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QUASI-ASYMPTOTIC BEHAVIOR AT INFINITY OF
TEMPERED OPERATORS

DENNIS NEMZER

ABSTRACT. A subspace of Mikusiriski operators, which was introduced
by K. Yosida, is used to investigate quasi-asymptotic behavior at infinity
in one dimension.

1. INTRODUCTION

Asymptotic behavior of functions as well as generalized functions have
been found to be useful in applications in different areas such as differential
equations, integral transforms, and quantum physics, to name a few.

Quasi-asymptotic behavior of Schwartz distributions was introduced in
the early 1970s by Zav'yalov [12] and investigated by Vladimirov, Drozhzhi-
nov and Zav’yalov (see [10] and references in [5]). More recently, Pilipovié,
Stankovié¢, Vindas and others have continued the investigation. For an ex-
cellent account of quasi-asymptotic behavior of distributions, the reader is
referred to [5], which includes an extensive bibliography. See also Vindas
( [8], [9]) for structural properties of the quasi-asymptotic behavior of dis-
tributions.

Another approach to generalized functions is Mikusinski’s operational cal-
culus [3]. The ring of continuous complex-valued functions on the real line
which vanish on (—o0,0), denoted by C(R), with addition and convolution
has no zero divisors by Titchmarch’s theorem. The quotient field of C (R)
is called the field of Mikusinski operators.

Yosida [11] constructed a space M in order to provide a simplified version
for Mikusinski’s operational calculus without using Titchmarch’s convolu-
tion theorem. Even though the space M does not span the full space of
Mikusinski operators, it contains many of the important operators such as
the fractional differential operators, which are useful for applications.
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In this note, we study the notion of quasi-asymptotic behavior at infinity
on a subspace of M called tempered operators.

This paper is organized as follows. In Section 2, the space of tempered
operators is introduced. The notion of quasi-asymptotic behavior at infinity
of a tempered operator is investigated in Section 3. As an application, a
final value theorem for the Stieltjes transform is presented in Section 4. In
the last section, Section 5, the space of tempered operators with a sequential
convergence is shown to be isomorphic to the space of tempered distributions
supported on [0, c0) with tempered convergence.

2. THE SPACE OF TEMPERED OPERATORS

Let C+ (R) denote the space of all continuous functions on R which vanish
on the interval (—o0,0).
For f,g € CL(R), the convolution is given by

(f * o)z /fﬂ:—t

The space of tempered functions supported on [0, 00) will be denoted by
C' (R). That is, f € Ct (R) provided f € C;(R) and there exists m € N
such that f(z)z~™ is bounded as z — oo.

Notice that for f,g € C%_(R), then f + g, f * g € C.(R).

Let H denote the Heaviside function. That is, H(z) = 1 for x > 0 and
zero otherwise. For each n € N, we denote by H" the function H - --x H,
where H is repeated n times.

For k=1,2,...

Mk:{kj;k : feCfr(R)}.

Definition 2.1. Let k € Nand W,,, W € M, n € N. The sequence {Wy,}
converges to W in My, denoted W,, — W in My, provided W,, = Hk and

W = ﬁ such that for some m € N,

fn(x) = f(2)

sup 1+ am

>0

The space of tempered operators M7 is defined as a countable union
space. That is,
o0
= J M.
k=1

Two elements of M7 are equal, denoted ]f
H" x g.

£, if and only if H™x f =
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Clearly, My C Mgi1, k € N. Now, let k € N and W,,, W € My (n € N)

such that W,, - W in My. Then, W,, = J{I’; and W = 27 with % —
0 uniformly as n — oo (for some m € N).
Now, there exists M > 0 such that
(H = (Gu= D@ _ 3y o ala) = f@)| % _do
1+ amt2 2>0 1+ am o 1+ a2

Since W, Z,ﬁf{ (neN)and W = Hkﬂ , the above shows that W,, — W
in Mk+1.

Definition 2.2. Let W,,,W € M7, n € N. The sequence {W, } converges
to W in M7, denoted M"- lim W, = W , provided there exists k¥ € N such

n—o0

that W,,, W € My, for all n € N, and W,, — W in M.

