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A NOTE ON THE JACOBSON RADICAL OF A GRADED

RING

EMIL ILIĆ-GEORGIJEVIĆ

Abstract. We prove that J(Re) = Re∩J(R), where S is a cancellative
partial groupoid with idempotent e, R =

⊕
s∈S Rs an Artinian S-graded

ring inducing S, J(R) the Jacobson radical of R and J(Re) the Jacobson
radical of Re. We also prove that J(R) is nil if J(Re) is nil under certain
assumptions.

1. Introduction

According to [5, 6, 7], if ∆ is a partial groupoid, then a ring R =
⊕

δ∈∆Rδ,
where Rδ are additive subgroups of R, is called ∆-graded and we say that
R induces ∆ if and only if: i) RξRη ⊆ Rξη whenever ξη is defined, ii)
RξRη 6= {0} implies that the product ξη is defined. In that case, ∆ is called
the partial groupoid induced by R [5, 6, 7]. The set A =

⋃
δ∈∆Rδ is called the

homogeneous part of R and elements of A are called homogeneous elements of
R. The unique ξ ∈ ∆ for which 0 6= x ∈ A belongs to Rξ is called the degree
of x and is denoted by δ(x). A partial groupoid ∆ is called right cancellative
if ξζ = ηζ implies ξ = η. The notion of a left cancellative and cancellative
partial groupoid is clear enough. This notion of a graded ring is equivalent
to the notion of a graded ring given by M. Krasner in [8] (see also [1, 3, 9])
and in the sequel, by a graded ring we will mean precisely this. In case
when ∆ is a right (left) cancellative partial groupoid, we will, following M.
Krasner, say that a graded ring R is right (left) regular. It is clear that the
partial operation on ∆ can be made into an operation by simply associating
the degree to 0 from the set ∆ \ ∆∗, where ∆∗ = {δ ∈ ∆ | Rδ 6= {0}},
denote it also by 0, and by defining ξη := 0 for those ξ, η ∈ ∆ for which
RξRη = {0} (see e.g. [9]). A. V. Kelarev [6] provided us with the following
open problem:
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Question 1 ([6]). Is it true that, if ∆ is a finite cancellative partial groupoid
with idempotent e and R =

⊕
δ∈∆Rδ is a ∆-graded ring inducing ∆, then

J(Re) = Re ∩ J(R)?

Here we will answer this question affirmatively in case R is Artinian. More
precisely, we prove the following theorem.

Theorem 2. If ∆ is a cancellative partial groupoid with idempotent e and
R =

⊕
δ∈∆Rδ an Artinian ∆-graded ring inducing ∆, then J(Re) = Re ∩

J(R).

In this note, we will also consider the question of whether the Jacobson
radical of a graded ring is nil if the Jacobson radical of a homogeneous
component of an idempotent degree is nil, related to another problem posed
by A. V. Kelarev:

Question 3 ([6]). Is it true that, for every groupoid S and every S-graded
ring R satisfying a polynomial identity, if the radicals of subrings Re are nil
for all idempotents e in S, then the radical of R is nil?

Related to this, we deal with one more open problem which can be found
in [6], which asks whether a certain power of the Jacobson radical is con-
tained in the homogeneous Jacobson radical of a ∆-graded ring inducing ∆,
where ∆ is a finite cancellative partial groupoid.

2. Preliminaries

In this note, we will use techniques developed by E. Halberstadt in [2, 3]
for anneids [8], structures obtained from graded rings by restricting addition
and multiplication to their homogeneous parts. For more details on notions
presented in this section, one may also consult [9] and references therein
(particularly [1] and [3]) or [10, 13, 14]. If A is an anneid, it has a partial
addition since the sum of nonzero elements x, y ∈ A is a homogeneous
element if and only if δ(x) = δ(y) in which case we call them addable and
we write x#y. Multiplication is, however, defined everywhere, according to
the very definition of a graded ring. An anneid A can be linearized to a
graded ring A whose homogeneous part it is up to A-isomorphism. More
precisely, A =

⊕
a∈A∗ A(a), where A(a) = {x ∈ A | a#x}.

