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NEW NORM INEQUALITIES OF CEBYSEV TYPE FOR
POWER SERIES IN BANACH ALGEBRAS

S. S. DRAGOMIR, M. V. BOLDEA AND M. MEGAN

ABSTRACT. Let f(A) =377 jan A" be a function defined by power se-
ries with complex coefficients and convergent on the open disk D (0, R) C
C, R > 0 and z,y € B, a Banach algebra, with zy = yz.

In this paper we establish some new upper bounds for the norm of
the Cebysev type difference

f ) f Qzy) — f (Az) f (Ay)
provide that the complex number A and the vectors x,y € B are such
that the series in the above expression are convergent. These results
complement the earlier resuls obtained by the authors. Applications for
some fundamental functions such as the exponential function and the
resolvent function are provided as well.

1. INTRODUCTION

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0, 00) such
that (B, ||-||) is a normed space, and, further:
[lab]| < [|a] [|]

for any a,b € B. The normed algebra (B, ||||) is a Banach algebra if ||| is a
complete norm.

We assume that the Banach algebra is unital, this means that B has an
identity 1 and that ||1]] = 1.

Let B be a unital algebra. An element a € B is invertible if there exists
an element b € B with ab = ba = 1. The element b is unique; it is called
the inverse of a and written a~! or % The set of invertible elements of B is
denoted by InvB. If a,b €InvB then ab €lnvB and (ab) ™' = b~ la L.

For a unital Banach algebra we also have:

(i) If a € B and limy_e0 [|a”[|Y/™ < 1, then 1 — a €lnvB;
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(ii)) {a € B: ||[1 =b| < 1} CInvB;
(iii) InvB is an open subset of B;
(iv) The map InvB > a — a~! €InvB is continuous.
For simplicity, we denote A1, where A € C and 1 is the identity of B, by
A. The resolvent set of a € B is defined by

pla):={ € C: N—a€InvB};

(
the spectrum of a is o (a), the complement of p (a) in C, and the resolvent
function of a is Ry : p(a) =InvB, Ry (A) := (A —a) . For each A,y € p(a)
we have the identity

Ro(7) = Ra(A) = (A=7) Ra (A) Ra (7).
We also have that o (a) C {A € C: |A| < |lal|}. The spectral radius of a is
defined as v (a) =sup{|A|: A € o (a)}.
If a,b are commuting elements in B, i.e. ab = ba, then

v(ab) <v(a)v(b) and v(a+0b) <v(a)+v(b).

Let f be an analytic functions on the open disk D (0, R) given by the
power series f(\) == 372, ajM (]A| < R). If v(a) < R, then the series
>0 aja’ converges in the Banach algebra B because > 720l ||| < oo,
and we can define f (a) to be its sum. Clearly f (a) is well defined and there
are many examples of important functions on a Banach algebra B that can
be constructed in this way. For instance, the exponential map on B denoted
exp and defined as

=1

expa = Z f'aj for each a € B.

=07
If B is not commutative, then many of the familiar properties of the expo-
nential function from the scalar case do not hold. The following key formula
is valid, however with the additional hypothesis of commutativity for a and
b from B

exp (a + b) = exp (a) exp (b) .

In a general Banach algebra B it is difficult to determine the elements in
the range of the exponential map exp (B), i.e. the element which have a
? logarithm” . However, it is easy to see that if a is an element in B such that
|1 —al| <1, then a is in exp (B) . That follows from the fact that if we set

b:—Z%(l—a)",

n=1
then the series converges absolutely and, as in the scalar case, substituting
this series into the series expansion for exp (b) yields exp (b) = a.
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It is known that if x and y are commuting, i.e. xy = yx, then the
exponential function satisfies the property
exp (z) exp (y) = exp (y) exp (z) = exp (z +y) .
Also, if x is invertible and a,b € R with a < b then

b
/ exp (tx) dt = 271 [exp (bx) — exp (azx)] .

Moreover, if  and y are commuting and y — x is invertible, then
1 1
/ exp (1 —s)z+sy)ds = / exp (s (y — x))exp (z) ds
0 0

_ (/01 exp (s (y — z)) ds) exp ()

= (y—x)""[exp(y — ) — I]exp (z)
= (y—2)"" exp (y) — exp (a)].
Inequalities for functions of operators in Hilbert spaces may be found in
the papers [3], [2] and in the recent monographs [4], [5], [7] and the references
therein.
In order to state some earlier results [6] that motivate our current work

we need some preparation as follows.
Let a,, be nonzero complex numbers and let

1
R :=

-

lim sup |av, |

Clearly 0 < R < 0o, but we consider only the case 0 < R < oo.
Denote by:

