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SOME REMARKS ON GENERALIZED METRIC SPACES
OF BRANCIARI

POOM KUMAM AND NGUYEN VAN DUNG

ABSTRACT. In this paper, we prove some properties of a generalized
metric space in the sense of Branciari in [1]. As applications, we correct
some confusion about this space in the literature. Examples are given
to illustrate the results.

1. INTRODUCTION AND PRELIMINARIES

In 2000, Branciari [1] introduced the following notion of an n-generalized
metric space.

Definition 1.1 ([1], Definition 2.1). Let X be a non-empty set and d :
X x X — [0,+00) be a map that satisfy the following
(1) d(z,y) =0 if and only if z =y for all z,y € X.
(2) d(z,y) = d(y,x) for all z,y € X.
(3) d(z,y) < d(z,u1) +d(ui,u2) + ...+ d(un,y) for all z,y € X and all
distinct points uq,...,u, € X each of them different from x and y.
Then d is called an n-generalized metric on X and (X,d) is called an n-
generalized metric space, or for short, n-g.m.s. A sequence {z,} is called
convergent to x in (X, d) if lim,, o d(zy,z) = 0. A sequence {z,} is called
Cauchy if limy, p, 00 d(Zp, Ty,) = 0. The n-generalized metric space (X, d)
is called complete if every Cauchy sequence is a convergent sequence.
If n = 2, an n-generalized metric space is called a generalized metric space,
or for short, g.m.s, see [1, Definition 1.1].

The notion of the generalized metric space in the sense of Branciari was
investigated by some authors and many fixed point theorems in such space
were stated, see [9], [10] and references therein. In [1], Branciari claimed the
following result without proof.
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Proposition 1.2 ([1]).

(1) A generalized metric space is a topological space with neighborhood
basis given by C = {B(z,r) : x € X,r > 0} where B(z,r) = {y €
X :d(z,y) <r} is the ball of center = and radius r.

(2) A generalized metric d is continuous in each of its variables.

(3) A generalized metric space is a Hausdorff space.

In [15], an example was given to show that Proposition 1.2 is not true in
general, also see [9, Example 1.2].

Example 1.3 ([15], Example 1.1). Let A = {0,2}, B = {2 : n € N} and
X =AUB. Defined: X x X — R as follows:
0 ife=y
dz,y) =4 1 if v #yand {z,y} C Aor {z,y} CB
=d(y,x)=y ifzxeAvyeB.

Then we have

(1) (X,d) is a complete, generalized metric space.

2) limp o + = 0 and limy o0 + = 2.

) The sequence {%} is not a Cauchy sequence.

) There does not exist > 0 such that B(0,7) N B(2,r) = 0.

) 0 € B(3,%) but there does not exist » > 0 such that B(0,r) C
B(3)

(6) d is not continuous.

(

(3
(4
(5

Note that, for a given generalized metric space (X, d), we have the topol-
ogy Tq induced by the convergence on (X, d), that is, (X, 7) is a sequential
space in the sense of Franklin [8].

Definition 1.4 ([8]). Let X be a topological space.

(1) A subset U of X is called sequentially open if each sequence {x,}
in X converging to a point z in U is eventually in U, that is, there
exists ng such that z,, € U for all n > ng.

(2) A subset F' of X is called sequentially closed if no sequence in F
converges to a point not in F.

(3) X is called a sequential space if each sequentially open subset of X
is open, equivalently, each sequentially closed subset of X is closed.

In a natural way, a generalized metric space (X, d) is always understood
to be the topological space (X, 73).

One usual method of generating a topology is to use a neighborhood
system as follows:

Proposition 1.5 ([6], Proposition 1.2.1). Suppose we are given a set X and
a family B of subsets of X which has the properties:
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(B1) For any Uy,Us € B and every x € Uy N Us, there exists U € B such
that x € U C U1 NUs.
(B2) For every x € X, there exists U € B such that x € U.

Let O be the family of all subsets of X that are unions of subfamilies of
B. The family O is a topology on X and the family B is a base for the
topological space (X, 0).

