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EXISTENCE OF THREE SOLUTIONS FOR A
QUASILINEAR ELLIPTIC EQUATION INVOLVING THE
p(x)-LAPLACE OPERATOR

RABIL AYAZOGLU (MASHIYEV) AND MUSTAFA AVCI

ABSTRACT. In this paper, some existence results are obtained by us-
ing a three critical point theorem based on variational principle. In
that context, we verify that a quasilinear elliptic equation involving the
p(x)-Laplace operator has at least three weak solutions under Neumann
boundary condition.

1. INTRODUCTION AND PRELIMINARIES

In the present paper, we study the existence of solutions of the p(z)-
Laplacian Neumann problem

{ —div <\Vu]p(x)_2 Vu) + [uP® "2y = fz,u) + Ag(z,u) in Q,

(Pr)
% =0 on 012,

where  C R¥(2 < p(x) < N) is a bounded domain with smooth boundary
0, A € R, v is the outward unit normal to 902 and f,g: Q x R — R are
Carathéodory functions which satisfy some given conditions.

The main argument used here is a three critical point theorem due to
Bonanno [1]. However, this type of results were initially introduced by
Ricceri (see [13 — 15]). On the other hand, Neumann problems of (Py)-type
have been broadly investigated in recent years by many authors considering
different conditions and using various methods. For example, in [12, 18],
the authors studied the p(x)-Laplacian Neumann problems of the following
type

—div (\Vu]p(x)_Q Vu) + [uP® 72y = Af (2, u) in Q,
% =0 on 09,
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where 2 € RY (N > 3) is a bounded domain with a smooth boundary, A > 0
is a real number, p is a continuous function on 2 with in fyeﬁ p(y) > N and
f:Qx R — R is a continuous function, v the outward unit normal to 0f2.

In [10], the author considered the following p(x)-Laplacian equations un-
der the different kinds of boundary conditions

—div (\WW‘)—? Vu) + [ufP@ 2 = X ((f (2, ) + pg(z,u ) in Q,
% = on 01},

where Q € RY(N > 2) is a bounded domain with smooth boundary, p, A
are constants and A > 0 and v is the outward unit normal to 0f2.

Moreover, in [17], the authors studied problem (Py) for the case p(z) =
p = const and consider the Dirichlet boundary conditions where the nonlin-
earities f and g obey some different conditions.

The p (z)-Laplace operator —A, g u := div(|Vu/P'® 2 Vu) is a natural
generalization of the p-Laplace operator —A,u := —div(|Vu[’~? Vu) where
p > 1 is a real constant. The main difference between them is that the
p-Laplacian operator is (p — 1)-homogenous, that is, Ap(uu) = pP~1Ayu for
every p > 0, but the p (z)-Laplacian operator, when p (z) is not constant, is
not homogeneous. This causes many problems, some classical theories and
methods, such as the Lagrange multiplier theorem and the theory of Sobolev
spaces, are not applicable.

The study of differential equations and variational problems involving
p (z)-growth conditions, has attracted a special interest because of the fact
that there are some physical phenomena which can be modelled by such kind
of equations, such as elastic mechanics, electrorheological fluids (sometimes
referred to as ‘smart fluids’), image processing. For more information we
refer to [2,3,7,9,11,16,19 — 21]. In that context, it is accepted that the
most convenient spaces for the mathematical modelling of such physical
problems are variable exponent Lebesgue and Sobolev spaces.

In the sequel, we recall some basic properties of the variable exponent
Lebesgue LP(*) (Q) and Sobolev spaces W'P(®) where Q ¢ RY is a bounded
domain. In that context, we refer to [5, 8] for further reading.