Let a € C and Jk, = € M". Then with scalar multiplication, addition,
and multiplication (convolution) as follows, M7 is an algebra with identity

2
5= %
(1) g = 5
H"s f+HFx
(2) & + g = LR
(3) 5 * = =

Let f € C%.(R). Then, Wy = Hljf € M7. Therefore, C’ (R) can be
identified with a subspace of MT.

The generalized derivative and multiplication by
lows. Let W = Hk € M”. Then,

tt 9

are defined as fol-

(1) W = Hk+n ,form=1,2,.
(2) xW—JCfHM(k‘ZQ) and z" W::v(:n”_lVV),n:Q,?),....

Remarks 2.3.
(1) The above definitions are well-defined.
(2) Requiring that £ > 2 in the definition of W is not a limitation.
Indeed, I}T;f
(3) If f, f/ S Ct ( ), then W} = Wf/.
(4) If fe Ci(R), then Wy = Wpy.

As the next theorem shows, convolution is a continuous operator on MT.

Theorem 2.4. LetV € MT. The mapping M™ — M7 given by W — WV
18 continuous.
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Proof. Suppose M- li_>m W, = W. Then there exist k,m € Nand f,, f,g €
C4(R) (n € N) such that W,, = %, W = %, and V = % with
sup fn(@) — f(2)
>0 1+ a™

Now, there exist M > 0 and ¢ € N such that for all n € N,

— 0 as n — oo.

fo(z) — f(2) /°° dt
y — <M (1 a ——, for all z.
’((f f)*g)(.%')‘_ iglg 14+ gm ( +.’IJ) 0 1—|—t2 orall x
Therefore, for all n € N,
((fn = 1) *9)(@) < A sup M , for all x and some A > 0.
1+ x4 >0 1+ zm
Thus, M"- 1i_>m WpxV=W=xV. O

Since W™ = W % 6™ for all W € M™ and n € N, the previous theorem
shows that differentiation is a continuous operation on M.

Let W = 25 € My. For A > 0, define W(Az) = 5 50) (W)\ = %)

Hk A

Definition 2.5. A tempered operator W = % is said to wvanish on an
open interval (a,b), denoted W(z) = 0 on (a,b), provided there exists a
polynomial p with degree at most k — 1 such that f(z) = p(x) for a < z < b.
The support of a tempered operator W, denoted supp W, is the complement
of the largest open set on which W vanishes.

Theorem 2.6. Let W € My, (for some k € N) such that supp W is bounded.
Then, there exist & € C and m € NU {0} with m < k — 1 such that

M- lim X" (Az) = €60,
A—00

Proof. Let W = % such that supp W is bounded. Without loss of gener-

ality, assume that k > 2. Now, there exist ag,a1,...,ax-1 € C and b > 0
such that
k—1 ‘
flx) = Zajxj, for x > b.
j=0
Thus,
k—1 '
fl@)=g(x)+ ) a;al,
j=0

where g € C(R) and g(x) =0, for = > b.
Case 1. Assume that there exists £ € {1,2,...,k — 1} such that a; # 0 and
aj =0,for j=0+1,..., k-1
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Then, there exists a positive constant M such that
A () — apat

1421
Let m=k—/¢—1. Then 0 <m <k —1, and

AREL £ () B Af(x)
Hk - Hk

M
< R for all z > 0 and A > 1. (2.1)

A () = (2.2)

Thus, by (2.1) and (2.2),
M- lim AW (Az) = a6,

A—00

Case 2. Assume that a; =0, for j =1,2,...,k — 1.
Subcase 1. Suppose that {g(\-)} converges uniformly on [0, 00) as A — oo.
Let m=Fk - 1.

AR £(\z) = g(Ax) + ag — ag uniformly on [0, 00) as A — co.

Thus,
M- lim AN () = ags™.

A—00

Subcase 2. Suppose that {g(A-)} does not converge uniformly on [0, c0)
as A — oo.

Now, since ¢ is continuous and g(xz) = 0 on (b, 00), there exists M; > 0
such that |g(Az)| < My, for all A and = > 0.