We see that the family B of all finite intersections of the family C in Propo-
sition 1.2 satisfies conditions (B1)-(B2). Then, by using Proposition 1.5, B
is a basis of certain topology 7% on X. Recall that, for a metric space, Ty
and T are coincident. But for a generalized metric space, T and 7% may
not be coincident. In Example 1.3 and [9, Example 1.2], the authors used
neighborhoods in (X, 7%) to prove the non-Hausdorff property of (X, 73).
Obviously this is a confused state of affairs.

In this paper, we prove some properties of a generalized metric space
(X,d) dependent on certain topologies on the set X. As applications, we
correct the mentioned confusion about generalized metric spaces. Examples
are given to illustrate the results.

2. MAIN RESULTS

The relationship between 7; and 7 is as follows. Note that every ball
B(z,r), r > 0, is an open subset of (X,7%).

Proposition 2.1. Let (X,d) be a generalized metric space. Then we have

TaCTY

Proof. Let U € T;. Suppose to the contrary that U ¢ 7% Then there

exists x € U such that B(x7 %) ¢ U for all n € N. This implies that for

each n € N, there exists z,, € B(:B, %) and x, ¢ U. Since d(x,,z) < %
for all n € N, lim;, o0 d(zy,2) = 0. This proves that lim, o 2, = = in
(X, Tq). Therefore there exists ng such that x,, € U for all n > ng. This is

a contradiction of the fact that x,, ¢ U for all n € N. O

The following example shows that inclusion in Proposition 2.1 can not be
reversed.

Example 2.2. There exists a generalized metric space (X,d) such that

T T

Proof. Let (X, d) be the generalized metric space in Example 1.3. We have
limy 00 d(1,0) = limp—00 £ = 0. Then limy 00 = = 0 in (X, Tg). We also
have B(3,3) = {z € X : d(3,2) < 2} = {0,2,1}. Then B(},2) is a
neighborhood of 0 in (X, 7%). Since {1} is not eventually in B(3, %), {1}

O

is not convergent to 0 in (X, T9). Therefore, T¢ ¢ Ty.
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For the generalized metric spaces (X, dx) and (Y, dy ), we always consider
X XY to be the product space with respect to the mentioned topologies on
X and Y. Recall that, for a metric space (X, d), the formula

D((z1,11), (z2,92)) = d(z1,2) + d(y1,y2), 1, T2, Y1, Y2 € X

yields a metric on X x X. The following example shows that (in general),
this is no longer true for a generalized metric space (X, d).

Example 2.3. There exists a generalized metric space (X, d) such that

D((x1,91), (2,52)) = d(x1, 2) + d(y1, y2)

for all x1,x2,y1,y2 € X, is not a generalized metric on X x X.

Proof. Let (X, d) be the generalized metric space in [9, Example 1.2]. We
have

D((1,1),(2,2))
>D((1,1), (1, 1—%)) +o((1, 1—%), (2, 1—%)) +0((2 1—%), (2,2)).

Then D is not a generalized metric on X x X. O

We state some relationships between a generalized metric and certain
metric as follows.

Proposition 2.4. Let (X,d) be a generalized metric space. If (X, Ty) has
no isolated point and d is a sequentially continuous function of its variables
on (X, Tq) x (X,Tq), then d is a metric on X.

Proof. For each x € X, since (X,7;) has no isolated point, we have z €
X — {2z} where X — {z} is the closure of X — {z} in (X,7;). For each
sequence {z,} C X — {z} and lim, 0oz, = y in (X, Ty), if y # z, then
y € X —{x}. It implies that X — {x} is sequentially closed in the sequential
space (X, 7g). Then X — {z} is closed in (X, 73). Therefore, {x} is open in
(X,7a), that is, x is an isolated point of (X, 74). It is a contradiction. Then
there exists a sequence {x,} C X — {z} that nh_)mgO xn = in (X, Tg).

For each x # y # z € X, choosing z, € X — {z} for all n € N such that
lim,, o0 2, = 2z in (X, 73). We may assume that z, € X — {z,y, z} for all
n € N. Therefore,

d(z,y) < d(x,z) +d(z,2n) + d(2n, y). (2.1)

Taking the limit as n — oo in (2.1) and using the assumption that d is
sequentially continuous in its variables on (X, Tg) X (X, Tg), we get d(z,y) <
d(x,z) + d(z,y). This proves that d is a metric on X. O
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Proposition 2.5. Let (X,d) be a generalized metric space. For each x,y €
X, put

0 fr=y
pa(z,y) = < inf { max {d(z,w1), d(u1,uz), . ..,d(un,y)} :
ul,...,uneX,nEN} if x # .

