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A NEW HYBRID CYCLIC ALGORITHM FOR TWO
FINITE FAMILIES OF STRICTLY ASYMPTOTICALLY
PSEUDOCONTRACTIVE MAPPINGS

B. S. THAKUR, R. DEWANGAN AND M. S. KHAN

ABSTRACT. The purpose of this paper is to propose a new hybrid cyclic
algorithm for two finite families of strictly asymptotically pseudocon-
tractive mappings and to establish a strong convergence theorem to
approximate common fixed point. The main result of the paper is an
improvement and generalization of the well known corresponding results.
It also provides an affirmative answer to an interesting problem raised
by Marino and Xu [Weak and strong convergence theorem for s-strict
pseudo-contractions in Hilbert spaces, J. Math. Anal. Appl. 329 (2007),
336-349].

1. INTRODUCTION

Let C be a closed convex subset of a real Hilbert space H. A mapping
T : C — C is said to be nonexpansive, if ||Tz — Ty|| < ||z —y||, for all
x,y € C. It is said to be A-strictly pseudocontractive, if there exists constant
A € (0,1), such that | Tz — Ty||* < ||z — y|*+ A[|(z — T) — (y — Ty)||” for
all x,y € C.

A mapping T : C — C is said to be A—strictly asymptotically pseudo-
contractive [10], if there exist a sequence {ky,} C [1,00) with lim,, 0 ky, =1
such that

1Tz = Ty|* < K [|lz = yl* + Ml(z = T"2) = (y = T"y)|”

for some \ € (0,1), for all x,y € C and n > 1.

In recent years iterative methods for obtaining fixed point of nonexpansive
mappings have been extensively investigated, see [4,7,17,19,21] and refer-
ences therein. Iterative methods for strictly pseudocontractive mappings
have also been developed sidewise. Following iterative algorithms have been
often used for this purpose.
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Parallel algorithm : Generate a sequence {x,} in C' by the recursive
formula

Tng1 = pxn + (1 —ap)Tx,, n>0,
where the initial guess xg is taken in C arbitrarily and the real control
sequence {ay,} is in the interval (0,1). This algorithm is known as Mann’s
algorithm [11].
Cyclic algorithm : Let N be a positive integer and {Tz}f\:Ol be a N-strict
pseudocontractive mapping defined on a closed convex subset C' of a Hilbert
space H.

Define a sequence {x,} cyclically by beginning with an arbitrary zg in C

and

x1 = oz + (1 — ap)Tozo,

ro =a1r1 + (1 — )Tz,

ry =an_1on-1 + (1 —ay_1)Ty-12N-1,

IN4+1 = ONIN + (1 — aN)TOxN,

In a more compact form, z,41 can be written as
Tp+l = QpTp + (1 - an>T[n}xn
where Tj,,) =T; with i =n mod N, 0 <7< N —1. This algorithm is given
by Acedo and Xu [1] for strict pseudo-contractions.

However, the convergence of the above algorithms can only be weak in
an infinite-dimensional space (see [2] and [3]). So in order to have strong
convergence, one must modify these algorithms. Some modifications have
recently been obtained (see [7,8,13,18,20,21]).

Marino and Xu [12] proposed modification in Mann’s algorithm for A-
strict pseudocontractive mapping defined as below :

xg € C' chosen arbitrarily,

Yn = anTp + (1 — ap)Txy,

Co= {2 € C: g — 2P < an — 212+ (1 = an) (A — @) [0 — T2},
Qn ={z € C;(xn — 2,20 — 2n) 2 0},

Tni1 = Pe,ng,To-

(1.1)

where Px denotes the metric projection from H onto a closed convex subset
K of H.
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They proved that the sequence {x,} converges strongly to Ppxg, where F
is the fixed point set of 7. They [12] also posed following problem:

Problem 1. How can an algorithm similar to (1.1) be constructed for
asymptotically A-strict pseudocontractive mapping by using the Ishikawa
algorithm (see [6]) which has strong convergence without assuming com-
pactness of C' 7

In 2007, Thakur [20] extended the idea of Marino and Xu [12] to asymptot-
ically strict pseudo-contractive mappings and proved a strong convergence
theorem.