Set C4 (Q) ={h:h e C(Q), h(z) > 1} for all z € ©, and define

h™ =minh(z) and h* =maxh(z), Vh e Cy ().
e e

For any p € C4 (ﬁ)7 we define the variable exponent Lebesque space LP(*) (Q)
by

L@ (Q) = {u Q= Ris measurable:/ u (2) P da < oo} ,
Q
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The modular of LP(®) () which is the mapping p : LP®) (Q) — R is defined

by
u)—/ |ulP®) dz.
Q

We define a norm, the so-called Luxemburg norm, on LP(®) (Q) by the for-
u ()

mula
p(z)
|ulp(y) = inf 77>0:/ dr <1,
Ql M

and then (LP®) (Q), |[(z)) becomes a Banach space.
Also define the variable exponent Sobolev space WP(*) (Q) by

WP (Q) = {u € IP®) (Q) : [Vu| € LMD (Q)),

with the norm

Jull = llully pz) = [lp) + Vtlp@)-

Moreover, it is well known that if 1 < p~ < pt < oo, then spaces
LP®) (Q) and WP (Q) are separable and reflexive Banach spaces (see,
e.g., [5,8]).

We note that we can use the following equivalent norm on WP (Q):

p(z) p(z)
||| :inf{n>0:/ (‘Vun(x) )d:z:g 1}.
Q

The modular of W) (Q) which is the mapping Pp(x) : wir) (Q) - R

is defined by
pote) 0 = [ (1907 4 [u ) da.
Q

Proposition 1.1. [5,8] If u,u, € LP®) (Q) (n=1,2,...), we have
(i) ‘u|p(x) < 1(: I;> 1)(:)p(u) < 1(: I;> 1);
(i) [uly) > 1 = Jullyy < p(u) < [l fulyw) <1 = [ull, <
p(u) < lul7y,
(iil) limy,—eo |un\p(x = 0 & limy 00 p(un) = 0;1imy, 00 [tn|pe) = 00 &
limy, 00 P(Un) 0.

u ()

’

Proposition 1.2. [5,8] Let u,u, € WP@) (Q).
(1) limp—oo ||un — ul| = 0;
(i) im0 Pp(a) (un — u) = 0;
(iil) up — u in measure in Q and limp 0 Pp(z)(Un) = Pp(a) (W) -
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Proposition 1.3. [5,8] Let u,u, € W2 (Q).
(1) HuH <1 (: I;> 1) < Pp(x) (u> <1 (: 1:> 1);
@) Jull > 1 = Jul”™ < ppay () < Jul” s lull < 1 = [l <
Pp(a) (W) < [l
(iil) limy oo [[unll = 0 & limy o0 Ppiz)(Un) = 0;limy, o0 [[un| = 00 <
limy, 00 Pp(z) (un) = 00.

The main results of the present paper are based on the following theorem
obtained by G. Bonanno in [1].

Theorem A. Let X be a separable and reflexive real Banach space, and
let &0 : X — R be two continuously Gateaux differentiable functionals.
Assume that ® is sequentially weakly lower semicontinuous and even, that
U is sequentially weakly continuous and odd, and that, for some a > 0
and for each \ € [—a,al, the functional ® + AV satisfies the Palais—Smale
condition and

lim (®(x) + A¥(x)) = +o0.

[|[| =00

Finally, assume that there exists k > 0 such that

inf ®(x) < inf &(x).
2eX (z) |‘1/(1:rr:l)\<k (@)

Then, for every a > 0 there exists an open interval A C [—a;a] and a
positive o real number, such that, for each X € A, the equation

' (z) + AV () =0

admits at least three solutions in X whose norms are less than o.

2. MAIN RESULTS

In order to apply Theorem A, we define the functionals ®, ¥ : W12 ()
— R by

U(u) = /Q p(lx) (|Vu|p($) - \u|p(m)> dr — /QF(.CL‘,U)dl‘,
O(u) = —/QG(m,u)dac,
where

F(x,u) = /Ou f(z,t)dt and G(z,u) = /Oug(ac,t)dt.

Then energy functional associated to the problem (Py) is Jy(u) = ¥(u) +
A®(u). Arguments similar to those used in the proof of Proposition 3.1 in
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[11] imply that ®, ¥ € CY(WLP®) (Q),R) with the derivatives given by

(W) = [ 1V Ve + [ P upds = [ fla,u)ede,

@mm@:—AMmmmx

for any u, p € WhHP() (Q).
Let v € W) (Q) is a weak solution of (Py) if

/Q |Vu[P@)—2 Vchde:—f—/Q |ulP@ =2 upda —/Q [f(z,u) + Ag (z,u)] pdz =0

for every ¢ € WP (Q). So, the weak solution of the problem (Py) are
precisely critical points of the energy functional

I(u) = /Q p(lx) (\Vu|p(m) + |u|p($)) dx — /QF(:U,u)dx - )\/QG(:U,u)d:L‘.