Thus,

M:
A () = A g(M) +ao] < S — 0 as A oo,

where My = M + |ao|.
Let m = 0. Then,

A—k+1f(Ax).

A (Ag) = T

The above yields,
M7= lim AP (Az) = 060,
A—00

Corollary 2.7. Let W € M. If the support of W is bounded, then
M™- lim W(Ax) = 0.
A—00
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3. QUASI-ASYMPTOTIC BEHAVIOR AT INFINITY

A real-valued function L(x) is slowly varying at infinity [6], if it is positive,
measurable on [a,c0) for some a > 0, and such that for each A\ > 0,

L\
lim (Az)

=1.
2—00 L(m)

The following properties are well-known.

(1) For each > 0, 2*L(z) — o0 as x — oo, and z~“L(x) — 0 as

T — 00.
(2) Let 0 < a < b < oo. Then,
i) LL((/\;E)) — 1 uniformly on [a, b] as A — cc.

ii) L is bounded and integrable on [a, b].

Unless otherwise stated o € R and L will denote a slowly varying function.
Let W € M"™. Then, W is said to have quasi-asymptotic behavior at
infinity related to X*L(\) provided there exists V' € M7 such that

W (Ax)

M- i ey ©

This will be denoted W < V' at infinity related to A*L(\).

Foro > 0,let ¢, (z) = H(z)z?. Then, for « > —1, let Q441 = ﬁ 6?17
and fora < —-land a+n >0, Oq41 = meiﬁn'

Notice, for n = 0,1,2,..., that ©_,, = 6. In particular, ©g = ¢ and
©_; = ¢'. Thus for 0 < f < 1, ©_p can be interpreted as the fractional
differential operator of order j.

Examples 3.1.

(1) Let W, = H;f*, where p is a polynomial with degree m and p4 (x) =
H(z)p(xz). Then, W), has quasi-asymptotic behavior at infinity re-
lated to A™.

(2) Let W € M™ such that W has bounded support. By Theorem 2.6,
W has quasi-asymptotic behavior at infinity related to A~ (m+1).

3) For all « € R, O,41 has quasi-asymptotic behavior at infinity related
+ Y y
to A%

(4) H(z)e'* L ja=1§ at infinity related to A1 (a # 0).

(For H(x)e" L ia~1§ with quasi-asymptotics in S'(R), the space
of tempered distributions, see [7], p.524.)

Let f(z) = H(z)e". Then Wy = H;I”;f = 45, where g(z) =

: . _ D . _1H2
—a"2e" 4 jg e + a2, for >0, and ia"'6 = ia 1%.
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(1)
(2)

Proof.
(1) Follows from definitions.

(2) Let W = 3 and V = . Since W AV at infinity related to A*L()),

Now with m = 0, for all A and = > 0,
A tg(\r) —ia~lz
14 am

— (2&2)\)_1 ‘1 _ eia)\a:

<

a2\
Therefore,
W; <L ia715 at infinity related to AL

Let 8> 0 and L(\) =log’ A for A > e and L(\) =1for 0 <\ <e.
Let « > —1 and f € L}OC(R) such that suppf C [B,o0), B > 0,

f(z)
2 L(x)

as © — 00). Then, W has quasi-asymptotic behavior at infinity
related to A*L(X). More precisely, Wy N W, at infinity related to
A*L(X), where g(x) = x5 .

To see this, let ®(\, z) = 1”3:;; <(O(‘;\r;))a(ﬁ*g())(\if) LL((’\;)) - 1) and
m > a+ 3. )

Given € > 0. Let 0 < 1 < (g)o+T.
Case 1. For 0 < z < x3.
There exists A > 0 (independent of ) such that for all A > zy,
|P(\, z)| < Ae.

Now there exists xg > 1 such that for all x > z, ﬁ% <E.

Case 2. For x > xg.
There exists C' > 0 (independent of €) such that for all A, |®(A, z)| <
Ce.

Case 8. For z1 < x < x.

— 1

and f(z) ~ x*L(z) as * — oo in the usual sense (i.e.

