {tjk : k ∈ A}∑∞

k=1 tjk
= 0.

Proof. First we establish that (2) implies (1). Let S = (sjk) be defined by

sjk =
tjk∑
k tjk

.

Note that if A ∈ I, then

J − lim
∑
j

sjkχA (k) = J − lim

∑
k {tjk : k ∈ A}∑∞

k=1 tjk
= 0

and hence, by the preceding lemma Sx ∼J Sy whenever x, y ∈ Pδ ∩ `∞ and
x ∼I y. Now

J − lim
n

(Tx)n
(Ty)n

= J − lim
n

(Tx)n∑∞
k=1 tnk

(Ty)n∑∞
k=1 tnk

= J − lim
n

(Sx)n
(Sy)n

= 1,

i.e., Tx is J-asymptotically equivalent to Ty.
The proof that (1) implies (2) is as follows. Suppose there is an A ∈ I

such that

J − lim
ΣktjkχA (k)

Σktjk
6= 0.

Then there is an ν > 0 and a B /∈ J such that for every j ∈ B
ΣktjkχA (k)

Σktjk
> ν > 0.

Define the sequence x = (xk) by xk = 2 for k ∈ A and xk = 1 for k /∈ A
and let the sequence y = (yk) be defined by yk = 1 for all k ∈ N. Note that
I − lim (x/y) = 1 and both are bounded members of P1/2. Now, if j ∈ B,
then

Σtjkxk
Σtjkyk

=
Σk∈Atjk + Σtjkxk

Σtjk
> ν + 1 > 1

and hence Tx is not J-asymptotically equivalent to Ty. �
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4. Ideals & R-equivalence

We next turn to establishing an I − J version of Marouf’s theorem for
R-asymptotic equivalence. The following proof is based on a factorization
scheme that allows us to apply the I − J version of Pobyvanets’ theorem.

Theorem 4.1. Let T ≥ 0 and T : l∞ → l1.Then the following are equivalent:

(1) If x, y ∈ Pδ ∩ `∞ and x ∼I y, then Rx ∼J Ry.
(2) For every A ∈ I

J − lim
n

∑∞
j=n

∑
k {tjk : k ∈ A}∑∞

j=n

∑
k tjk

= 0.

Proof. The proof proceeds by using T to define a matrix C with the property
that Cx is J-asymptotically equivalent to Cy if and only if

J − lim
Rn (Tx)

Rn (Ty)
= 1.

Once C has been defined, applying Theorem 3.3 to C yields the promised
equivalence for T.

Define the matrix C = (clk) by clk =
∑∞

j=l tjk. Note that, since T : l∞ →
l1, each entry of C is defined as well as, for each l ∈ N, the sum

∑∞
j=l

∑
k tjk.

Observe that for l ∈ N and x ∈ `∞ we have that
∞∑
k=1

clkxk =
∞∑
k=1

∑
j≥l

tjkxk =
∑
j≥l

( ∞∑
k=1

tjkxk

)
= Rl (Tx)

and hence J − lim Rl(Tx)
Rl(Ty)

= 1 if and only Cx ∼J Cy.
Now, note that

∞∑
k=1

clkχA (k) =
∑
j≥l

( ∞∑
k=1

tjkχA (k)

)
and hence C is I − J asymptotically regular if and only if

J − lim

∑∞
j=l

∑
k {tjk : k ∈ A}∑∞
j=l

∑
k tjk

= 0

for every A ∈ I. �

The preceding argument contains a useful way of visualizing the proof
of Theorem 4.1. Note that if we set R to be the matrix which maps an
absolutely convergent sequence x to (Rl (x)) , then C = RT , i.e., we defined
C by
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C =


1 1 1 1 . . .
0 1 1 1 . . .
0 0 1 1 . . .
...

...
...

...



t11 t12 t13 t14 . . .
t21 t22 t23 t24 . . .
t31 t32 t33 . . . . . .
...

...
...

...


The manipulations in the preceding proof show that (RTx)l = Rl (Tx) .
Theorem 4.1 is then established by applying Theorem 3.3 to RT. Condition
(2) of Theorem 3.3 shows that RT is I − J asymptotically regular, which in
turn yields condition (1) of Theorem 4.1. For the converse, condition (1) of
Theorem 4.1 implies that RT is I − J asymptotically regular and, by using
condition (2) of Theorem 3.3 and unwinding the matrix multiplication used
to create RT , we obtain statement (2) of theorem 4.1.