Now, we state our main results.

Through the present paper, if not otherwise stated, we assume that
f,9 : Q@ x R — R are Carathéodory functions which satisfy the following
conditions:

(f1) There exist constants c1,cy > 0 such that

|f(z,0)],]g(z,t)| < 1+ e 1t]9@ for ae. z € Q and for all t € R,

where ¢ € C (Q) and ¢(z) < p(z) < p*(z) = A],V_pég) for a.e. z € Q.

(f2) h,s € C4 (Q) satisfies the following conditions

L_F@:lfora.e.xeﬁ,
p(z)  s(x)
and
1 P e
—— 4+ ——=1for a.e. z €,
p(z)  h(z)

where s~ € (p*,h") and h(z) < p*(z).
(f3) There exist 6 > p™ and t, > 0 such that

[t| > te = 0 < OF (x,t) < tf (z,t) for a.e. v € Q.
(fa)
i) f(z,t)=o0 (]t]p7_1> as t — 0 uniformly for z € Q,
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i) g(x,t) =0 (|t|p_71) as t — 0 uniformly for = € Q.
(f5) f(x,-) is odd and g(z,-) is even for all x € Q.

Theorem 2.1. Let f,g: Q xR — R be two Carathéodory functions satis-
fying the conditions (f1) — (f5). Then, for every a > 0, there exists an open
interval A C [—a,a] and a positive real number o, such that for every A € A,
Neumann problem (Py) admits at least three solutions whose norms are less
than o.

Proof. From (f1) and (f4), given € > 0 there exists a positive constant C.,
independent of ¢, such that

|F(x,1)],|G(x,t)] < et + Co[t]"@ for all (z,t) e QxR.  (2.1)

So the functional W is continuously Gateaux differentiable functional and
sequentially weakly continuous in W12 (Q)(see [10]). Also, by (fi) we
know the functional ® is sequentially weakly continuous in W1P(®) (Q) (see

6)).

Since p(x) < p*(z) and ¢(z) < p*(x), then WHP() (Q) — L1 (Q) and
Whe@) (Q) < LPT (Q) < LP” (Q) (see [4]), with a continuous and compact
embedding, what implies the existence of c3,cq4 > 0

[Uly(a) < € Jul] for all w € W) (0). (2.9)

and
Jul,~ < |ul,r < caluf forall u e W@ (Q). (2.3)

By Proposition 1.1, Proposition 1.3, (2.2) and (2.3) we deduce that

/G(w,u)dx §e/ JulP dac—i—C'a/ Ju|*™) da

p~ q gt
<elu’,_ +C.max (|u\q(x) , |u|q($))
- - +
< cea Jull” -+ eaCema {Jlul”, ju]”"}.

And similarly, we have

| Plavide < eealjulf” + eoComae {Jul” )" }.
Q
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For A € R, from ||ul| > 1, we deduce that

JA(u):\IJ(u)nL)\fI)(u):/Qp(lx)

—AF(m,u)dm—A/ng(x,u)dx

1 _ _
> e [ul? —2ecq [[ulP =2 (c3Ce + |A]) [Juf "

<|Vu|p(x) + |u|P(fE)) dx

Choosing € = we get

_1
4C4p+ )

J)\(u) >

Z 5 lull” = 2 (esCe + [A]) ull™ -

Since p~ > ¢, it follows that
U(u) + AP(u) — oo as |lu|| — oo, (2.4)

i.e., U(u) + A®(u) coercive on W@ (Q).
Now, we prove that Jy satisfies the Palais-Smale (P.S) condition. Suppose
{un} is a (PS) sequence of Jy, that is, there exists C' > 0 such that

In(un) — C, Jy(uy) — 0 as n — oo.

Assume that ||u,| — oo as n — oco. But this contradicts with Jy(u,) — C
since (2.4) holds. Thus, {u,} must be bounded. We may assume that there
exists ug € WP(®) (Q) satisfying

Up — up in WHPE) (Q) | u, — ug in LI (Q) (by (2.2)),
un(x) = up(z) a.e. on Q.