Using the fact that limy_, % = 1 uniformly on [x7, z¢] and that

% — 1 as ¢ — oo, there exists A\g > 0 such that for all

A >N, [P\, z)| <e.
Thus, Wy L W, at infinity related to A*L()\) follows.

Properties 3.2. Let n € Nand W e M7. It W L V at infinity related to
AYL(A), then

W Ly at infinity related to A "L(\).
"W L 2"V at infinity related to A>T L(\).

AQJ:SI?EEA) - g(ﬂl’)

1+azm

— 0 uniformly as A — oc. (3.1)
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Now, there exist positive constants M, M;, and Ms such that for x > 0

Az Az
/\aJ:—(kLz)\) - (J") )\a]:-(kLg)\) - (1’) (3 2)
1+xm+2 — 1+xm :
and,
Az
H+ (555555 - 9()) </x g — 90|
1+xm+2 — 0 1+tm+2
N A (t) o JAC )N ®)
PCERTAON! g 1 XaeTEL () g
<M —— | dt + M: — | ——————|dt. (3.3
= 1A 1+ tm * QAth 1+ tm (33)

By (3.1), (3.2), and (3.3), it follows

LOGITHIL0N — (ag(a) - (RH *9)(@)

— 0 uniformly as A — oo.

1+ gm+2
That is,
W A 2V at infinity related to A*T1L(\).
By using an inductive argument, the result follows. O

Theorem 3.3. Let U, W, Vi, Vo € M7 such that W < V; at infinity related
to A*L1(A) and U L Vs at infinity related to )\BLQ()\). Then, WU LV xVy
at infinity related to AN TPTY(LyLa)(N).

Proof. Let m e N, W = %, U=+ V1= %, and Vo = % such that

Ar
Aa-{iih)@) — hi(x)

Lo — 0 uniformly as A — oo (3.4)

and,
g(Azx) —h (
2(x)
ML) — 0 uniformly as A — occ. (3.5)

14 2™

Notice that
(f * g)(Az)
)\a+5+2k+1L1()\)L2()\) - (hl * hZ)(l‘)

|Gt ) et @ (et ) o0
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Now, there exist n € N and positive constants A, B and Ay such that for
all A > X and z > 0,

™ (et =) * o) ©

AT
< Ai;% )\Oé{:l(le)(/\) — hi(x)] (3.7)
and
'(1 + x")*l |:()\,8+l.cg22()\) — h2> * h1:| (.’L’)
< Big% )\53‘("3)\1}?()\) — ha(z)|. (3.8)

Multiplying both sides of (3.6) by (1+2")~! and using (3.4), (3.5), (3.7),
and (3.8), the conclusion follows. O

As the next theorem shows, quasi-asymptotic behavior at infinity is a
local property provided a > —1.

Theorem 3.4. Let W,V,U € M™ and a > —1. If W L V at infinity related
to A*L(A) and W (x) = U(z) on (b,00) for some b > 0 (i.e. W —U wvanishes
on (b,00)), then U 2V at infinity related to X*L()).

Proof. Let W = %, U= Fr,and V = % Since W(x) = U(z) on (b, c0),
f(z) = g(x) + p(x) for = > b, (3.9)

where p is a polynomial with deg p < k — 1.
Also, W 2 V at infinity related to A*L()) implies there exists m € N
such that

Ty — h(@)
ATTLR) — 0 uniformly as A — oo. (3.10)
14a2m
By (3.9) there exists F' € C(R) with F(z) =0 for > b such that
f—g9g=F+p on (—o0,0). (3.11)

Now, let n = max{m, k — 1}. Then there exist positive constants A and
B such that
F(\z)
NoFEL(N) A

14+an | = AthkL(N)’

(3.12)
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and,
p(Az)
ALY B (3.13)
T4+am | = AtIL(N)’ '
for all z > 0 and A > 1.
By (3.10), (3.11), (3.12), and (3.13),
grz) h(z)
AL — 0 uniformly as A — co.
14 zn
Thus U < V at infinity related to A*L(\). O

Remark 3.5. It is easily verified that § ~ § at infinity related to A1
and &' L ¢’ at infinity related to A™2. Since §(x) = &(z) on (0, 00), quasi-
asymptotic behavior at infinity is not necessarily a local property for a < —1.