More recently, Qin et al. [16] proposed a modification of the cyclic al-
gorithm for a finite family of asymptotically A-strictly pseudocontractive
mappings as below:

Let C be a closed convex subset of a real Hilbert space H, and for each
1 < i < N, T; be an asymptotically A-strict pseudocontractive mapping of
C' into itself with F = ﬂi\i1 F(T;) is nonempty and bounded, let zy € C.
For C1 = C, x1 = P,z define {x,} as follows

( h(n)

Yn—1 = Qp—1Tp—1 + (1 - an—l)j—;(n) Tn—1

Co1 = {v € Ct Jyno1 = vl < ot — v

h(n) 2
+ [()\ - Oénfl)(l - O‘nfl)] ‘ Tz(n) Tp—1 — Tp—1 H +0n—1

Qn-1={veC;{xog — xp_1,2n—1 —v) > 0},
rn = Pc,_nQ._1T0-, n €N

(1.2)
where 6,_1(1— an)(ki(n) —1)p2_; = 0asn — oo, where p2_; = sup{||z,_1
v|| : v € F}. They further proved that the sequence {z,,} converges strongly
to 20 = Pp()@o. This gives rise to the question that we are concerned with:

Question 1. Is it possible to define a hybrid cyclic algorithm which con-
verges to a common fixed point of two finite families of asymptotically A-
strictly pseudocontractive mappings ?

In 2011, Zhang [22] gave an affirmative solution to the problem 1 by
proving the strong convergence of the iterative sequence:



208 B. S. THAKUR, R. DEWANGAN AND M. S. KHAN

( x9 € C chosen arbitrarily,

Yn = QnZp + (1 — an) 17 20,

zn = Pran + (1 = Bn) T3 2,

Crn={v€C: |lyn —v[” <20 — v[|* + O, (1.3)
Qn={veC:|lzn—v|® < ||z = vl* + 7,

Sp=A{v e C;{xy —v,x9 — zp) > 0},

Tn+1 = Pe,ng.ns,To-

for a pair of asymptotically A-strictly pseudocontractive mappings, where
Yo = (kyp—1)(diam C)? and 6,, = [14 (1 — ) kn] v+ (1 —an) X |20 — @0 |* +
2(1—an)A ||zn — x| (diam C). Here the choice of the control sequence {a, }
and {f,} are dependent of the pseudocontractive constant A.

This brings us to the following question :

Question 2. Is it possible to remove the dependency of the control sequence
{an} and {5, } on the pseudocontractive constant A.

Motivated by (1.1) and (1.2), we have proposed a new hybrid cyclic al-
gorithm and establish a strong convergence theorem for two finite family of
strictly asymptotically pseudocontractive mappings where the control con-
dition does not depend upon the pseudocontractive constant.

Our result gives an affirmative answer to the Problem 1, Question 1 and
Question 2 and extends the results of Acedo and Xu [1], Kim and Xu [9],
Marino and Xu [12], Nakajo and Takahashi [13], Qin et al. [16].

2. PRELIMINARIES

In order to prove our main results, we need the following results:

Lemma 2.1. Let H be a real Hilbert space. Then the following identities
holds:
(i) [z —yl* = IISEIIQ2 - ||y|!22— 2(w—yy) VayeH )
(i) [tz + (1 =t)yl|* =t [[=]]" + (1 =) [lyl” — t(1 = 2) [[= —y]",
Vtel0,1], Va,y € H.

Lemma 2.2. Let C be a closed convex subset of a real Hilbert space H.
Given x € H and z € C. Then z = Pox if and only if the relation

(x —2z,2z—y) >0 VyeC holds,

where Po s the nearest point projection from H on to C.
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Lemma 2.3. [21] Let H be a real Hilbert space. Given a closed convex
subset C C H and points x,y,z € H. Given also a real number a € R. The
set

{vec: ly—vl” <llz—vl?+(zv) +af
1s closed and conver.