Observe that
()= 0) = [ (190290, (0, = w0)
— |un [Py, (u — u0)> dx
- /Qf(x,un) (up, — ug) dz — )\/Qg (x,upn) (up, —up) dz. (2.5)
We already know that

(J\(tn), un —ug) — 0 as n — co. (2.6)
By (f1) we have

/f(x,un)(un—uo)d$—>()asn—>oo
Q
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and

/g(:c,un)(un—uo)dxﬁoasn—>oo.
Q

Using this, (2.5) and (2.6) we obtain

/Q (|Vun|p(‘70)_2 VunV (tn — ) — [tn P "2y, (1 — uo)) dx — 0

as n — oo. This together with the convergence of u, — ug in W@ (Q),
implies that
Up — ug in WHPE®) (Q) asn — 0.
Hence, J) satisfies the (PS) condition.
Next, we want to prove that

inf  W(u) < 0. 2.7
. S (u) (2.7)

From (f3) one easy deduces that

for x € Q and all t > t,. Thus, there are ¢ > 1 and nonnegative u €
Wol’p(x) (€2) such that {z € Q : u(x) > t.}, then we have
0
/ F(x,eu)dx > / F(x,eu)dx > 6—0 F(x,t)uldx
Q {eu>ts} 15 {eu>t.}
0

> 69/ F(x, t)ude > 69/ F(z,t.)dz >0
t
* J{u>ty} {u>ty}

(recall F > 0 and F'(.,t.) > 0 almost everywhere). Then by Proposition 1.3
for all (x,t) € Q x R, we have

p(z) p(z)
\I/(eu):/ [V () + Jeul dx—/F(x,eu)dx
Q Q

p(x)
p(x) p(x)
§/ [V () + Jeul dx/F(:p,eu)d:z:
Q p(x) Q
e’ +
<l - [ Pt
p {u>t.}
e’
<

_ww“—ﬁ/ Fla,t,)dz.
p {u>ty}

From the assumption on 6 (see (f3)), it is obvious that 6 > p™, so this
implies ¥ (eu) — —oo as € — 0o. Thus (2.7) holds.
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When ||ul| is small enough, by (2.1) we have

1 _
U (u :/ Vu|P® 4 |yP@ dac—a/ ulP dx—C’/ ul?®) dg
(W= | o (17" + ) e -
1 _
> Lt —g/ uf? dx—Cg/ 2 g (2.8)
p Q Q
Considering (f2) and applying Young’s inequality, we have

P < ecs + C |ul"@

and o
u|?® < ec + O [u*®@ .
Since |Ju|| < 1, we deduce

/ u|?® da < ecr +Ca/ u)*@ do < ecr + Ce ||ull® .
Q Q
Replacing these in (2.8), it results that

1 + - h—
V) 2 full” = esllull™ —eollull™ = eero

+ —
> — [ull” — e flull® —ecio

1
pt
1 ot s~ —pt
=— —ci — €c1o-
e P (1= e ) e
(1T
=inf | =, ( =— .
" 2 2611
For u € WhP(®) (Q) with |ju| = 7, we have
+ 1+
U(u) > —— Hqu —€c1o > an — £c10-

1
= opt

Set

+
v
Choose € = —, then we have
8ciop

1 +
P
U(u) > e |lul|P* > 0.
Hence, there exists £ > 0 such that

inf U(u)=0.
| (u)|<k

So we have

inf  U(u) < inf U(u).
ueWbp(@)(Q) |®(u)|<k

The condition (fs) implies ¥ is even and @ is odd. All the assumptions of
Theorem A are verified. Thus, for every a > 0 there exists an open interval
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A C [—a,a] and a positive real number o, such that for every A\ € A, problem
(Py) admits at least three weak solutions in W'P(®) (Q) whose norms are
less than o. O

Theorem 2.2. Suppose that f and g satisfy assumptions (f1) — ( f3),
(fa) (i1), (f5), and that there exists a nonempty open set Oy C Q such that

(f1)

t
t)dt
lim infif0 f(t)

- = 400 uniformly for x € Q.
t—0 |t|P

Then, for every a > 0, there exists an open interval A C [—a,a] and a
positive real number o, such that for every A € A, Neumann problem (P)
admits at least three solutions whose norms are less than o.