One can also establish the result following Marouf’s proof, which is more
computationally intensive. One insight of using this approach is that the
significance of the restrictions on x and y as well as the assumption T ≥ 0 are
more transparent. As the calculation proceeds, one arrives at the inequality:

Rn (Tx)

Rn (Ty)
≤

(1 + ε/2)
∑∞

j=n

∑
k {tjkyk : k ∈ A}∑∞

j=n

∑∞
k=1 tjkyk

...

+
‖x‖
δ

∑∞
j=n

∑
k {tjk : k /∈ A}∑∞

j=n

∑∞
k=1 tjkyk

where A = {k : |xk/yk − 1| < ε/2} . Note that y ∈ Pδ, x ∈ l∞ and T ≥ 0 all
appear to be important to establishing this inequality.

5. µ-asymptotically equivalent sequences

In this section we generalize Li’s result. Before moving to the generaliza-
tion, though, it will necessary to reformulate the statement of the theorem.
The preceding results suggest that one the natural I−J extension of Li and
Marouf’s work would be to characterize matrix maps T with the property
that such that

I − lim
µx

µy
= 1 =⇒ J − lim

µTx

µTy

Curiously, as the following observations show, this would just take us back
to Li’s result.

Marouf showed that if T is a nonnegative matrix that maps c0 into c0,
x, y ∈ Pδ ∩ l∞, and x ∼ y, then µ(Tx) ∼ µ (Ty) ; the identity matrix E
shows that Marouf’s result does not extend to I-convergence in general. In
particular, if I is an ideal that contains an infinite set, then x ∼I y does not
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imply µ (Ex) ∼I µ (Ey) since there are sequences x, y ∈ Pδ ∩ l∞ such that
I − lim (x/y) = 1 and I − lim (µx/µy) = 2. To construct x and y, suppose
that A ∈ I is an infinite set and define x = (xk) by xk = 2 for k ∈ A and
xk = 1 otherwise, and define y = (yk) by yk = 1 for all k ∈ N. Now x ∼I y
but, as |A| =∞, we have that supk≥n xk = 2 for all n ∈ N, and consequently
I − lim (µx/µy) = 2.

We also observe that if x, y ∈ Pδ ∩ l∞, then

I − lim
µx

µy
= 1⇔ lim

µx

µy
= 1.

and hence the matrices with the property that

I − lim
µx

µy
= 1 =⇒ J − lim

µ (Tx)

µ (Ty)
= 1

are precisely the ones that Li characterized. To establish the observation,
first note that, since ordinary convergence implies and is consistent with I-

convergence, we have that lim
µx

µy
= 1 implies I− lim

µx

µy
= 1, i.e., µx ∼I µy.

The reverse implication follows from noting that limn(supk≥n xk) = lim supx
and lim sup y both exist and are greater than δ,and hence lim (µx/µy) =
β for some β and thus I − lim (µx/µy) = β. As we have assumed I −
lim (µx/µy) = 1 it follows that lim

µx

µy
= 1, i.e., µx ∼ µy. We also note

that, if the hypothesis that x, y ∈ Pδ ∩ l∞ is dropped, then the preceding
observation is no longer valid. In particular, if we remove the restriction that
the sequences be bounded away from zero, then there are positive sequences
x and y, not bounded away from 0 from below, and an ideal I such that

I − lim
µx

µy
= 1 and lim

µx

µy
does not exist.

As the preceding shows, a meaningful extension of Li’s result will have
to entail some modification of the statement of the theorem. One can show
that if x, y ∈ Pδ ∩ l∞, then

lim
n

µx

µy
= 1⇔ lim supµx = lim supµy.

Hence, given that x, y ∈ Pδ∩ l∞, we could replace the hypothesis lim
µx

µy
= 1

with lim supµx = lim supµy in Li’s theorem. This suggests that a theorem
characterizing nonnegative matrices with the property that

I − lim supx = I − lim sup y ⇒ J − lim
µTx

µTy
= 1

would be an extension of Li’s result once ”I − lim supx” has been defined.
Fortunately, there is a commonly accepted definition of ”I − lim sup”

available to us. J. Fridy and C. Orhan first introduced the notion of a
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‘statistical limit superior’ in the context of statistical convergence [9]. This
notion was extended to statistical convergence with respect to a density in
[3] and to statistical convergence with respect to an ideal by Demirci [4],
whose definition we use in this paper.

