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ON SEMIGROUP IDEALS AND GENERALIZED
n-DERIVATIONS IN NEAR-RINGS

MOHAMMAD ASHRAF AND MOHAMMAD ASLAM SIDDEEQUE

ABSTRACT. In the present paper, we investigate the commutativity of
addition and ring behavior of 3-prime near-rings satisfying certain condi-
tions involving generalized n-derivations on semigroup ideals. Moreover,
examples justifying the necessity of the 3-primeness condition in all the
results are provided.

1. INTRODUCTION

Throughout the paper, N will denote a zero-symmetric left near-ring. N
is called zero- symmetric if Ox = 0 holds for all € N ( recall that in a left
near-ring x0 = O for allz € N ). N is called a 3-prime near-ring if t Ny = {0}
implies = 0 or y = 0. It is called semiprime if Nz = {0} implies x = 0. A
nonempty subset U of N is called semigroup left ideal (resp. semigroup right
ideal) if NU C U (resp. UN C U ) and if U is both a semigroup left ideal
and a semigroup right ideal, it will be called a semigroup ideal. The symbol
Z will denote the multiplicative center of N, that is, Z ={z € N | xy = yz
for all y € N}. For any z,y € N the symbols [z,y] = zy — yz and (z,y) =
r+y—x —y stand for multiplicative commutator and additive commutator
of x and y respectively. For terminologies concerning near-rings, we refer to
G. Pilz [8].

An additive map d : N — N is called a derivation if d(xy) = d(x)y +
zd(y) ( or equivalently d(xy) = zd(y) + d(z)y as noted in [9, Proposition 1))
holds for all x,y € N. In the year 2006, Golbasi [5] introduced the notion
of generalized derivation in near-rings as follows: An additive mapping f :
N — N is called a right generalized derivation with associated derivation
dif f(zy) = f(z)y + zd(y), for all z,y € N and f is called a left generalized
derivation with associated derivation d if f(xy) = d(x)y + xf(y), for all
x,y € N. f is called a generalized derivation with associated derivation d
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if it is both a left as well as a right generalized derivation with associated
derivation d. Very recently Ashraf et al. [2,3] generalized the notion of
derivation by introducing the notions of n-derivation and generalized n-
derivation, where n is a positive integer, which are given below:

AmapD: N x N x--- x N — N issaid to be permuting if the equation

n—times
D(x1,22,...,2n) = D(Tr1), Tr(2)s - - - » Tr(n)) holds for all z1,x9,..., 2, € N
and for every permutation w € S, where S, is the permutation group on
{1,2,...,n}. A map d: N — N defined by d(z) = D(z,z,...,x) for all
x € N where D: N x N x ---x N — N is a map, is called the trace of D.

n—times
An n-additive (i.e. additive in each argument) mapping D : N x N x
-+ x N — N is called an n-derivation if the relations

! I
D(x1,22,. .., %1, BTy, Tig 1, - -, Tp) = D(X1, X2, . ., Bio1, Tjy Tig 1, - - -, Tn) Ty
!
—|—l‘iD(:L‘1,SL‘2,...,$i,1,xi,$i+1,...,l‘n)
I . .
hold for all z1,z2,...,zi—1, i, 2, Tix1,...,2n € N, =1,2,3,...,n. Ifin

addition, D is a permuting map then all the above conditions are equivalent
and in this case D is called a permuting n-derivation of N (see [2] for further
reference).

An n-additive mapping F : N X N x --- x N — N is called a right
generalized n-derivation of N with associated n-derivation D if the relations

/

’
F(CCl,l'Q,...,ﬂfifl,fifi,l’i+1,...,l‘n):F(l'l,QSQ,..-,$171,$i,$i+1,-..,$n){1/‘i
’
+xiD(x17:’U27"'7131'—17'/1:1'7:177;-‘1-17"')9371)
/ . .
hold for all z1,z2,...,%i—1,%i, 2, Tix1,..., 2, € N, 4 =1,2,3,...,n. If in

addition, both F' and D are permuting maps then all the above conditions
are equivalent and in this case F' is called a permuting right generalized
n-derivation of N with associated permuting n-derivation D. An n-additive
mapping F': N X N x---x N — N is called a left generalized n-derivation
of N with associated n-derivation D if the relations