AeC: |\ < R}, if R < oo
p.m={ QEC<m R

consider the functions:
A f(A) : D(0,R) = C, f(N) := ) o\
n=0

and
o0

A fa(A) i D(0,R) = C, fa(A) := Y Jom| A™.
n=0

Let B be a unital Banach algebra and 1 its unity. Denote by

x € B: x| < R}, if R< o0
B(O’m:{z{@ el < if R = oo.
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We associate to f the map:

v f(2): B(O,R) = B, f(z) =) ana™
n=0

Obviously, f is correctly defined because the series Y 2, o, z™ is absolutely
convergent, since > 7 |lanz™|| < D07 |aw] ||z

In addition, we assume that sp := Y oo 1 n? |ay,| < co. Let sg := Y o0 ||
< oo and s1 1=y 2 nla,| < oco.

With the above assumptions we have that [6]:

Theorem 1. Let A € C such that max{|A|,|\*} < R < oo and let z,y € B
with ||z||, ly|| <1 and vy = yx. Then:

(i) We have

|71 FOay) = FOa) FOw)|
< Vagmin {fle — 1,y = 1} fa (IA?) (11)
where:
P2 = 5989 — 5. (1.2)
(ii) We also have

[FO- D F Oay) = F ) F )
< V2min ([l = 1], lly = 111} £a (1A]
/2

< LEa QAN [IAT 74 (D + N2 F5 D] = N7 a0} )

For other similar results, see [6].
In this paper we establish some new upper bounds for the norm of the
Cebysev type difference

FO-D) f Qay) = F(Az) f(Ny) (1.4)

provide that the complex number A and the vectors z, y € B are such
that the series in (1.4) are convergent. Applications for some fundamental
functions such as the exponential function and the resolvent function are
provided as well.

2. RESULTS

We start with the following result that is of interest in itself.
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Lemma 1. Let f(A) = Y .7, anA™ be a function defined by power series
with complex coefficients and convergent on the open disk D(0,R) C C,
R >0 and z,y € B with xy = yx.

Iflly|| < 1, A € C and x € B with |\|||z] < R, then we have the inequality:

|y — 1]
Loy LA ) = lea 2] (21)

|70yt = F )| <
for any k € N, k > 0.

Proof. We have for m > 2 and 1 < k <m — 1 that

(Zaj)\jxj> yF — Zaj)\j (xy)] = (Zaj)\jazj> yF — Zaj)\jmjyj
— = = ;

7=0 7=0
= Zaj)\Ja:J (yk — yj) = Z a;Na? (yk — yj> = A. (2.2)
J=0 =057k
Since
kel k-1
Y-y :Z(yl’l—y’) =Y v y-1),
1= =5
then by taking the norm in (2.2) we get:
m . ‘ k—1
< >l WP lell | ot -1
Jj=0,j#k =3
m k—1
. , .
< 0 eI 2l il ly = 1
J=0,j#k I=j
m k—1
. , .
=Ny =1 Y eyl A 2>yl = B. (2.3)
Jj=0,j#k =3
Observe that
k—1 m—1
l l
Iyl <> iyl
=3 1=0
and then we have
m—1 m
. . )
B<ly=11> lult >0 legl AP =)
=0 j=0j#k

m—1 m
=y =11 Iyl <Z i [P ]l = | [A]* IIfBIk)- (2.4)
=0

=0
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Utilising the inequalities (2.2)-(2.4) we conclude that
m m
(Zaj”wj> v =N (ay)’
J=0 Jj=0
m—1 m . )
<y =11 lyll (Z | AP el — ] [AI® \|$||k> (2.5)
1=0

=0

forany m>2and 1 <k <m—1. ‘
Since the series Y7 g ayMa? and 377" aj (Azy)” are convergent in B and,
because [ly]| < 1, then Y55, [y = 12

1=yl
we get the desired result (2.1).
If K =0, then

ST aNad =3 N (ay) = aNad (1-y7) = C.
§j=0 j=0 j=1

then by letting m — oo in (2.5),

Since ' '
-y =(1-y) (I+y+..+y 1), j>1
then
' j—1 m—1
L= <y =Dl <y =101 lyll
=0 =0
and then

m—1 m

. . .

I < lly =D Myl lagl AP ]
=0 7j=1

m—1 m
=y =11 Iy’ (Z o[ AP fl2]l? = |a| > (2.6)
=0 7=0

Letting m — oo in (2.6), we also obtain the inequality (2.1) for k£ = 0.
This proves the lemma. ([l

Corollary 1. Let f(X) =3 07 anA™ be a function defined by power series
with complex coefficients and convergent on the open disk D(0,R) C C,
R>0andz e B.