4. THE STIELTJES TRANSFORM

In this section, as an application, an Abelian theorem of the final type
for the Stieltjes transform is given.

Let r > —1 and f € L} (R) such that suppf C [0,00) and f(z)x "¢ is
bounded as © — oo for some € > 0. Then, the Stieltjes transform of index

r of f is given by
STf = / 7‘]0(%.) dz, z € C\(—OO O].
: o (z42)rtt ’

ForreRand k=1,2,...

Mk(r):{}f; . f € CL(R), f(z)z "% is bdd as & — oo for some 5>O}

and

M(r) = | Ma(r).
k=1

Let r > —1 and W € M(r). That is, W = % € My(r), for some k € N.
The Stieltjes transform of index r of W is defined by

AQV:U+1MA @Hﬁ?MHd%zGCV—mﬂL

D(r+k+1)
T(r+1)

where (r + 1), =
function.
Notice that ATW = (r + 1),S5 T+ f.

Properties 4.1. [4]. Let W = % € M(r). Then for r > —1 and z €
C\(—00, 0],

=(r+1)(r+2)...(r+k) and I' is the gamma
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1) AZW is an analytic function.
2) ALtW =AL, W, c>0and 7.W = E{, Tef(x) = f(x —¢).

(1)
(2)
(3) ATW™) = (r + 1), AW, m = 1,2, ...
(4)
(5)

4 jZ:qATW ( ) (T+1)mA;+mW: (_1)mAgw(m)’m: 1,2,...
5) ATH (W) = ATW — 2ATH1TY.

Recall, for ¢ > 0, let {,(x) = H(x)z?. Then, for o > —1, let Oq4y1 =

1 Zchrl 1 €a+n
oo o ,and for a < —l and a+n >0, On41 = TasnsD) Hr

Theorem 4.2. Final Value Theorem. Let o € R andr > —1, r > «. If

W e M(r) and W A (Ount+1 (€ #0) at infinity related to \*, then

C(r+1)z""*ALW
I'(r—a)

lim
Z— 00
larg z| < <m/2

= (.

Proof. Let n,m € N such that a +n >0, W = % € M(r), and

mv—1 | f(Az) £
ig%(lﬂ ) atn _F(a+n+1)

losn(z)] = 0as A —oo. (4.1)

Since W € M(r), f € S\ (R). By (4.1), it follows that
) 3

. /
\a+n - F(O[—l—’rl—l— 1) ga—l—n(«r) —0in S (R) as A — oo.

Thus,

§

i TatniD lo+p at infinity related to A*™" (in S'(R)).
By using the Abelian theorem for &' (R) [7] with a + n for o and r + n for

r, it follows that

ZOT(r+n+1)SIf
I'(r—a) =¢

lim
Famde el
|arg z|<y<m/2

The result follows by observing
AW = (r+1),8.t"f.
O

Remark 4.3. By using the results in [7], the Final Value theorem does not
require o > —1, which is stated as a requirement in several Final Value
theorems.
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5. TEMPERED DISTRIBUTIONS

In [1], the notion of tempered convergence was introduced and found to
be useful in developing distribution theory using the sequential approach.

In this section, we show that the space M7with the sequential convergence
defined in Section 2 is isomorphic to the space of tempered distributions
supported on [0, c0) with tempered convergence.

Let D'(R) denote the space of distributions on R. The kth tempered
derivative of a distribution F is given by DFF = e=#*/4Dk(¢**/4F), where
D¥ is the kth order distributional derivative

A distribution F is said to be tempered if there exists a square integrable
function f such that

DFf = F, for some k € N.

A sequence of tempered distributions {F,} is tempered convergent to a

distribution F', denoted F, BN F, if there exist square integrable functions
fn, f such that

Dff,=F, DFf=F, for some k € N, and

/°° | fr(x) — f(:):)|2dac —0asn— o0.

The space of all tempered distributions will be denoted by S'(R).
Let S’ (R) denote the subspace of S'(R) for which elements are supported
on the interval [0, c0).