Definition 5.1. Let x be a sequence and set

Bx = sup {b ∈ R : {k : xk > b} /∈ I} .

Then

I − lim supx =

{
supBx Bx 6= φ
−∞ Bx = φ

The I − lim sup behaves in much the same way as the usual lim sup . As
one might expect, it is the case that I−limx = l if and only if I−lim supx =
I − lim inf x = l. for bounded sequences [4]. Some care, however, needs to
taken: for instance, statistical cluster points are not identical to statistical
limit points, as is the case for ordinary convergence [8]. We make use of the
following theorem [4].

Theorem 5.2. If β = I−lim supx is finite, then for every positive number ε

{k : xk > β − ε} /∈ I and {k : xk > β + ε} ∈ I .

Conversely, if the preceding relationship holds for every ε > 0, then I −
lim supx = β.

Note that if I is the ideal finite sets, the above agrees with the description
of the classical limit superior. The proof of the following theorem is similar
in structure to Li’s proof of his result [12].

Theorem 5.3. Let I and J be admissible ideals. If T ≥ 0, T : l∞ → l∞,
and x, y ∈ Pδ ∩ l∞, then the following are equivalent:

(1) If I − lim supx = I − lim sup y,then

J − lim
µTx

µTy
= 1.

(2) The following conditions are satisfied

(a) if A /∈ I,then

J − lim
supk≥n {

∑
l tkl : l ∈ A}

supk≥n
∑

l tkl
= 1

(b) if A ∈ I,then

J − lim
supk≥n {

∑
l tkl : l ∈ A}

supk≥n
∑

l tkl
= 0
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Proof. First we establish that 1) implies 2) and then we establish to converse.
We start by establishing 2.b. Suppose that 2.b fails and select A ∈ I and

τ > 0 such that

J − lim
supk≥n {

∑
l tkl : l ∈ A}

supk≥n
∑

l tkl
6= 0

and next select τ > 0 and a set B /∈ J such that n ∈ B implies that

supk≥n {
∑

k tkl : l ∈ A}
supk≥n

∑
l tkl

>
τ

2
.

Let r > 4/τ. Note that B is infinite and define x = (xj) by xj = 1 if j /∈ A
and xj = 1 + r for j ∈ A and define the sequence y = (yj) by yj = 1 for all
j ∈ N. Note that I − lim supx = I − lim sup y = 1. Now observe that, for
every n ∈ B, we have that

sup
k≥n

∑
tkjxj = sup

k≥n

{
r
∑
l

tklχA (l) +
∑
l

tkl

}
≥ r sup

k≥n

∑
l

tklχA (l)− sup
k≥n

∑
l

tkl

and hence

supk≥n (Tx)k
supk≥n (Ty)k

≥ r
supk≥n

∑
l tklχA (l)

supk≥n
∑

k tkl
−

supk≥n
∑

l tkl

supk≥n
∑

l tkl

= r
τ

2
− 1 >

4

τ

τ

2
− 1 > 1.

As B /∈ J, it follows that{
n :

supk≥n (Tx)k
supk≥n (Ty)k

≥ 1

}
/∈ J

J − lim
µTx

µTy
6= 1.

Next we establish that 1 implies 2.a. Select A /∈ I and let 0 < ε < 1
be given. Define the sequences x = (xk) and y = (yk) by xk = 1 if k ∈ A
and xk = ε

2 for k /∈ A and yk = 1 for all k ∈ N. Note that I − lim supx =

I − lim sup y = 1 and hence, by hypothesis, J − lim
µTx

µTy
= 1. Select B ∈ I

such that n /∈ B implies that

1− ε

2
<

supk≥n
{∑

l tklχA (l) +
(
ε
2

)∑
l tklχAc (l)

}
supk≥n

∑
l tkl

< 1 +
ε

2
.
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Now observe that for n /∈ B it follows that

1− ε

2
<

supk≥n
∑

l tklχA (l)

supk≥n
∑

l tkl
+
(ε

2

) supk≥n
∑

l tklχAc (l)

supk≥n
∑

l tkl

≤
supk≥n

∑
l tklχA (l)

supk≥n
∑

l tkl
+
ε

2

and hence

1− ε <
supk≥n

∑
l tklχA (l)

supk≥n
∑

l tkl

Also observe that for n /∈ B,
supk≥n

∑
l tklχA (l)−

(
ε
2

)
supk≥n

∑
l tklχAc (l)

supk≥n
∑

l tkl
< 1 +

ε

2

and hence
supk≥n

∑
l tklχA (l)

supk≥n
∑

l tkl
< 1 + ε.