!/

/
F(whm,u~7$i—1,$i$i,$mw--an) ZD(ﬂH,&?Q,---,xi—l,ﬂfi,wz‘ﬂw--7I13n)»’vi
’
F2i F (21,22, i1, Ty, Tig 1, -+ -5 Tn)
/ . .
hold for all z1,z2,...,zi—1, 2, 2, Tit1,..., 2y € N, i =1,2,3,...,n. Ifin

addition, both F' and D are permuting maps then all the above conditions
are equivalent and in this case F' is called a permuting left generalized n-
derivation of N with associated permuting n-derivation D. An n-additive
mapping F' : N X N X --- x N — N is called a generalized n-derivation
of N with associated m-derivation D if it is both a right generalized n-
derivation as well as a left generalized n-derivation of N with associated
n-derivation D. If in addition, both F' and D are permuting maps then F' is
called a permuting generalized n-derivation of N with associated permuting
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n-derivation D (see [3] for further reference). If N is a commutative ring,
then it is trivial to see that the set of all left generalized n-derivations of NV
is equal to the set of all right generalized n-derivations of V.

Recently many authors have studied commutativity of addition and ring
behavior of 3-prime near-rings satisfying certain properties and identities in-
volving derivations and generalized derivations on semigroup ideals ( see [1,
4, 6, 7] where further references can be found ). The purpose of the present
paper is to study the commutativity of addition and ring behavior of 3-prime
near-rings satisfying certain properties and identities involving generalized
n-derivations on semigroup ideals. In fact, our results generalize, extend,
compliment and improve several results obtained earlier on derivations, gen-
eralized derivations, permuting n-derivations and generalized n-derivations
for 3-prime near-rings; for example Theorem 12 of [1], Theorems 3.2 — 3.4
& 3.7 of [2], Theorems 3.1, 3.11, 3.15, 3.16 of [3], Theorem 3.2 — 3.3 of [4]
etc.- to mention a few only.

2. PRELIMINARY RESULTS

We begin with the following known results which will be used extensively.
The proofs of Lemmas 2.1 — 2.3 can be found in [4], whereas Lemma 2.4 is
proved in [3].

Lemma 2.1. Let N be a 3-prime near-ring. If z € Z \ {0} and x is an
element of N such that xz € Z or zx € Z, then x € Z.

Lemma 2.2. Let N be a 3-prime near-ring and U a nonzero semigroup
ideal of N. If x,y € N and xUy = {0}, then x =0 or y = 0.

Lemma 2.3. Let N be a 3-prime near-ring and Z contains a nonzero semi-
group left ideal or nonzero semigroup right ideal, then N is a commutative
ring.

Lemma 2.4. Let N be a near-ring admitting a generalized n-derivation F
with associated n-derivation D of N. Then,

{D(xl,.l‘g, cee s Lj—1, LGy Lj41y .- ,a:n):vi

+x;F(x1, 29, . .. ,xi,l,x;,xiﬂ, ces ) by
= D(x1,T2, ..., i1, Tiy Tit1,- - ,fcn)m;y

+x;F(x1, o, . .. ,xi,l,m;,xiﬂ, ce TRy
for all xl,xg,...,xi,l,xi,x;,:ﬂiﬂ,...,xn,y eN,i=1,2,3,...,n.

