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ON THE CORE OF DOUBLE SEQUENCES

YURDAL SEVER AND BILAL ALTAY

ABSTRACT. In this paper, we define the core of double sequences via
barriers and disks. We show that these definitions are equivalent and
give an inequality related to the P-core of bounded double sequences.

1. INTRODUCTION

The concept of the core of a sequence was introduced firstly by Knopp. So,
this type core was called the Knopp core. Let z = (x}) be a sequence in C,
the set of all complex numbers, and R be the least convex closed region of
complex plane containing xj, Xg4+1, k42, ... LThe Knopp core of z (K-core
of z or core of ) is defined by the intersection of all Ry, (k =1,2,...). In the
real case the K-core of z is reduced to the closed interval [lim inf z, lim sup z].
If A is a nonnegative regular matrix, then the core of z, is contained the
core of Az, provided that Az exists (see [2]). Rhoades [16] gave a slight
generalization of Knopp’s core theorem. An alternative definition of the
Knopp core is given by Shcherbakov [19] via barriers.

By using the definitions of limit inferior, limit superior and the core of
a double sequence with the notion of the regularity of four dimensional
matrices, Patterson [11,12] gave some results on core of double sequences.
Mursaleen [8] and Mursaleen and Edely [9] defined the almost strong regu-
larity of matrices for double sequences and have applied these matrices to
establish a core theorem and introduced the M-core for double sequences
and determined the four dimensional matrices transforming every bounded
double sequence x = (xj;) into one whose core is a subset of the M-core
of . Cakan and Altay [3] investigated the statistical core for double se-
quences and studied an inequality related to the statistical and P-cores of
bounded double sequences. Recently, Gokhan, Colak and Mursaleen [4] gen-
eralized the Pringsheim core for bounded double sequences and gave some
core theorems via matrix classes. Boos, Legier and Zeller [1] introduced
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and investigated the notion of e-convergence of double sequence, which is
essentially weaker than the Pringsheim convergence. Quite recently, Sever
and Talo [18] introduced the concepts of e-limit superior and inferior for real
double sequences and defined e-core for double sequences.

2. DEFINITIONS AND NOTATION

By €, we denote the set of all complex valued double sequences, i.e.,
Q={z = (zmn) : Tmn € C for all m,n € N},

which is a vector space with co-ordinatewise addition and scalar multiplica-
tion of double sequences, where N and C denote the set of positive integers
and the complex field, respectively. Any vector subspace of  is called a
double sequence space. The space M, of all bounded double sequences is
defined by My, = {z = (2mn) € Q : [|#]loc = SUD,, nen |Tmn| < 00} which is
a Banach space with the norm || - ||s. Consider a sequence & = (Zy,y,) € €.
If for every e > 0 there exists ng = ng(e) € N such that |z, — ¢ < ¢
for all m,n > ng then we call that the double sequence x is convergent in
Pringsheim’s sense to the limit ¢ and write P — lim, », Zmn = £. By Cp,
we denote the space of all convergent double sequences in the Pringsheim’s
sense (see [15]). It is well-known that there are such sequences in the space
Cp but not in the space M,. So, we may mention the space Cp, of the double
sequences that are both convergent in Pringsheim’s sense and bounded, i.e.,
Cpp = Cp N My. By Cppo, we denote the space of the double sequences which
are both convergent to zero in the Pringsheim’s sense and bounded. There
is more than one type of convergence for double sequences, so we denote
convergence by v—convergence for v € {p, bp}.

A number o € C is said to be a Pringsheim limit point of a double
sequence () if there exist two increasing sequences m; < mg < «-- <
m; <--- and nqg <ng <---<mn; <--- such that P—limi,j%ooxmmj = q.

Definition 2.1 ( [11]). Let P-C,{z} be the least closed convex set that
includes all points © = (xg;) for k,I > n; then the Pringsheim core of the
double sequence x = () is the set

P-C{z} = (] P-Cn{x}.
n=1
Definition 2.2 ( [2], p.139). Every line L divides the plane into two half-
planes. If a set of the points X lies entirely in such a half-plane (some or all
of the points may lie on the line L), we say that L is a barrier line for X.