If |z]| < 1, A € C with |A|||z|| < R, then we have the inequality:

[Fow)at = 7o) | < Sk [fa ) = awl el ] (2:)

for any k € N, k > 0.

We can state the following result.
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Theorem 2. Let f(A) =Y 07 anA™ be a function defined by power series
with complex coefficients and convergent on the open disk D(0,R) C C,
R >0 and xz,y € B with xy = yx. If \,u € C are such that |p|, |\ [|z]| < R
and |ly|| <1 then:

Hf(kw) Fluy) — f(p-1) f(/\fvy)H

< Wk Ua A ) fa ) = e (Al el 29

where fa2 (N) := 320 o |* A"

Proof. Utilising Lemma 1 we have:

Hf(kx)<zakuky’“> (Z%u) (Azy)

p

= X awt (F )y —f(Awy))H

k=0

<> ol [F ) * — F )|
k=0

3

< ST (Bl — el I ] e bl

221y
I

b P
L a0 ) X el = X e Wl el | (29)
k=0 k=0

for any p > 0.
Since all the series that are involved in the inequality from above are
convergent, then by letting p — 0o we get the desired result (2.8). ([l

Corollary 2. Let f(A) =Y 07 an\" be a function defined by power series
with complex coefficients and convergent on the open disk D(0,R) C C,
R>0andxz € B. If \,u € C are such that |u|, |\ ||z|| < R and ||z| < 1
then:

|7 0w) F ) = 1) F (3a?)|

< WS A ATl £ ) = £ (ATl )] (210
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Remark 1. If ;1 = ), then we get the inequality for the Cebysev functional:

[70@) Fow) =T 1) Fay)|

v =1
< Tyl A O ) £a 0A) = £ae (WP 1) ] 2:11)

provided that x,y € B with xy = yx, A € C are such that |[A|,|A|||z| < R
and [jy| < 1.

~ 2 = g

7 0w)] -—f(A-l)f(Ax)‘
[l = 1]]

From (2.10) we have
< ] [fa (A1) fa (lul) = faz (A el [2])] - (2.12)

We can state now the second result:

Theorem 3. Let f(A) = > 07 an\" be a power series that is convergent
on the open disk D(0,R), with R > 0. If x,y € B with vy = yx and
lyll, [ly|l <1, then we have the inequalities:

|71 Fay) = F ) FOw)|
< { o= 1 lly = 11 £ (AD [£4 (A g (A = A3 (AD] 2. (2.13)
where
Fa) = o] A% ga (V) =)0t an| A ha (V) =) 0 fan| A"
n=0 n=0 n=0

and A € D(0, R).
Moreover, if the series s := Y oo glanl, s2 := Y oo on?|ay| and s4 =
> n* || are convergent, then we have the inequalities:

|70 Fow) = F - 1) F )|

(NI

o
Y2 o~ Uy = 1 £ (A7) [s0ss - 53)% . (214)

for any X € C with |\, |\ < R.
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Proof. We observe that:

B, = Z A" N (2" —27) (y" — 1)
n,j=0

m
= Z anaj)\”)\j (:c"y" — Iy — 2" + Hfj)
,J'_O

= Zaj)\]Zan)\" xy)" z:ozjx\]:):J Za A"y"
— Zaj)\j Z ap A"z 4 Zaj)\jxj Z ap A"
Zm: Za A" (zy)" ZaJAJmJZa Ay (2.15)
7=0

Taking the norm and using the generahzed triangle inequality we have:

m
1Bl < > lanl gl AP (|27 = 2| fly™ = 1] = Con. (2.16)
n,j=0
Since
Yy —1=(y-1) (" +..+1)
we have for ||y|| <1 that
ly" =1 < lly = {Jy" "+ + 1 < nlly = 1.
If n > j, then for ||z|| <1
o o] = fle? " = )| < el o = 1] < (n =) }e = 1.
Similarly, if j > n we have
" = 27| < (j —n) |l = 1],
therefore for any n,j € N we have:
& = 27| < |n—jllla =1, [|l=[| < 1.
Utilising this facts we have

m

< > lanllag A" AP nfn =l o = 1] fly — 1]

m

=llz =1l lly = 11 Y lewllagl A" AP nln -] (2.17)
n,j=0



262 S. S. DRAGOMIR, M. V. BOLDEA AND M. MEGAN

Further, observe that:

m m

; . 1 ; ) )
> lanllogl NI i =31 = 5 37 lanllagl A" AV 0 = 5l (0 + )
nv]:O nv]:O

1 & ;
=3 > Jaallag AP Y [n2 = 2],
n,j=0
therefore
1 " ;
Cm < 5 llz =1l {ly — 1] > el log| A" A [n? = 52| := Dy (2.18)
n,j=0