Lemma 2.5. Let N be a semiprime near-ring admitting a right general-
ized n-derivation ( resp. a left generalized n-derivation) F with associated
n-derivation D of N. If F' =0, then D = 0.
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Proof. Let F be a right generalized n-derivation of N with associated n-

derivation D. Then F(z1z), @, ..., Tn) = F(x1, 20, ..., 2,)x, + 21D (2], 22,
..., Ty) holds for all x1, xll, Zo,...,Tn € N. Using the hypothesis, the latter
relation takes the form xlD(xll,xQ, ceoyy) = 0 for all xl,xll,xg, ey Ty €
N. This implies that D(z,zo, ..., xz,)z1D(x], T2, ..., 2,) = 0 ie. D(z),
xg,...,mn)ND(xll,xg,...,xn) = {0}. Now semiprimeness of N gives us
D(IEII,ZL‘Q, ..., xy) =0 for all xll,zg, ..., Ty € N. Hence D = 0. O

Lemma 2.6. Let N be a 3-prime near-ring admitting a nonzero generalized
n-derivation F with associated n-derivation D of N. Then F(Uy,Us, ..., Uy)
# {0}, where Uy,Us,...,U, are nonzero semigroup left ideals or monzero
semigroup right ideals of N.

Proof. Let us suppose that Uy, Us, ..., U, are nonzero semigroup left ideals
of N. We have to prove that F(Uy,Us,...,U,) # {0}. Suppose on contrary
that F'(Uy, Us,...,U,) = {0}. Now we divide the proof in two cases:

Case I: Let D # 0. For all uy € Uj,ug € Us,...,u, € U,, we have
F(ui,ug,...,u,) = 0. Replacing u; by ulull, where ull € Uy, the lat-

ter relation provides us F(Ulull,'UQ, ooy up) = 0 ie. D(ug,us,... ,un)u/1 +
ulF(ull,uQ, ..., up) = 0. Using hypothesis, we arrive at D(uy,ug,..., un)ull
= 0. Replacing ull by slull, where s1 € N, we obtain D(uy, ug, ..., un)slu/l =
0 ie. D(uy,ug,...,un)Nu; = {0}. Since U; # {0}, the 3-primeness of
N gives us D(uj,ug,...,u,) = 0 for all uy € Uy,us € Us,...,u, € U,.
Putting rquy, where r; € N for u; in the latter relation and using it we
get D(rq,ug,...,up)u; = 0. Now replacing uy by tju;, where t1 € N, we
arrive at D(r,ug, ..., up)tiur = 0 ie. D(r1,ug,...,un)Nup = {0}. Since
Uy # {0}, the 3-primeness of N provides us D(rq,ug,...,u,) = 0 for all
r1 € N,ug € Us,...,uy € Uy,. Now putting rous for uo, where ro € N in

the latter relation and using the similar arguments as above, it can be easily
shown that D(r1, 72, us,...,u,) =0 for all 1,79 € N us € Us,...,uy, € Uy,.
Now proceeding inductively we conclude that D = 0, leading to a contra-
diction.

Case II: Suppose that D = 0. As we are given that for all u; € Uj,ug €
Usg,...,un € Uy, F(u1,ug,...,u,) = 0. Replacing u; by pju;, where p; € N,
the latter relation provides us F(pjui,uz,...,u,) = 0 ie. F(py,ug,...,
Up)uy + p1D(ui,ug, ..., uy) = 0. Under this case, we get F(pi,uz,...,
up)u; = 0. Replacing w1 by mju;, where m; € N, we obtain F'(p1,ug,...,
up)miuy = 0 ie. F(p1,ug,...,uy)Nuy = {0}. Since Uy # {0}, the 3-
primeness of N gives us F(py,usg,...,u,) =0for all p; € N,us € Us, ..., uy,
€ U,,. Putting poug, where ps € N for us in the latter relation and using the
similar arguments as above, it is easy to prove that F(pi,pa,us,...,up) =0
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for all p1,p2 € N,uz € Us,...,u, € U,. Now proceeding inductively, we
arrive at F' = 0. This leads to a contradiction.

Finally including both cases we have shown that F(Uy, Us,...,U,) # {0},
where Uy, Us, ..., U, are nonzero semigroup left ideals. Similar arguments
can be given for semigroup right ideals also. O

Lemma 2.7. Let N be 3-prime near-ring admitting a generalized n-deriva-
tion I with associated nonzero n-derivation D of N and Uy,Us,...,U, be
nonzero semigroup ideals of N.