Let A be the space of double sequences, converging with respect to some
linear convergence rule v —lim : A — C. The sum of a double series 3, ; x;;
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with respect to this rule is defined by ’U—Zij Tij = v—limp, , > ity Z?Zl Tij.
Let A, u be two spaces of double sequences, converging with respect to the
linear convergence rules vq —lim and vg —lim, respectively, and A = (amnki)
also be a four dimensional matrix of complex numbers. Define the set

)\S&) — {(xkl) c QO A.T,' — (’U2 — Zamnklmkl) exists and A.%' S A}
k,l

m,neN
(2.1)

Then, we say, with the notation of (2.1), that A maps the space A into the
space p if p C /\SJQ) and denote the set of all four dimensional matrices,
mapping the space A into the space u, by (A : p). It is trivial that for any
matrix A € (A : 1), (@mnki)kien is in the [(vg)-dual N(2) of the space
A for all m,n € N. An infinite matrix A is said to be C,-conservative if
Cv C (Cy)a.

For more details on double sequences and 4-dimensional matrices, we refer
to [5,6,10,13,14,20-22].

A matrix A is said to be RH-regular if it maps every bounded convergent
sequence into a convergent sequence with the same limit.

Lemma 2.3 ( [5,17]). The necessary and sufficient conditions for A to be
RH -regular are:

P —limy, , Gymnkr = 0, for each k,l € N,

P — hmm,n ZZC;[OO Amnkl = 1,

P —limpy, Y 0 |@mnki| =0 for each 1 € N,

P —limp, Y ;" |amnki| = 0 for each k € N,

ZZ?Z’OO |amnki| 78 convergence and

there exist positive numbers A and B such that Zk,l>B |amnkl| < A.

3. MAIN RESULT

In this article, besides Knopp core, we introduce the definition of core of
double sequences in the sense of Shcherbakov [19] and show their equivalence.
Also, we prove two theorems about core of double sequence via characteristic
values of conservative matrices. These theorems are analogous to those of
Rhoades and Maddox in [7,16].

Theorem 3.1. Let D be the set of all P-limit points of v = (xp) € Q.
Then,
D C P-core{x}

Proof. Let a be a P-limit point of x = (xp;). Then, there exists an increasing
sequence of integers (k;, ;) such that

P-limzy,; = «.
i3 !
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Now, choose any n € N such that the points

Lhplq Lhp,lgt1 Lhp,lgt2
Lhprile  Thpivilgrr  Thpiilgte
Lk Lk Lk

p+25lq p+2:lg+1 p+2:lg+2

are in P-Cy{z} for k,,l; > n. Since P-C,{z} is closed, it contains the
limit points of the sequence in itself. Hence, « is in P-Cy{z}, since n is
arbitrary. ([

Now, we give an alternative definition of the P-core{z}.

Definition 3.2. a) If the set S containing the elements of x = (xj;) has no
barrier lines, then P-core{x} is the whole plane.

b) If the set S containing the elements of © = (z4;) has barrier lines, then
P-core{x} is the intersection of all half-planes containing the set D of the
limit points of z = (zx).

We can extend the definition of the core of sequences introduced by
Shcherbakov [19] for double sequences as it follows:

Definition 3.3. Let © = (zx;) be a bounded double sequence. For z € C,
let

B.(z) = {w €C:|w—z| < P-limsup |zg — z|}
k,l

Then
P-C{z} = ) B:(2).
zeC
Theorem 3.4. The Definition 2.1 and Definition 3.2 are equivalent for
bounded double sequences.