In order to deal with the Jacobson radical, we will also use the notion of
a graded module in the sense of M. Krasner [9, 10]. Let R =

⊕
δ∈∆Rδ be

a graded ring, M =
⊕

d∈DMd a commutative graded group, and let M be
a right R-module with external multiplication (a, x)→ ax (a ∈ R, x ∈M).
M is a right graded R-module if

(∀ξ ∈ ∆)(∀s ∈ D)(∃t ∈ D) MsRξ ⊆Mt.
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The degree of an element 0 6= x ∈
⋃
d∈DMd will be denoted by d(x). If

a is a homogeneous element of R and x a homogeneous element of M such
that xa 6= 0, then d(xa) depends only on d(x) and δ(a). If d ∈ D and δ ∈ ∆,
then, if MdRδ 6= {0}, there exist x ∈ Md and a ∈ Rδ such that xa 6= 0 and
then, we define dδ to be d(xa). Regular graded modules are defined similarly
to regular graded rings (see e.g. [9]).

If M is a graded R-module, then, we may observe its homogeneous part
N with partial addition induced from that of M, and external multiplication
N × A → N, where A is the homogeneous part of R. Then N is called the
right moduloid over the anneid A (see e.g. [9]). A nonempty subset N ′ of an
A-moduloid N (right) is called a submoduloid if it is itself an A-moduloid.
A right (left) ideal of an anneid A is a submoduloid of A regarded as a right
(left) moduloid over itself. A nonempty subset of an anneid which is both
left and right ideal is called an ideal. A right A-moduloid N is called regular
[1, 3, 9] if 0 6= xa#xb 6= 0 implies a#b, a, b ∈ A, x ∈ N. An anneid is called
right (left) regular if it is regular as a right (left) moduloid over itself. An
anneid is called regular [1, 3, 9] if it is both left and right regular.

Definition 4 ([3]). An A-moduloid M is called irreducible if MA is nonzero
and if M has no proper submoduloids.

Definition 5 ([2, 3]). The Jacobson radical J(A) of an anneid A is the
intersection of annihilators of all irreducible regular A-moduloids. Intersec-
tion of annihilators of all irreducible A-moduloids which are not necessarily
regular is called the large Jacobson radical, and is denoted by Jl(A).

Remark 6. E. Halberstadt [2, 3] proved that J(A) and Jl(A) coincide
when A is an Artinian regular anneid, where an anneid is called Artinian if
it satisfies the descending chain condition on ideals.

3. Main results

The key result in proving Theorem 2 is the following result due to E.
Halberstadt [2, 3].

Theorem 7 ([2, 3]). Let R =
⊕

δ∈∆Rδ be a regular graded ring and let e
be an idempotent of ∆∗. Then J(Re) = Re ∩ J(A), where A =

⋃
δ∈∆Rδ is

the corresponding anneid.

We now set off to prove Theorem 2 by proving its reformulation.

Theorem 8. Let R =
⊕

δ∈∆Rδ be an Artinian regular graded ring. If
e ∈ ∆∗ is an idempotent, then J(Re) = Re ∩ J(R).

Proof. It is clear that Re ∩ J(R) ⊆ J(Re) (cf. [4]). It is known [3] that
Jl(A) ⊆ J(R), which follows from the simple observation that if M is an
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irreducible R-module, then M may also be viewed as an irreducible A-
moduloid. However, since R is Artinian, A is Artinian as well, and according
to Remark 6, we have that J(A) = Jl(A). Now, if x ∈ J(Re) does not belong
to J(R), then, since J(A) = Jl(A) ⊆ J(R), it certainly does not belong to
J(A) which yields a contradiction to Theorem 7. �

Whether the Jacobson radical of a G-graded ring R is nil respectively
nilpotent when Jacobson radicals of Re are nil resp. nilpotent, where e is an
idempotent, is a question investigated by many authors in cases of G being a
group or various types of semigroups (see [6] and references therein). In the
case of anneids, it is known that the Jacobson radical J(A) of an Artinian
regular anneid is nilpotent [3]. We investigate nilness rather than nilpotency
and we will make use of the following result.