(i) Ifx € N and F(Uy,Us,...,Uy,)x = {0}, then z = 0.

(13) If v € N and o F(Uy,Us,...,U,) = {0}, then z = 0.

Proof. (i) Given that F(uju], ug,...,u,)z = 0 for all uj,u; € Up,ug €
Us,...,u, € U,. This yields that {D(ul,u2,...,un)u/1 + ulF(u;,ug,...,
un)}x = 0. Using hypothesis and Lemma 2.4, we have D(u1,ug, ..., u,)Uix
= {0}. As N is a 3-prime near-ring, using Lemma 2.2 and Lemma 2.6, we
conclude that x = 0.

(7i) It can be proved in a similar way. O

3. MAIN RESULTS
We start our investigation with the following results:

Theorem 3.1. Let N be a 3-prime near-ring and Uy, Us, ..., U, be nonzero
semigroup ideals of N. If N admits a nonzero generalized n-derivation F
with associated n-derivation D of N such that F(Uy,Us,...,Uy,) C Z, then
N is a commutative ring.

Proof. Here we divide the proof in two cases:
Case I: Suppose that D # 0. For all uj,u} € Uj,ug € Us,...,uy, € Uy, we
have

Fuy,ug, ... un) = D(uy, ug, . . ., up)u) + ur F(u), ug, ... up) € Z. (3.1)
Now commuting the equation (3.1) with the element u; we get {D(u1, ug, ...,
up utur F(uy,ug, ..o up) bug =ul{ D(ug, ug, . . . uy ) utug F(uf, (G ,Un) }-
Using the hypothesis and Lemma 2.4, we get D(u1,ua, ..., up)uqur = uiD

(Ul,UQ,...,Un)UII for all ul,ull € Uy,ug € Us,...,u, € U,. Replacing u/l
by ullr, where r € N in the latter relation and using it, we arrive at
D(uy,u, ... up) uy[r,u1] = 0 ie. D(uy,ug,. .. u,)Ui[r,uy] = {0} for

all r € Nyu; € Uyp,ug € Us,...,u, € U,. For given u; € Uy, Lemma
2.2 yields either D(u1,us,...,u,) = 0 or [r,u;] = 0. If first case holds
ie. D(uy,ug,...,uy) = 0 for all ug € Us,...,u, € Up,, then relation
(3.1) provides us F(ulull,uz,...,un) = ulF(u,l,uz,...,un) € Z for all
ull € Uy,uo € Us,...,u, € U,. Using Lemmas 2.1 and 2.6, we get u; € Z.
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On the other hand if second case holds i.e. [r,u;] = 0 for all » € N, then
u1 € Z. Including both cases, we conclude that U; C Z and N is therefore
a commutative ring by Lemma 2.3.

Case II: If D = 0, then the relation (3.1), takes the form F(ujuy,ug, . . ., uy,)

= w F(uy,uz, ..., u,) € Z for all up,u; € Up,ug € Uy, ..., u, € Uy,. Now
Lemmas 2.1 and 2.6 provide us uy € Z for all uy € Uy i.e. Uy C Z. Using
Lemma 2.3, we conclude that IV is a commutative ring. (]

Corollary 3.1. ([3], Theorem 3.1) Let N be a 3-prime near-ring admitting
a nonzero generalized n-derivation F with associated n-derivation D of N.
If F(N,N,...,N) C Z, then N is a commutative ring.

The following example demonstrates that N to be 3-prime is essential in
the hypothesis of the above theorem.

Example 3.1. Let Z be the usual ring of integers and (C, +, ) be the left
near-ring of complex numbers. Here ‘¢’ is defined by z; * 2o = |21].22 for all
21,722 € C, where ‘+’ and ‘.’ denote the usual addition and multiplication
of complex numbers. Assume N = Z x C and U; = miZ x {0},Us =
maZ x{0},...,U, = mpZx{0}, where my, ma, ..., m, are different positive
integers. Then it can be easily verified that N is a zero-symmetric left
near-ring with regard to componentwise addition and multiplication, having
Uy,Us, ..., U, its nonzero semigroup ideals. Define FF: N X N x---xXx N —
N such that F((a1,21), (a2,22),...,(an, 2n)) = (Aaiag...ay,0), where \ is
any integer. It is easy to show that IV is a semiprime near-ring but not
a 3-prime near-ring and F' is a nonzero generalized n-derivation of N with
associated n-derivation D = 0, the zero map from N X N x --- X N to N
such that F(Uy,Us,...,U,) C Z. However, N is not a commutative ring.