Proof. The proof is similar to the Theorem 2.1. So we only give a sketch of
it. By the Theorem 2.1, the functional ¥, ® are sequentially weakly lower
semicontinuous and continuously Gateaux differentiable in W) (Q), ¥ is
even and ® is odd. For every A € R, the functional ¥(u) + A®(u) satisfies
the (PS) condition and (2.4).

From (f}), we can find § > 0 such that for any H > 0 one has

t
inf / F(o,t)dt > H|tPP for every 0 < || < 6.
e Jo

We choose a nonzero nonnegative function v € C§° () with inf,cq, v(z) >

0, put H > |[v]|” /p~ [ v’ dz. Take a € > 0 such that esup,cq, v(z) <
0, and let ug = ev. Then, we obtain

vy s Clel - [ ([ s nan)ao

P~ _ _ _
< S|P — HeP /|U|P dx < 0.
p Q

So, we get
inf  W(u) <0.
u€Whp(e) (Q)

By the proof of Theorem 2.1, we know that there exists k > 0 such that

inf  W(u) < inf U(u).
ueWLp(@) (Q) |®(u)|<k

According to the Theorem A, for every a > 0, there exists an open interval
A C [—a,a] and a positive real number o, such that for every A\ € A, problem
(Py) admits at least three solutions whose norms are less than o. U
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Theorem 2.3. Suppose that f and g satisfy assumptions (f1) — ( f3),
(f1) (i1), (f5), and that there exists a nonempty open set Q1 C Q such that

(f1)

t t
t)dt t)dt
liminfifO fz,?) > —o00, limsupifo fz,?)

= = 400 uniformly for x € Q;.
t—0 ’t’p(w) 10 It

Then, for every a > 0, there exists an open interval A C [—a,a] and a
positive real number o, such that for every A € A, Neumann problem (P)
admits at least three solutions whose norms are less than o.

Proof. The conclusion follows by applying both Theorems 2.1 and 2.2. Here
we only prove

inf  W(u) < 0. 2.9
. S (u) (2.9)

From condition (f}), there exist L > 0, ¢ > 0 such that

t
ingfi / flz, t)dt > —L|tP™ > — Lt|"" forevery 0 <t<4. (2.10)
xzelflt Jo

Let us consider a compact set g C 4, with |Qg| = (L + 1) [©21/Q0] and a
nonzero nonnegative function v € C§° (€2) such that

v(z)=1if z € Q,
0<v(x)<lifze O/,

v(z)=0if x € Q/Q;.

Then we have |v| < 1 and fQ1/Qo [v|P dx < |Q1/Q0|. Thanks to the condi-
tion (f}), there exists t’ € R such that

! JololP dz\ -
inf z,t)dt > max |1, 5— " | |¢/|” for every 0 < [t'| <.
s, [ sz (1 BN O vy 0 <
(2.11)

By (2.10) and (2.11), we get

t'v t
flx,t)dt > —L 1En£ / f(x,t)dt for every 0 < ’t" <. (2.12)
0 redll Jo
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Taking into account (2.11) and (2.12), we have

1 _ t'
¥ (t') SFHt’va —/ flz, t)dt | da
Q 0

P Zieol it [ rw a2 we [ e

— |V — 1mn $, — | 1n .’L',
- - 0 ze Jo QO ze Jo

t/P7 _ Q t/
< o @ |2 e [ @t

QO xe 0
0 ¢
L|—| inf t)dt
i ]QO it [ s

tlp7 _ Q t/
< o 1 e [

p o|ze Jy

vE - -
< L o — e [ ol as

Q

L

< o = e ol <o

and so (2.9) holds. Arguing as in Theorem 2.2, we have the same results. O

Remark 2.4. In particular, under the same assumptions, there exists a
sequence {\,} converging to 0 such that, for each n € N, the problem

—div (|Vu|p(x)72 Vu) + [uP® "2y = fz,u) + Ang(z, u) in Q,

%:0 on 0f,

admits at least three weak solutions in WP ().
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