Combining our estimates now yields that{
n :

∣∣∣∣supk≥n
∑

l tklχA (l)

supk≥n
∑

l tkl
− 1

∣∣∣∣ < ε

}
∈ F (J)

and, as ε > 0 was arbitrary,

J − lim
supk≥n {

∑
l tkl : l ∈ A}

supk≥n
∑

l tkl
= 1.

We now show that conditions 2.a and 2.b are sufficient to yield condition
1. We start by making two observations which will by useful in our later
computations. First, an argument similar to the one given in 1 implies 2.a
yields that

J − lim
supk≥n

∑
l tkl

supk≥n {
∑

l tkl : l ∈ F}
= 1

whenever F /∈ I. Secondly, we note that A ∈ I and F /∈ I implies that

J − lim
supk≥n

∑
l {tkl : l ∈ A}

supk≥n {
∑

l tkl : l ∈ F}
= 0.

The second observation can be established as follows. Let ε > 0 be given
and select B ∈ F (J) such that n ∈ B implies both that

sup
k≥n

∑
l

{tkl : l ∈ F} ≥ (1− ε) sup
k≥n

∑
l

tkl

and that
supk≥n {

∑
l tkl : l ∈ A}

supk≥n
∑

l tkl
< ε.
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Note that B can be found by intersecting two members of F (J). Now, for
n ∈ B, we have that

0 ≤
supk≥n

∑
l {tkl : l ∈ A}

supk≥n {
∑

l tkl : l ∈ F}
≤

supk≥n
∑

l {tkl : l ∈ A}
(1− ε) supk≥n

∑
l tkl

<
ε

1− ε

and, as ε > 0 was arbitrary, the second claim follows.
We can now conclude the proof of the result. Let x, y be bounded se-

quences in Pδ and suppose that I − lim supx = I − lim sup y = β. Note that
β ≥ δ and let 0 < ε < β. Now select sets A ∈ I, E /∈ I and F /∈ I such that

(1) xl and yl are less than β + ε for all l /∈ A, and
(2) yl is greater than β − ε for all l ∈ F.

Now observe that

sup
k≥n

∑
l

tklxl ≤ (β + ε) sup
k≥n

∑
l

{tkl : l /∈ A}+ ‖x‖ sup
k≥n

∑
l

{tkl : l ∈ A}

and that

sup
k≥n

∑
l

tklyl ≥ sup
k≥n

∑
l

{tklyl : l ∈ F} > (β − ε) sup
k≥n

∑
l

{tkl : l ∈ F} .

and hence

supk≥n
∑

l tklxl

supk≥n
∑

l tklyl
≤
‖x‖ supk≥n

∑
l {tkl : l ∈ A}

(β − ε) supk≥n
∑

l {tkl : l ∈ F}
+

+
(β + ε) supk≥n

∑
l {tkl : l /∈ A}

(β − ε) supk≥n
∑

l {tkl : l ∈ F}

Let ν > 0 and select B1, B2 ∈ F (J) such that n ∈ B1 implies

supk≥n
∑

l {tkl : l ∈ A}
supk≥n {

∑
l tkl : l ∈ F}

< ν

and n ∈ B2 implies that

supk≥n
∑

l tkl

supk≥n {
∑

l tkl : l ∈ F}
< 1 + ν.

Now, if n ∈ B1 ∩B2, then

supk≥n
∑

l tklxl

supk≥n
∑

l tklyl
<

ν

(β − ε)
‖x‖+

β + ε

β − ε
(1 + ν)

Observe that for any δ > 0 we can select positive values of ε and ν such that

1 <
ν

(β − ε)
‖x‖+

β + ε

β − ε
(1 + ν) < 1 + δ.
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Now observe that a similar argument yields there a set B3 ∈ F (J) such
that n ∈ B3 implies that

supk≥n
∑

l tklyl

supk≥n
∑

l tklxl
< 1 + δ

and hence

1− δ < 1

1 + δ
<

supk≥n
∑

l tklxl

supk≥n
∑

l tklyl

Now note that B = B1 ∩B2 ∩B3 ∈ F (J) and that

1− δ <
supk≥n

∑
l tklxl

supk≥n
∑

l tklyl
< 1 + δ

for all n ∈ B, thus establishing the result. �
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