Theorem 3.2. Let N be a 3-prime near-ring and Uy,Us, ..., U, nonzero
semigroup ideals of N. If N admits generalized n-derivations F and G
with associated nonzero n-derivations D and H of N respectively such that
F(zi,xo,...,x0)HW1,92, - yn) = —G(x1,22,...,2)D(Y1,92, ..., yn) for
all x1,y1 € Uy x9,y2 € Ug; ... T, yn € Uy, then (N, +) is abelian.

Proof. 1f uq, ull € U; are such that u; + ull € Uy, then replacing y; in the
hypothesis by ul,u/1 and uy + U,1 respectively and using these relations so
obtained, we obtain

F(z1,22,...,20) H (u1,y2, ... yn) + F (1,22, ..., 20) H (U], Y2, - - . yn)+
F(xi,xo, ..., x0)H(—u1,y2, ..., yn)+F (1,22, .. ,xn)H(—ull,yg, ey Yn) =0
ie. F(x1,22,...,2n0) H ((ul,ull),yg, ceyyn) = 0.

This implies that F(Uy, Us, ..., Uy)H((u1,u,),y2, - - - yn) = {0}. Now using
Lemma 2.7(i), we get

H((u1,uy), 92, - - yn) =0 (3.2)
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for all ul,ull € Uy such that ug —l—u/l € Uy,yo € Us,...,yn € U,. Now
take uy = rz and u/l = ry where r € Uy and z,y € N, so that ul,u/l
and uy + u; are all in Uy. Tt follows from relation (3.2) that H(rz 4 ry —

rT — rY,uU,u3,...,Uy,) = 0 for all r € Uy and for all z,y € N,uy €
Us,...,u, € U,. Replacing r by wr, where w € Ui, in the latter rela-
tion and using it, we arrive at H(w,y2,...,yn)(re + ry —re —ry) = 0 i.e.

H(U,Us,...,U)Ui(z+y—2—y) = {0} for all z,y € N. By Lemma 2.6, it
is obvious that H(Uy,Us,...,U,) # {0}. Application of Lemma 2.2 yields
that (rt +y—x —y) =0 for all x,y € N. Hence (N, +) is abelian. O

Corollary 3.2. ([3], Theorem 3.15) Let F' and G be generalized n-deriva-
tions of 3-prime near-ring N with associated nonzero n-derivations D and H
of N respectively such that F(x1,z2,...,x0)H(y1,y2,...,yn) = —G(z1, 2,

o Tn) D(y1,y2, ... yn) for all x1,29,...,Zn, Y1,Y2,---,Yn € N. Then
(N, +) is an abelian group.

Let X and Y be nonempty subsets of N and a € N. By the notations
[X,Y] and [X, a] we mean the subsets of N defined by [X,Y] = {[z,y] | z €
X,y €Y} and [X,a] = {[z,a] | x € X} respectively.

Very recently A. Ali et al. [1, Theorem 12] proved that if N is a 3-
prime near-ring, admitting a nonzero generalized derivation f with asso-
ciated nonzero derivation d such that [f(U), f(U)] = {0}, where U is a
nonzero semigroup ideal of N, then (IV,+) is abelian. We have improved
and extended this result for generalized n-derivation in the setting of 3-prime
near-rings. In fact we obtained the following.