Lemma 2.4. [15] Let H be a Hilbert space, C be a nonempty closed convex
subset of H and T : C' — C be a A—strictly asymptotically pseudocontractive
mapping with nonempty fized point set. Then (I —T) is demiclosed at zero,
i.e. if {xn} is a sequence in C such that x — z and (I — T)x, — 0, then
(I-T)z=0.

Lemma 2.5. [14] Let H be a Hilbert space, C' be a nonempty closed convez

subset of H and T : C — C be a A\—strictly asymptotically pseudocontractive

mapping for some 0 < X\ < 1. Then T" satisfies the Lipschitz condition :
[T"z = T"y|| < Lz —y|

for all x,y € C and for each n > 1, where L > 0 is a constant.

Lemma 2.6. [16] Let H be a real Hilbert space, C a nonempty subset of T
and T : C' — C be a A\—strictly asymptotically pseudocontractive mapping.
Then the fized point set F(T) of T is closed and convex so that the projection
Pr 7y is well defined.

Lemma 2.7. Let N > 1 be an integer. Let, for each 1 < i < N, T;
C — C be a \j—strictly asymptotzcally pseudocontractive mapping for sone

0 < X\ < 1 with a sequence {k( } C [1,00) such that lim,_ e EY =1,
then there exists a constant A = max{\; : 1 < i < N} and a sequence

{kn} = max{k:g) : 1 <i< N} such that
1T = TPyl < Ky lle = yll* + A =T — (1= Ty

for all 1 <1 < N, where lim,, o k, = 1.

3. MAIN RESULTS

In what follows, N denotes the set of natural numbers and J = {1,2,...,
N7}, the set of first N natural numbers. {a,} and {3,} sequences in (0, 1).

Let {S;:j € J} be a family of ()\(j,s),{/%(l ’S)}) strictly asymptotically
pseudocontractive mappings of C' and {Tj:j € J} be another family of
(AG,b)s {k,(f ) }) strictly asymptotically pseudocontractive mappings of C' with
nonempty common fixed point set F = F(T') N F(S), where F(T) = ﬂ;v 1
F(T}), and F(S) = 2, F(S))-
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In view of Lemma 2.7, let \; = max {)\(jﬁ) 1j € J}, As =max{A; :j €
J}, ED = max{k‘ﬁlj’s) 1j € J}, kgf) = max {kg’t) 1j € J}, L; = maX{L(jVS):
j € J}, Ly = max {L(j,t) 1] € J}, where L; o), L; s are Lipschitz constants
of Sj, T} respectively.

Set A = max {\, A\s}, L = max{L;, Ls} and k,, = max{kzg),k,(f)}, then
{kn} C [1,00) and limy,, 00 kp, = 1.

We now define a new hybrid cyclic algorithm as below :

Let 29 € C be chosen arbitrarily. For C1 = C' = Dy and 1 = Po,np, %o
define {z,} by

Yn = QpTy + (1 — an)T’Z’ES;)Zn,

(2

Cur = {v € Gt lyn = I* < flan = vl + &

+(1 — an)(A—ayp)

Dyt = {v € Dy : |20 — 0|2 < |20 — 0|2 + 6,

+(1 - 571)()‘ - 571)

Ty —

| Znt+1 = Po, 10D, 1 To-

where 6, = (k2 — 1)(diam C)? — 0 as n — 00; &, = O, + (1 — ay)
K2) [lzn = @all® + 2120 — aa diam C].

Here, for each n > 1, we can write n = (h(n) —1)N +i(n), where i(n) € J
and h(n) > 1 is a positive integer with h(n) — oo as n — co.

We now prove that the sequence {z,} generated by (3.1) converges stron-
gly to z* € Prag .