Then we have

(1) pg is a metric on X.

(2) If lim z, =z in (X,d), then lim x, =z in (X, pg).
n—oo n—oo

Proof. 1. For all x,y,z € X, we have pg(x,y) > 0, pg(x,y) = pa(y,x) and
pa(x,y) =0 if and only if z = y.
For each € > 0, there exist u1,...,u, € X and vq,...,v,, € X such that

g
max {d(x,u1),d(ur,u2),...,d(un,y)} < palx,y) + 3

max {d(y,v1),d(v1,v2),...,d(vm, 2)} < pa(y, z) +

Then we have

| ™

pa(z,z) < max {d(x,u1),d(ui,us),
ooy d(Uup, ), d(y,v1), d(v1,v2), ...y d(Um, 2) }
< max {d(z,u1),d(u, uz),
ooy d(up,y)} + max {d(y,v1),d(vi,v2),...,d(vm, 2)}

g &
< pa(z,y) + 3T pa(y,z) + 3

= pa(z,y) + pa(y, z) + €.
Therefore, pg(x, 2) < pa(z,y) + pa(y, z) + € for all € > 0. This proves that

pa(,2) < pa(w,y) + pa(y, 2).

By the above, pg is a metric on X.

2. Let limy o0y = « in (X,d). Then lim, o d(zy,z) = 0. If there
exists ng such that z, = x for all n > ng, then lim, o x, = z in (X, pg).
So, we may assume that x, # x for all n € N. It implies that

0 < pa(an, )
= inf { max {d(zn,u1),d(ur,u2), ..., d(um,x)} :ug,...,um € X,m € N}
< d(zp,z) (2.2)

for all n € N. Taking the limit as n — oo in (2.2), we get limy,, o0 pg(zn, ) =
0. This proves that lim,, oo , =  in (X, pg). O
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Using [6, Proposition 2.2.4] and [6, Theorem 4.2.1], we get the following
corollary from Proposition 2.4.

Corollary 2.6. Let (X,d) be a generalized metric space. If d is sequentially
continuous in its variables on (X, Tq) x (X, Tq), then we have

(1) (X,Tq) =Y P Z, where Y is metrizable and Z is discrete. In par-
ticular, (X,Tg) is metrizable.

(2) {zn} is Cauchy in the generalized metric space (X, d) if and only if
{zp} is Cauchy in the metrizable space (X, Tq).

(3) The generalized metric space (X,d) is complete if and only if the
metrizable space (X, Tq) is complete.

Proof. (1) Denote Y = {z : x is an isolated point of (X, 73)} and
Z = {x : x is not an isolated point of (X, 73)}.

Then X =Y UZ and Y, Z are two disjoint open subsets of (X, 7y). By [6,
Proposition 2.2.4], we have X =Y @ Z, where Y is metrizable by Proposi-
tion 2.4 and Z is discrete. Note that Z is also a metrizable space with the
discrete metric, then (X, 74) is metrizable by [6, Theorem 4.2.1].

(2) We have that {x,} is Cauchy in the generalized metric space (X,d)
if and only if limy, ;m—oeo d(Zn, Tm) = 0. It is equivalent to either {z,}
is eventually in Y or {z,} is eventually in Z, with respect to Ty, and
limy, y—00 d(Zp, Zm) = 0. Note that the metric on Y is the restriction of
the generalized metric d on Y and the metric on Z is the discrete metric,
then the above is equivalent to that {x,} is Cauchy in the metrizable space
(X, 7).

(3) It is a direct consequence of (1) and (2). O

Remark 2.7.

(1) A discrete metric space is a counter-example showing that the con-
verse of Proposition 2.4 is false.

(2) Let (X,d) be an n-generalized metric space where d is sequentially
continuous in its variables on (X,7;) x (X, 7). As in the proofs
of Proposition 2.4 and Corollary 2.6, we see that each n-generalized
metric space (X,d) reduces to either a discrete space or a metric
space with the same Cauchy sequences and same completeness.

The following proposition presents the Hausdorff property of a generalized
metric space.