Theorem 3.3. Let N be a 3-prime near-ring and Uy, Us,--- , U, nonzero
semigroup ideals of N. If N admits generalized n-derivations Fy and Fb
with associated nonzero n-derivations D1 and Do of N respectively such
that [F1(U1,Us, ..., Uy), Fo(U1,Us, ..., U,)] = {0}, then (N,+) is abelian.
Proof. Tt is straight forward to see that if z € N is such that [z, F5(uq, ua, . . .,
un)] = [z + z, Fa(u1,ug, ..., u,)] = 0 for all uy € Uy,us € Us,...,u, € Uy
and xl,x/l € U; are such that z; + xll € Uy, then zFy(c,ug,...,uy) = 0,
where ¢ is the additive commutator (1 + mll -z — xll),ug e Us,...,up €
Up. If r,s € Uy we have rs € Uy and rs +rs = r(s + s) € Up. Since
[FL (U1, Us, ..., Up), Fo(Uy,Us, ..., Up,)] = {0}, taking z = Fy(rs, uy, ..., u,)
where 1,5 € Ul,u; € Ug,...,u;l € U, gives 1 (U2, Us, ..., U,)Fo(c,uz, ...,
u,) = {0} because for all r,s € Uy implies that rs € UZ. But U? = {pq |
p,q € Uy} is a nonzero semigroup ideal, so by Lemma 2.7(i) we get

Fg(xl—f—x;—xl—xi,uz,u;;,...,un) =0 (3.3)

for all :Ul,xll € U;j such that x1 —I—xll € Uy,ups € Us,...,u, € U,. Now
take 1 = rax and a:ll = ry where r € U; and z,y € N, so that xl,mll
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and x1 + x; are all in Uy. It follows from relation (3.3) that Fy(rz + ry —

rT — rY,u,u3,...,uy) = 0 for all r € U; and for all z,y € N,uy €
Us,...,u, € U,. Replacing r by wr, where w € U in the latter relation, we
get Fo(w(rx +ry —rx — ry),ug, us, ..., u,) = 0 i.e. Do(w,ug,...,u,)(re+

ry—rx—ry) +wky(re+ry —re —ry,us, us, ..., u,) = 0. This implies that
Dy(w,ug, ..., un)r(z+y—x—y) = 0ie. Do(Uy,Us,...,Up)Ur(z+y—2—y) =
{0} for all z,y € N. Using Lemma 2.6, we obtain that Ds(Uy,Us,...,U,) #
{0}. Now applying Lemma 2.2, we conclude that (z +y — 2 —y) = 0 for all
x,y € N. Hence (N, +) is abelian. O

Corollary 3.3. ([3], Theorem 3.16) Let F} and Fy be generalized n-deriva-
tions of 3-prime near-ring N with associated nonzero n-derivations Dy and
Dy of N respectively such that [F1(N,N,...,N),F5(N,N,...,N)] = {0}.
Then (N,+) is an abelian group.

The following example shows that the restriction of 3-primeness imposed
on the hypotheses of Theorems 3.2 & 3.3 is not superfluous.

Example 3.2. Let @ be the usual ring of real quaternions and (Ss3,+)
be the symmetric group of degree 3. Let S = @ x S3. Define multiplica-
tion “«” in .S by (g1,p1) * (g2,p2) = (q1.92,0) for all (q1,p1), (g2,p2) € S,
where ‘.” is the usual multiplication of the ring ) and 0 stands for iden-
tity of group (Ss3,+). Then it can be easily seen that (S,+,%) is a dis-

tributive near-ring, where ‘4’ stands for componentwise addition. Con-
0
sider N = {<8 § %) | z,y,2,0 € S} . It can be easily seen that N is a zero-

symmetric left near-ring with regard to matrix addition and matrix multipli-
cation but not a 3-prime near-ring. Define D1, Dy : N X N X --- x N — N

n—times
respectively as
0 =1 1 0 z2 o 0 Zn yn
Dy 0 0 z2],10 0 2 |,....,[ 0 0 =z,
0O 0 O 0 0 O 0 0 O
0 0 xix9...29
=1 0 O 0 and
0 0 0
0 21 0 0 =2 yo 0 zn Yn
D2 0 0 Z1 N 0 0 Z9 , y 0 0 Zn
0 0 O 0O 0 O 0O 0 O
0 0 2179 ... 2n
=100 0
0 0 0
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It is easy to see that D; and Dy are nonzero n-derivations of V. If we take
Fy = Dy and F>, = Dy, then it can be easily verified that F; and Fb are
nonzero generalized n-derivations of N with associated nonzero n-derivations