Proof. Let x = (xy;) € 2, E be the P-core{x} with respect to the Definition
2.1, D be the set of all P-limit points of z = (xx;) and F' be the intersection
of all half-planes which contains D. It is known by the definition that D C E
and it is also obvious that D C F. We need to show that £ = F. Suppose
that an a ¢ E. Then, a ¢ P-C,{z} for some fixed value of n. We can draw
a barrier line L separating a from P-Cp{z}. Since P-C,{x} is closed, so
D c P-Cy{z} and so, L separates a from D. Hence, a ¢ F. This means
that

FCE. (3.1)

Now, draw a half-plane H containing D and call the barrier line L. All
except a finite number of the elements of © = (z;) lie on the same side of
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L as D. Otherwise, there would be at least one P-limit point on the side of
L remote from D. Consequently, there is an m such that the points

Tm,m Tm,m+1 Tm,m+2
Tm+1m Tm+lm+1l  Tm4+l,m+2
Tm4+2m Tm+2m+1  Tm4-2,m+2

are in D. Hence, P-C,,{z} C H and so, E C H. Thus,
FOE. (3.2)

On combining these two results, the proof of the theorem is completed. [

Theorem 3.5. The Definition 3.2 and Definition 3.3 are equivalent for
bounded double sequences.

Proof. Let © = (xy;) € Q, E be the P-core{xz} with respect to the Definition
3.2, D be the set of all P-limit points of x = (zx;) and F' be the intersection
of all half-planes those contain D.

First assume w & (),cc Bz(2), say w € Bz(zg) for some zy € C. Let H
be the half-plane containing B,(zp) whose boundary line is perpendicular
to the line containing w and zy and tangent to the circular boundary of
By (z0). Since B;(z9) C H and By(zp) contains P-limit points, then H is a
half-plane which contains P-limit points. Since w ¢ H, this implies that w
is not in the intersection of half-planes. Hence, the inclusion

P-core{z} C ﬂ B, (z) (3.3)
zeC

holds.

Conversely, if w is not in the intersection of half-planes, then there exists
a H half-plane such that w ¢ H. Let L be the line through w that is perpen-
dicular to the boundary of H, and let p be the midpoint of the segment of
L between w and H. Let zy be a point of L such that zy € H, and consider
the disk

B(z) = {y eC:ly—=z|<|p— 20]}.
Since x is bounded and xy; € H for k,l > n for some n € N, we can choose
zp sufficiently far from p so that
|p — 20| = P-limsup |xg — 20|

Thus B(z) is one of the B,(z) disks and w & (),cc Bz(2). Hence, we
conclude that

P-core{z} D m B (2) (3.4)
zeC
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holds.
On combining the inclusions (3.3) and (3.4), we have the desired result.
U

Theorem 3.6. Let A = (amnki) 4-dimensional real matriz for which
X(A) = P_lill’%;amnkl - ;P_}%I’E Amnkl

is defined. Then the condition

there exists a positive integer N such that appk > 0 (m,n € N)
for all maks{k,l} > N € N (3.5)

is sufficient for

P-liminf A,z > x(A)l(z) + Z ORIT L (3.6)
" k.l
and
P-limsup Az < x(A)L(x) + Z ORI TR (3.7)
m,n k’l

whenever the series Y, , Ty is convergent. Where

P-lim ay,nk = oy, P—lin}; }nf zp = l(x) and P-limsupzy = L(z).
(Note that if P-liminfy;xy = —oo, then (3.6) is true without (3.5)
provided that x(A) > 0, and similarly for (3.7) when P-limsupy, ; v = 00.)

Proof. Assume that [(x) > —oo. To prove (3.5) is sufficient, fix € > 0. There
exists an integer Ny such that zy; > I(z) — ¢ for all k,1 > Nj.

Amnz = Z Z Aynkl Tkl
k=1 1=1
=3 Gtz + (1) —2) = () — 2)]
k=1 =1
= Z Z Armnkl [Z(CC) — E] + Z Z Amnkl [l’kl — (I(x) — E)]
k=1 =1 k=1 I=1
0o > No No
= [[(x) =] ki + YD i [m - (l(=z) - 5)}
k=1 I=1 k=1 =1

+ % i Amnkl [aﬁkl - ((z) — 5)}

k=11=Np+1
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00 No 00 0o
+ Z Z Ak |:.7}I<:l — (I(z) — 5)} + Z Z Akl [xkl — (I(x) — 5)}-
k=No+1 I—1 k=No+11=No+1