Proposition 2.8. Let (X,d) be a generalized metric space. Then we have
(1) If d is sequentially continuous in its variables on (X, Tg) x (X, Tq),
then (X, Tg) is Hausdorff.
(2) (X, T%) is Hausdorff.
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Proof. (1) It is a direct consequence of Corollary 2.6.

(2) For each x # y € X, we have d(z,y) > 0. Put r = @ and
U = B(z,r), V. = B(y,r). Then U is a neighborhood of z and V is a
neighborhood of y in (X, 7?) and U NV = ). This proves that (X,79) is a
Hausdorff space. O

The following example shows that the converse of Proposition 2.8.(1) is
false.

Example 2.9. There exists a Hausdorff, generalized metric space (X, d)
such that d is not sequentially continuous in its variables on (X, T3) x (X, Tg).

Proof. Let X = {2} U{L : n € N}. Define d: X x X — R as follows:

0 ife=y
dz,y)=<¢ 1 ifx:%#y:%;n,meN
=dy,x)=y ifx=2y= %;nEN.
Then (X,d) is a generalized metric space. We have lim, oo d (%, 2) =
limy, oo % = 0. Then lim,,_ % = 2 in (X, 7). Moreover, if lim, o0 Ty =
% for some n € N in (X, 7y), then lim,, d(l‘m, %) = 0. Then there exists
mg such that z,, = % for all m > mg.

By the above, we have Up, = {2} U {1 : n > m} is a neighborhood of 2
in (X, 74) for all m € N and V,, = {1} is a neighborhood of < in (X, 7y) for
all n € N. Since U,.1 NV, =0 for all n € N and V,, N V,,, = 0 for all n # m,
we see that (X, 7y) is Hausdorff.

Since limn%m% = 2in (X,7;) and lim,,_, d(%, %) =limy 400l =1 #
d (%, 2) = %, we see that d is not sequentially continuous in its variables on
(X, Ta) x (X, Ta). O

An equivalent condition for a generalized metric d to be sequentially con-
tinuous in its variables on (X, 7y) x (X, Ty) is as follows.

Proposition 2.10. Let (X,d) be a generalized metric space. Then d is
sequentially continuous in its variables on (X, Tq) x (X, Tq) if and only if
every convergent sequence on (X, Ty) is a Cauchy sequence on (X,d).

Proof. Necessity. Let {x,} be a convergent sequence in (X, 7). By using
again notations in the proof of Corollary 2.6, we see that either {x,} is
eventually in Y or {z,} is eventually in Z, with respect to Ty.

If {x,,} is eventually in Y, then {z,} is a Cauchy sequence in Y because
Y is a metric space. Note that the metric on Y is the restriction of d on Y,
then {x,} is a Cauchy sequence in (X, d).

If {x,} is eventually in Z, then there exists ng such that x,, = z for all
n > ng because Z is discrete. Then {z,} is also a Cauchy sequence in (X, d).
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By the above, {x,} is a Cauchy sequence in (X, d).

Sufficiency. For each z,y € X and lim, o x, = z in (X, Ty), we will
prove that lim,, o d(zy,y) = d(x,y).

If x = y, then lim, o d(zy,y) = lim, oo d(xn,z) = 0 = d(z,z) =
d(z,y).

If there exists ng such that x,, = x for all n > ng, then lim, o d(x,,y) =
d(z,y).

So, we may assume that x,, # x.,, # x # y for all n,m € N. Then

d(xny y) < d(xn’ Im) + d(:l?m, .73) + d($7 y)7 d(l’, y)
< d(xu JUm) + d(xmy !Tn) + d($na y)
It implies that

d(xn,y) - d( ) (xnaxm) —l—d(xm,x),d(:l:,y) - d(xmy)

<d
< d(x,xm) + d(xm, ).
Therefore, we have

|d(zn, y) — d(z,y)| < d(@n, 2m) + d(zm, ) (2.3)

for all n € N. Taking the limit as n — oo in (2.3), note that {z,} is a Cauchy
sequence, we get lim, o |d(zy, y) —d(x,y)| = 0. That is, lim,, oo d(zn,y) =
d(z,y). O

The proof of Sufficiency of Proposition 2.10 gives the following result.