00
Dy & Do of N respectively. Let U = {<8 9 §) | y,0 € S} . It is obvious that

U is a nonzero semigroup ideal of N. If we choose Uy =Us = --- =U, = U,
then we have the following:

(Z) Fl(l'l,{L'Q, ey xn)Dg (yl, Y, ..., yn) = —FQ (xl,a;g, cee ,l‘n)Dl (yl,yg, ceey
yn) for all x1,y1 € Uy; 22,92 € Us; ... Xy, yn € Uy, and

(13) [F1(Uy,Us,...,Up), Fo(Uy,Us,...,Up,)] = {0}. However, (N,+) is not
abelian.

Theorem 3.4. Let N be a 3-prime near-ring admitting a generalized n-
derivation F with associated n-derivation D of N. If K = {a € N |
[F(ui,ug,...,up),al = 0} for all uy € Uy,ug € Us,...,u, € Uy, where
Uy,Us, ..., U, are nonzero semigroup tdeals of N and d stands for the trace
of D, then a € K implies either a € Z or d(a) = 0.

Proof. Since a € K, by hypothesis we have
F(uy,ug,...,up)a = aF(up,ug, ... up) (3.4)

for all vy € Uy,ug € Us,...,u, € U,. Putting au; in place of u; in
the above equation and using Lemma 2.4 we get D(a,us,...,up)uia +
aF(uy,ug,...,up)a = aD(a,ug, ..., uy)u; + aaF (uy,us,...,u,). Using the
identity (3.4), we get D(a,us,...,up)uia = aD(a,ug,...,u,)u;. Now put-
ting uiv1, where v; € Uy for u; in the latter relation and using it again, we
have D(a,ug, ..., up)uilvi,al = 0. This gives us D(a, ug, ..., uy)Uila, 1] =
{0}. Application of Lemma 2.2 yields , either [a,v1] = 0 for all v; € U; or
D(a,ug,...,u,) = 0 for all ug € Us,...,u, € Uy,. If the first case holds,
then avy = wvia for all vy € Uj. In this case replacing vy by wvir, where
r € N in the latter relation and using it again, we obtain Ui[a,r] = {0}
i.e. UiNla,r] = {0}. As Uy # {0}, using the 3-primeness of N, we arrive
at a € Z. If the second case holds, then D(a,us,...,u,) = 0 for all us €
Usa,...,u, € U,. Replacing us by aug in the relation D(a,ug,...,u,) =0
and using this relation, we get D(a,a,us,...,u,)uz = 0. This implies that
D(a,a,us,...,u,)NUs = {0}. Since Uy # {0}, the 3-primeness of N yields
D(a,a,us,...,u,) = 0. Proceeding inductively finally we conclude that
D(a,a,a,...,a) =0 or d(a) =0. O

Corollary 3.4. ([3], Theorem 3.11) Let N be a 3-prime near-ring admitting
a generalized n-derivation F with associated n-derivation D of N. If K =
{a € N |[F(N,N,...,N),al ={0}} and d stands for the trace of D, then
a € K implies either a € Z or d(a) = 0.
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The following example justifies the existence of 3-primeness in the hy-
pothesis of the Theorem 3.4.
Example 3.3. Consider N, F}, D; and Uy = U,

discussed in the Example 3.2. Let us choose a =

e, =U, = U as
§> , where | = (gq,p)
and 0 # g € Q,p € S3. Then clearly a € N and it can be easily shown that

[F1(u1,u2, ... ,uy),a] = 0 for all uy € Uy,ug € Us,...,u, € U,. However
a ¢ Z and dy(a) # 0, where d; stands for the trace of D;.

VS
[evlenlen)
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