We will use the following theorems to show that the space M7 is isomor-
phic to &’ (R) with tempered convergence.

Theorem 5.1. [1]. A distribution F is tempered iff there exist k,r € N and
a continuous function g such that

Dkg =F and 7 i(T;’r 1s bounded.

Theorem 5.2. [1]. F, L Fin S'(R) iff there exist k,r € N and gn,g €
C(R) such that

(1) Dkg, = F,, D¥g=F.
(2) gn(2) uniformly bounded.

1+|z|”
(i.e. there exists M > 0 such that for all n € N, fjr"(;')r < M, for
allz € R.)

(3) gn(2)—g(z)

TR 0 uniformly on R as n — oo.
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Define the mapping ¥ : M™ — S’ (R) by ¥ (%) = DFkf.

The space M7 is not only algebraically isomorphic to the space S/ (R),
their convergence structures are also isomorphic.
Let W,V € M™ and «, 8 € C. Then, the following are easily verified.
1. ¥(aW 4 V) = oV (W) + ¥ (V), and
2. Y(W V) =U(W)xW¥(V), where convolution on the right-hand side
is taken in D'(R).
It is also routine to show that ¥ is well-defined, injective, and continuous.
To show that W is surjective, let F' € S, (R). By Theorem 5.1, there exist
k,r € N and g € C(R) such that

9()

1+ |x|”

Since supp F C [0,00), D¥g = 0 on (—o0,0).

Thus, there exists a polynomial p such that degp < k — 1 and g(x) =
p(z), x < 0.

Let f(z) = g(z) — p(x),z € R..
Then, f € C(R), % is bounded, D* f = D¥(g —p) = F, and supp f C
[0,00). Therefore, e M™ and U (%) = DFf = F. That is, ¥ is

surjective.
Now to show that the inverse map is continuous, let F,, F' € S/ (R)

(n € N) such that F,, % F. Thus,

D¥g=F and is bounded.

supp F,, C [0,00), supp F C [0,00). (5.1)
By Theorem 5.2, there exist k,r7 € N and g,,,g9 € C(R) (n € N) such that
D¥g, =F,, DFg=F (5.2)
1gi(|x)|r is uniformly bounded, and
x
W — 0 uniformly on R as n — oo. (5.3)
€T T

By (5.1) and (5.2), for all n € N,
D¥g, =0 on (—00,0) and D¥g =0 on (—o0,0).

Thus, for each n € N, there exist a,,j € C (j = 0,1,2,...,k — 1) such
that
gn(l') = pn(l') =apot+ a1+ -+ an,k—lxk_l L2 <0

and,
Bj€C(j=0,1,2,...,k — 1) such that
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g(x) =p(x) = Bo+ Bz + -+ Be_12" ', = <0.
It follows from (5.3), for each 0 < j < k — 1,
Qp,j — B as n — oo.

Now, for each n € N, define

fn(x) = gn(l‘) —pn(x), and
f(z) =g(z) —p(z), z €R.
Then, for each n € N, f,, f € C+(R), 1Jfrx(\f)+k and Hﬁka are bounded.

AISO, In(z)—f(x)

T+[z["FF
Now, for each n € N,

— 0 uniformly on R as n — oo.

Dkfn = Dk(gn *pn) = F,, and
D*f=D"g—p)=F.

For each n € N, let

In and W = i

Wn =1k L

Then, for each n € N,

Wy, W € M™ and U(W,,) = F,,, ¥(W) = F, and

M7= lim W, = W.
n—oo

Thus, the inverse map is continuous.

Therefore, the algebraic structures as well as the convergence structures
of the spaces M7” and S’ (R) are isomorphic.

Notice that W(Wy) = (¥(W)),. It follows that if W € M” has quasi-
asymptotic behavior at infinity related to A“L(A), then, using weak con-
vergence in S8'(R), W(W) has quasi-asymptotic behavior at infinity related
to A*L(\). The converse remains open. That is, using weak convergence
in S'(R), if F € S (R) has quasi-asymptotic behavior at infinity related
to A*L()), is it necessarily true that ¥~!(F) € M7 has quasi-asymptotic
behavior at infinity related to A*L(\)?
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