Since ampr; > 0 (m,n € N) for all max{k,l} > Ny, the fifth series is non-
negative, and

00 00 No No No No
14mn$ > [l(x) - 5] <Z Z Amnkl — Z Z amnkl) + Z Z Amnkl Tkl
k=11=1 k=1 1=1 k=1 1=1
No 0o 0o No
+ Z Z Amnkl |:xkl — (l(a;) — 8)] + Z Zamnkl [xkl — (l(.%') — 6):| .
k=11=Np+1 k=No+1 =1

If we take P-liminf in this inequality for all m,n, k,l € N, we obtain

P-liminf A,,,x > X(A)l(l’) + Z Q1T
" k,l

The inequality (3.7) is obtained from (3.6) by considering —x instead
of x. O

Theorem 3.7. Let A = (amnk1) be a reel four dimensinal matriz for which
X(A) is defined. Then,

P—limz |amnkl\ = P_hmzamnkl =t
e k,l e k,l
is sufficient condition for (3.6) and (3.7) to hold for all bounded double

sequences x = (xx;) for which the series ), ; oy is convergent.

Proof. If we write for all m,n,k,l € N

‘amnkl | — Amnkl
2 )

b o |amnkl‘ + Qmnkl d o
mnkl — 9 and Cmpkl =

then
Amnkl = Dmnkl — Cmnki-

By hypothesis, it is clear that
P-lim > by =t and P- lim > Conr = 0.
k1l k,l

Since x = (z;) is bounded, there exists a number K > 0 such that |zy| < K
for all k,1 € N. For any fixed € > 0, there exist integer M, N > ¢ such that
x> l(x) —e and k, Il > N and m,n > M,

9

P G
%l:cmnkl K+d+87
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where d = max(|{|,|L|). Let 7 > max{M, N} and write

00 00
Apnx = Z Z Amnkl Tkl

k=11=1
=33 [ + (1) =€) = (1) — 9)]
k=11=1
=3 tpnnall@) =]+ D> [xk:z = (=) - 5)}
k=11=1 k=11=1
= — £ Z Omnkl + Z Z Amnkl [mkl ( ) )}
k=11=1
+ Z Z Amnkl [wkl — (l(l’) — E):| + Z Zamnkl [xkl - (l(x) - E)}
k=1 l*r—‘,—l k=r+11=1
+ Z Z bmnki [wkl ] Z Z Crmnkl [wkl (I(x) — )}
k=r+1l=r+1 k=r+1l=r+1
Since
ST b [ﬂfkl - (I(z) - 5)} > 0,
k=r+1l=r+1
Z Z Crnkl [:L’kl — (l(IL‘) — 6)] < [K + |l( |+€} Z Z Crnkl < €,
k=r+1l=r+1 k=r+1l=r+1
Z Amnkl < €
l=r+1
and
Z Amnkl < €
k=r+1

for each m,n > r, we have
P- li%,innf Apnr > [I(7) — €] <t - Z 04kl> + Z QT + €. (3.8)
k1 k,l
Since the proof of (3.7) is similar to that of (3.6), we omit it. O

Definition 3.8. A = (aynki) is called almost positive if P-limy, , > a,

mnkl
=0 where a_ ., = max{—amni, 0}.
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Theorem 3.9. Let B = (bynkr) any RH-regular and almost positive matriz.
Then, there is no matriz A such that P-limsup Ax < P-liminf Bx for
xr € M,.

Proof. Suppose that, if possible, there exists such a matrix A = (a,nk). By
Theorem 3.2 [11]

P-limsup Bx < P-limsupzx
and we have
P-limsup Az < P-liminf Bx < P-limsup Bz < P-limsupx

whence A = (amnki) is RH-regular. By the Corollary 3.1 [12] there exists
z € M, such that P-liminf Az # P-limsup Az. Since P-limsup Ax <
P-limsup Bx we get P-liminf Bx < P-liminf Az. So, P-liminf Bz <
P-limsup Az < P-liminf Bz, a contradiction.

This completes the proof of the theorem. O
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