Corollary 2.11 ([11], Proposition 3). Let (X,d) be a generalized metric
space. If {x,} is a Cauchy sequence and lim, oo x, = x in (X, Ty), then
limy, o0 d(zp,y) = d(z,y) for ally € X. In particular, lim, oo , # Yy in
(X, Ta) ify # .

Remark 2.12. Recently, the authors of [9] asserted that there were some
incorrect proofs in [1], [2], [3], [12] by using the ‘false’ Proposition 1.2. These
‘false properties’ of generalized metric spaces were first observed by Das
and Dey in [4], [5]. Also, these facts were observed by Samet in [13], by
Lakzian and Samet in [14], by Sarma et al. in [15]. A fact first noted
n [16], and then in [11] that the Hausdorff property in [15, Theorem 1.3] is
superfluous. By using Corollary 2.11, we also see that the Hausdorff property
n [14, Theorem 3.1], [14, Theorem 3.2], [7, Theorem 4], [7, Theorem 9], [7,
Theorem 11], [7, Theorem 13] are superfluous. Therefore, the comments
in [9] on the proofs in [1], [2], [3], [12] may be not fair, in the sense that
Corollary 2.11 is used implicitly.

Now we restate Example 1.3 as follows, also for [9, Example 1.2].

Example 2.13. Let (X,d) be the complete generalized metric space in
Example 1.3. Then we have
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(1) (X,T?) is discrete. In particular, (X, 7?) is Hausdorff and {1} is
not convergent in (X, 7%).

(2) limn_wo% =0 and limn_mO% = 21in (X, 7). In particular, (X, 74)
is not Hausdorff.

(3) The sequence {2} is not a Cauchy sequence in (X, d).

(4) The collection B = {B(z,r) : r > 0} does not form a neighborhood
basis at z in (X, 7?).

(5) disnot asequentially continuous function of its variables on (X, 73) X
(X, Ta)-

(6) d is continuous on (X, T9) x (X, T%).

Proof. For (3), see Example 1.3.(3); (4) is a direct consequence of Exam-
ple 1.3.(5) and (6) is a direct consequence of (1).

(1) We have B(0,3)NB(3,2) ={0}, B(2,5)NB(3,3) = {2}, B(3.r) =
{1} if r < 1. It implies that (X, 7?) is discrete.

(2) We see that limn_mod(%,O) = limn_mod(%,Q) = limn_,oo% = 0.
Then lim,, s % =0 and lim,_ % = 21in (X, 7). Therefore, (X, 73) is not
Hausdorff by [6, Proposition 1.6.7].

(5) We have lim,, oo = = 0 in (X, 73) but limy, oo d(2,2) = lim, 00 2 =
0 # d(0,2) = 1. Then d is not a sequentially continuous function of its
variables on (X, Tg) x (X, Tg). O

In [5], Das and Dey introduced the notion of a generalized normed linear
space as follows.

Definition 2.14 ([5]). Let X be a real or complex vector space over the
field K and ||.|| : X — R such that

(1) ||z|| > 0 and ||z|| = 0 if and only if z =0 for all z € X.

(2) |[Az|| = |A|-||z] for all z € X and A € K.

B) llz+z+...+z+yl <zl + llall + .. 4 [zl + llyl for all

TyY, 21y -5 2k F 0.

Then the function ||.|| is called a generalized norm on X and (X, ||.||) is called
a generalized normed linear space. If (X, |.]|) is a generalized normed linear
space, then d(z,y) = ||z — y|| for all z,y € X is a generalized metric on X
and d is called the generalized norm induced by ||.||. A generalized normed
linear space which is complete with respect to the induced generalized metric
is called a generalized Banach space.

The following proposition shows that every generalized norm is a norm.
Then, all results and open problems in [5] are redundant.

Proposition 2.15. If (X,|.||) is a generalized normed linear space, then
the function ||.|| is a norm on X, that is, ||[x+yl|| < ||z||+||ly|| for all z,y € X.



218 POOM KUMAM AND NGUYEN VAN DUNG

Proof. If x = 0 or y = 0, then we have ||z + y|| < ||z|| + |ly||]. So we may
assume that z,y # 0. Then we have

1 1
@+ yl| = ||+ Sk §yH
1 1 1 1
< ||| + I|§yH + Hng = [|z|| + QIIyH + §Hy|| = [Jz]| + [|y]].

By the above, ||.|| is a norm on X. O
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