Using Cauchy-Bunyakovsky-Schwarz inequality we have:

m . . . ) |
S Janl oyl M3 X% AE (A [n2 = 77

n,j=0
1 1
m . 2 m ) 2 2

< < > Janl o] Al W) ( > Janl g A" AP (n? = 5%) )

n,j=0 n,j=0

m . )

= <Zlan\ Al ) (Em)?,

n=0

where
m ) 9
B =Y lam| [y A AP (n® = 57)
n,j=0
= > Jawllagl AP AP (n* = 2022 + 1)
n,j=0
m m m 2
=2 ol A" fan| A" n* - <Z|an||)\|nn2> ] (2.19)
n=0 n=0 n=0
Making use of (2.15)-(2.19) we get for ||z|, |ly|]| <1 that:
DN Y an Aay)" = o (M) Y an ()"
=0 n=0 j=0 n=0

V2 =
< Nl = 1y = U laal A"
n=0
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m m m 2 %
X [Z\an A 0t Jan| A" = (Z”2 |an| |>\|n> ] ; (2.20)
n=0 n=0

n=0

for any m € N.
Since all the series involved in (2.20) are convergent, then by letting m —
oo in (2.20) we deduce the desired result:

[FO-1FOay) = FOa) F )|

< ? e = 1 ly = 1 £a (M) [£a (AD ga (AD) = B3 (IAD]2 . (2.21)

Using Cauchy-Bunyakovsky-Schwarz inequality we also have:

m .
D lanl lag | A" AP [0? = 5]

n,j=0

= 2 2] % & 2 22 %
< Z\anuc«jrww) S Jowl o] [ — 2]

n,j=0 n,j=0

- (Z\anrMF”){z[Zraqujﬂaﬂ—(Zn2ran|) ]} C(222)
n=0 n=0 7=0 n=0

Making use of this inequality we then obtain in a similar way the second
part of the theorem. The details are omitted. O

3. SOME EXAMPLES

Consider the function f : D (0,1) — C defined by
FOY=(1=N""=3")"
k=0
Then
faz(N) =) Ar=(1-N""
n=0

and by (2.8), we have for z,y € B with zy = yz, ||y|| < 1 and A\, u € C with
|, [A] ||| < 1 that

|[a=2) " =) == (= day)

ly — 1] B B )
=1yl (= Al ™ (= )™ = = Al =) (3.1)
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In particular, if [A|, ||z]| < 1, then

=2 =2 = =)A= day) |

Iy = 1 - z)PA =D = (1= APz -
o e i L (R e (R I P CE

We also have for |A|, ||z|| < 1 that

H(1 )P (1-NT (- w)‘lu

_ —1
<Pt A e a = = (- R ] )
If we consider the function
fO)=0+07"=> (D",
k=0
then the inequalities (3.1)-(3.3) also holds with ” 4" instead of ” —” in the

left hand side expressions such as (1 — Az) ™" etc.
We consider the modified Bessel function functions of the first kind
00 k
LV ()
IL,(A) ==X — T’ Ne(C
) <2 ) kzzokll“(z/—l—lﬁ—l) <

where I' is the Gamma function and v is a real number. An integral formula
is
I, (/\) — l /ﬂ- 6)\0056 cos (Ve) - sin (Vﬂ') /OO e—)\cosht—utdt7
T Jo n 0
which simplifies for v an integer n to [1]

1 /7 .
I,(\) = / e* 5% cos (nh) db.
T Jo
For n = 0 we have
0o k
_ 1 T A cos 0 _ (%AQ
IO()\)—W/O erldh =" P e
k=0
Now, if we consider the exponential function
) =exp (V) =) -,
k=0

then for p > 0 we have

fae(0) =Y st = o (27).
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Making use of the inequality (2.8), we have for x,y € B with zy = yz,
lyl| <1 and A\, u € C that

lexp (Az + py) — exp (Azy + p - 1)]]
ly — 1

< —Io (2 . (34

< Tl [exp(IAI ]| =[]} o( Al II:UHH (3.4)

In particular, we have

lexp (A (z +y)) — exp (A (zy + 1))

< 2 e O (el + 1) = o (210 VIRT)] - (39)

— 1=yl
We also have for ||z] <1

||exp (2A\x) — exp (/\ (a:2 + 1)) H
|z — 1]

< T (o2 (N Ul + 1) = To (2N VT 3.6

for any A € C. If we take A = 1, then we get

||exp (2z) — exp (932 + 1) H

|z — 1 {
< exp (ol +1) = Io (2V/]al) | (3.7)
1 — [l]]
for [|z|| < 1.
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