Theorem 9 ([2, 3]). Let A be a regular anneid and a ∈ Jl(A). Then there
exists a natural number n such that the degree e of an is an idempotent.
Moreover, an ∈ J(Re).

Lemma 10. Let A be a regular anneid. If J(Re) is nil for every idempotent
e ∈ ∆∗, then the large Jacobson radical Jl(A) of an anneid A is nil.

Proof. Let a ∈ Jl(A). We know, by Theorem 9, that then there exists a
natural number n such that the degree, say e, of an is an idempotent and
an ∈ J(Re). However, J(Re) is by assumption nil, and so there exists a nat-
ural number m such that (an)m = 0, that is, a is nilpotent, which concludes
the proof. �

Lemma 11. If M =
⊕

d∈DMd is a regular graded irreducible R-module,
where R =

⊕
δ∈∆Rδ is a regular graded ring, then for all d ∈ D there exists

an idempotent e ∈ ∆∗ such that Md is an irreducible Re-module.

Proof. Since every nonzero homogeneous element of M is a generator of M,
it follows that xA = N, for every 0 6= x ∈ N [3], where A is the corresponding
anneid of a graded ring R and N the corresponding A-moduloid of a graded
R-module M. Then, if 0 6= x ∈ N, since N is regular, there exists a ∈ A such
that xa = x and hence d(x)δ(a) = d(xa) = d(x) and moreover, e = δ(a) is an
idempotent [3]. We thus have xRe = Md(x), that is, Md(x) is an irreducible
Re-module. �

Theorem 12. Let ∆ be a nonempty set and R =
⊕

δ∈∆Rδ a regular graded
PI-ring with finite support of cardinality, say n, with no more than one
nonzero idempotent degree, and let J(A) = Jl(A), where A is the corre-
sponding anneid of R. If J(Re) is nil for an idempotent e ∈ ∆∗, then the
Jacobson radical J(R) of a ring R is nil.
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Proof. It is enough to prove that (J(R))n ⊆ Jl(A), where A =
⋃
δ∈∆Rδ. In-

deed, if x ∈ J(R), then we would have xn ∈ Jl(A) and Jl(A) is nil according
to Lemma 10 and [12], Theorem 1.6.36, since R is a PI-ring by assump-
tion. Let M be a regular graded irreducible R-module. Then, according
to Lemma 11 and our assumption on the number of nonzero idempotents,
there exists the unique nonzero idempotent e ∈ ∆∗ such that M is the direct
sum of irreducible Re-modules. Now, following the arguments of Corollary
2.9.4 in [11], we obtain that the length of an R-module M is ≤ n, which
yields the desired inclusion, since, by assumption, J(A) = Jl(A), and hence

their linearizations also coincide, i.e. J(A) = Jl(A). �

Graded ring satisfying assumptions of Theorem 12 exists, as the following
example shows.

Example 13. Let R be a Jacobson PI-ring. Then

B =

(
R R
0 R

)
=

(
R 0
0 R

)
⊕
(

0 R
0 0

)
is a PI-ring, with respect to matrix addition and multiplication, and is reg-
ularly graded in Krasner’s sense. Let us denote by A its homogeneous part.
According to Halberstadt [2, 3], the Jacobson radical of a regular anneid A
is

J(A) = {x ∈ A | xA ∩Ae ⊆ J(Ae) for all idempotents e ∈ ∆∗}.
In our case, since J(R) = R, and since the grading set of B has exactly one

nonzero idempotent, corresponding to
(
R 0
0 R

)
, we have J(A) = A. On the

other hand, the large Jacobson radical Jl(A) of an anneid A equals J(A)∩A
[2, 3]. Thus, in our case,

Jl(A) = J(B) ∩A

=

(
J(R) J(R)

0 J(R)

)
∩A = A.

Hence, J(A) = Jl(A). Therefore, all assumptions of Theorem 12 are satisfied,
and so, if J

(
R 0
0 R

)
=
(
R 0
0 R

)
is nil, then J(B) = B is nil.
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