Theorem 3.1. Let H be a real Hilbert space, C be a nonempty weakly com-
pact convex subset of H. Let {T},S; : j € J} be two family of (A4, {kﬁlj’t)})
and (A(j,s), {kgs)}) strictly asymptotically pseudocontractive mappings re-
spectively, with F = F(T) N F(S) # 0.

Assume that 0 < ap, < a <1 and 0 < B, < b < 1, where a and b are

two positive constants. Then the sequence {x,} defined by (3.1) converges
strongly to a x* = Prxg .

Proof. The proof is divided into five steps.
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Step 1. We show that {x,} is well defined and F' C C,, N D,, for every
n > 1.

Since C7 = C' = Dy by Lemma 2.3, we see that C,, and D,, are closed and
convex for every n > 1.

Next we show that 7 C C), N D,, for all n > 1. For p € F, we have

2
Iz = oI = | Bazn = p) + (1= Bu) (S5 n — v
n 2 n 2
2 2 2 h(n) 2
< Bullzn = pl? + (1= Ba) |K2 llan — pI* + A |l — Si 0y
— Bu(1 = Ba) ||2n — Sl
n 2
< K2 llzn —plP + (1= Bu)(A = Ba) || — SL 0,

n 2
< flam =PI+ (1= BN = Ba) [ = Sia| + 6,

where 6, = (k2 — 1) (diam C)?. Hence p € D,;1 and F C D,;;. Hence
F C D, for all n € N.

Again for p € F, if follows from Lemma 2.1 and (3.1), that

h(n 2
Iy = pII* = |[an(an = p) + (1 = an) (T4 20— p)

2 2
= e = 9l + (1= ) [T 20 = ]| = (1 = ) [fe = TS,
h(n 2
< an o = pl* + (1 - an) [ki 20 = pI* + X || 20 — T3 22 ]
- an(l — Oén) Ty — ];}(Lq(g)zn

Zn — T,h(n)zn

< an 2 —pl* + (1 an) [k (20— 2all + 2 = p)? + Al|zn — T2

]

2

—an(1—ap) ||zn — Tl}ég)zn
2 2 h(n) ) ||
< K2 Jan = I+ (1= an)A ||z = TSz | = an(l = an) |20 = T 20
(1 — an)k? [Hzn — 2l +2|2n — an diam c] . (3.2)
Also
hn) _ || 2 h(n) _ || .
= Ty zn|| < |zr — znl|” + ‘ Tn = Ty 2n| +2 |z, — || diam C'.
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This with (3.2) gives,

2

I =9I < 2 o = 1P + 1= 00|l = 2l + [~ T35 5

+ 2|20 — 2] diam c] + (1= an)k2 | Izn = all® + 2|20 — @] diam C|

h(n)_ ||?

—an(l —ay) ||zn — Ti(n) Zn

< Jlan =PI + (1 = an)A+ £2) |20 = @l +2 120 = 22| diam C]

2
Ty — Th(n) + 6,

i(n) “n

(1= an)A— an) (

2

oy 70| +&n

= [lzn = pI* + (1 = ) (A = an) ||z = Ty, 20

where &, = 0, + (1 — o) (A + k2) [Hzn — 2| + 2|20 — x| diam C} .
This implies that F C C), for all n € N. Thus F Cc C,, " D,, .

Step 2. We show that lim,,_, ||z, — xo]| exists.
From z, = Pc,np,7o and xn11 = Po, 1D, 170 € Cay1 N Dy C Cp N

D,,, by Lemma 2.2 we have

0< <x0 — Tpy, Tp — $n+1>
= (0 — T, T — T + To — Tnt1)
= (X0 — Zn, T — T0) + (L0 — Tn, To — Tn1)

< = llwo = @all® + |20 — nll 2o — 2o |
This implies that
lzo — zn|| < ||lxo — Tpt1]| , foralln > 1.

hence {||xg — z,||} is nondecreasing.
Since x,, = Pc,np, To, by Lemma 2.2 we have

(xo — Tp,xn —y) >0 forallye C,ND,. (3.3)
As F C C,, N Dy, from (3.3) we have

(xo —Tp,xp —2) >0 forallze F, n>1. (3.4)
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So, for z € F, we have
0 <(xy—p,Tn — 2)
= (g — Tp, Tn — To + o — 2)
= — (2o — Tp,To — Tn) + (Lo — Ty, To — 2)

—llzo = zal|* + llzo — @all lzo — Il -

This implies that
lzo — zall* < l|lz0 — zall lz0 — 2! ,

hence
|lzo — znll < |lxo— 2| , forall z€ Fandn>1.

This implies lim, 0 ||n — zo|| exists.

Step 3. We prove that {z,} is a Cauchy sequence and lim ||z, —x,41||= 0.
n—oo

For any positive integer m > n, we have x,,, = P¢, np,, 20 C Cy, N Dy, C
C, N Dy,. By Lemma 2.2, we have

(T — X0y Ty — X)) > 0. (3.5)
It follows that
|m — za|* = || (zm — x0) — (x0 — 2n)||?
= |l&m — zoll* + l2n — zol* — 2 (@n — 20, Tm — 20)
= ||z — @ol|* + [[2n — z0[|* = 2 (@0 — x0, T — 0 + T4 — 0)
= [|@m — x0||2 — llzn — xOHQ —2(Tpn — 20, Tm — Tn)
< JJm — wol|* = lan — zol* -

Taking limit superior as m,n — oo, we get that

limsup ||z, — z,] =0,
m,n—o0
i.e.,
lim ||y — x| =0. (3.6)
m,n—o0

Hence {z,} is a Cauchy sequence. Putting m = n + 1 into (3.6), we get
that

lim ||z, —zp41] =0. (3.7)

n—oo

Step 4. We prove that

lim ||z, —Tjz,|| =0 = lim |z, — Sjz,| , forevery je J.
n—oo n—o0
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By the fact that 11 € Cpoy1 N Dypy1 € Cp, N Dy, C Dy, we have

20 = 2o * < 20 = st +1=Ba) A=Ba) [0 = S5 wa| +60- (3.8)
Moreover, since z, = B2y + (1 — 8,)S, (n?; Ty, We get
o = 2all = {|Buzn + (1 = Br) S 20 — 2
= (1= B) ||SiV w0 — (3.9)
From (3.9) and (3.8), we have
(1= o2 || 4% 2 = | =l — 2l

= |lzn — Tnt1 + Tnt1 — anQ
= ||zn — mn+1||2 +|Znt1 — 3371”2 +2(2n — Tnt1, Tntl — Tn)
h
<l =zt * + (1= B) (A = Ba) ||2n — SI)
+ |lzn — xn+1||2 +2 ||z — anrlH [ Tnt1 — @nl|
_ Sh(”)

= (1= Bn)(A—=5n) ||z i(n)

+2||lzn — Tpaa | (Hxn — Tnt1l| + |20 — i) -

n

It follows that

gh(m) 2

Tn — i(n) In

(1= B =)

< 2||lwn — Tpa || (1o — Tpga | + l2n — Zogall]) + 0n

Since {x,} is Cauchy and hence bounded and Ti(n), Si(n) are Lipschitz con-
tinuous, so {y,} and {z,} are bounded, also 3, < 1 for all n and lim,_,
||Zn+1 — xn|| = 0, therefore, we have

Tim |z, S| =0. (3.10)
Also by (3.8) and (3.9), we have
lzn — Tnt1]] =0 and ||z, — 2] 2 0 asn — oco. (3.11)
and hence &, — 0 as n — oo.
Similarly we can show that
nhﬁ\ngo Qﬁg)zn —z,| =0. (3.12)
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Also,
. h(n) h(n) h(n . h(n)
‘CEn Tz.(n) Tnll < ‘xn T( ) #n + HT Ti(n) T,
— 0 as n—o0. (3.13)

Since, for any positive integer n > N, we can write n = (h(n) — 1) N+i(n)
where i(n) € J, and observe that

|lrn — Thanl| < ||n — T;(L%L)mn h(n) S
— h(n) h(n)
= [|#n = Ligwy @n w”_T()
< Jlan = Ty +L‘ oy T = Tn
_ phn) hn)=1,_ ph(n)-1
< ||%n Ti(”) Tn +L<‘ i(n) In z( N)Tn— NH

Th(n)fl

+ i(n—N)Tn—N = In—N

llan-n = zall) . (314)
n =

Since, for each n > N, i(n) = (n — N) mod N. Again since (h(n) —

1)N +i(n), we have
h(n — N) =h(n)—1, and i(n — N) = i(n).
We observe that

h(n)=1__ h(n) _ ||pht-1_ phn)-1
‘Ti(n) Titn- Nf”"*NH B ‘Tz‘m) Titmy 5“"*NH
< Lljzy — :r:n_zvll : (3.15)
and
e TNy x| (310

Substituting (3.15), (3.16) in (3.14), we obtain

s n = Ty @n
+L((1+L) 2 ) Ty —xn_NH) .
(3.17)
Also, by (3.7), we have
nh_)n(f)lo |zn — 2nyjl| =0, forall j > 1. (3.18)

It follows from (3.13), (3.18) and (3.17) that

lim ||z, — Thx,|| =0.
n—oo
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We also have

|Zn— Tn—&-jan < |z — xn—f—j” + ”xn-i-j - Tn-l—jxn-i-jH + HTn-i-jxn-I-j_ Tn—&-]’an
<A+ L) |z - xn-&-j” + "$n+j - Tn—f—jxn-i-j”
—0 asn—ooforanyj€eJ,

which gives that
lim ||z, —Tjz,|| =0, foralljeJ. (3.19)
n—oo
Similarly, we can show that
lim ||z, — Sjz,|| =0, foralljeJ.
n—oo

Step 5. We prove that {z,} converges strongly to a * = Prxy.

Due to the assumption of weakly compactness on C, we may extract a
weakly convergent subsequence {z,, } of {z,,}, which converges to z*. Hence
from (3.19), we have

lim ||z, —Tjz,, || =0, foralljeJ.
n—oo

By Lemma 2.4, we have that (I —Tj) is demiclosed at zero, i.e. (I—T})z* =0,
so that 2* € F(Tj). By the arbitrariness of j € J, we get that 2* € F(T) =
N
Mj=1 F(T))
Similarly, we can see that z* € F(S) = ﬂ;vle(Sj), and hence z* € F.
Since x,, = Pc,np, o, by Lemma 2.2 we have

(xo — Tp,xn —y) >0 forallye C,ND,. (3.20)
As F C C,, N Dy, from (3.20) we have

(kg — Tp,xpn —2) >0 forallze F, n>1. (3.21)
Taking the limit in (3.21), we have

(kg —a*,2" —2) >0, VzeF.
In view of Lemma 2.2, we see that
z* € Prxg.

This completes the proof. [l

Remark 1. Theorem 3.1 is significant generalization and extension of the
results of Acedo and Xu [1], Kim and Xu [9], Marino and Xu [12], Nakajo
and Takahashi [13], Qin et al. [16], Zhang [22] in several aspects as:
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1. Theorem 3.1 is an extension and improvement of the result of Zhang
[22] to two finite families of mappings, also the dependency of control
sequences {a,} and {3,} upon the psueodocontractive coefficient A
is removed. Hence provide an affirmative answer to Question 1 and
Question 2.

2. Theorem 3.1 provides an affirmative answer to the Problem 1 as
compactness on C' is relaxed to weak compactness.

3. Also, our theorem extends the result of Qin et al. [16] to two finite
family of asymptotically A-strict pseudocontractive mappings thus
extending many other results in their references.
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