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ON Z AND ZFX-CAUCHY NETS AND COMPLETENESS
SUDIP KUMAR PAL

ABSTRACT. In this paper we study the concept of Z°-Cauchy nets which
is more general form of Z*-Cauchy nets ([4,5]). We also investigate its
relation with the concept of Z-Cauchy nets and study the completeness
of a uniform space in terms of Z*-Cauchy nets. Subsequently our results
extend similar results of Das and Ghosal [4,5].

1. INTRODUCTION

The idea of convergence of a real sequence had been extended to statisti-
cal convergence by Fast [9] (see also Schoenberg [21]). A lot of investigations
have been done on this type of convergence and its topological consequences
after the initial works of Fridy [10] and Saldt [11]. Fridy in [10] also de-
fined statistical Cauchy condition. In particular, very recently Di Maio and
Kocinac [17] introduced the concept of statistical convergence as also a re-
lated notion of s*-convergence in topological spaces and statistical Cauchy
condition in uniform spaces and established the topological nature of this
convergence and also offered some applications to selection principle theory,
function spaces and hyperspaces. More recent applications of ideal conver-
gence extending these results can be seen in [7].

However if one considers the concept of nets instead of sequences (which
undoubtedly play a more important and natural role in topological and
uniform spaces [13]) the above approach does not seem to be appropriate
because of the absence of any idea of density in arbitrary directed sets.
Instead it seems more appropriate to follow the more general approach found
in [17]. Namely it is easy to check that the family 7, = {A C N: d(A) = 0}
forms a non-trivial admissible ideal of N. One may consider an arbitrary
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ideal Z of N and define Z-convergence and Z*-convergence of sequences as
follows:

A sequence {z,}nen of points in a metric space (X, p) is said to be Z-
convergent to [ if for arbitrary ¢ > 0, the set K(¢) = {k € N : p(xy,l) >
e} € Z. A sequence {zy}nen of points in X is said to be Z*-convergent to [
if there is M = {m; < mg < --- < my < ...} € F(I)(the filter associated
with the ideal 7) such that limy_ o2, = { [11]. The notions of 7 and Z*-
convergences of sequences coincide with the usual convergence if Z = Zy;;,,
the ideal consisting of finite sets only.

The idea of Z*-convergence has been very recently further extended as
follows: Let K be an ideal of N. A sequence {zy }nen of points in X is said
to be ZX-convergent [16] to z if there is M € F(Z) such that the sequence
{yn}nen defined by y, = xy, if n € M, y, =z, if n ¢ M is K-convergent
to x. This Definition is only a special case of the Definition in [16] where
the Z"-convergence of a function from an arbitrary set was defined and
investigated. Z*-convergence of sequences coincide with Z*-convergence if
K =2Zpin.

In [17] Di Maio and Kocinac asked when a statistically Cauchy sequence
in a uniform space is statistically convergent. In terms of nets the problem
is when Z-Cauchy nets in uniform spaces are Z-convergent. In [4] Das and
Ghosal proved that if a uniform space with a countable base is complete,
then maximal Z-Cauchy nets are Z-convergent. Subsequently in [5] using the
concepts of Z*-Cauchy nets they presented another solution of the problem.

In this paper we introduce the idea of ZX-Cauchy nets, a more general
form of Z*-Cauchy nets and consider similar problems. Also following the
line of investigation in [5], the relation between Z and Z*-Cauchy conditions
is thoroughly investigated.

The following definitions and notations will be needed.

Throughout the paper the pair (X, I") will stand for a uniform space which
will be written sometimes simply as X. It can be recalled that in a uniform
space (X,T'), for any point z € X the collection {U(x) : U € T'} (Where
U(x) ={y € X : (z,y) € U}) forms a local neighborhood basis at x. The
corresponding topology is called the uniform topology on X. By an open set
in X we shall always mean an open set in the uniform topology in X.

Throughout (D, >) will stand for a directed set and Z,K be two non-
trivial ideals of D. Also the symbol N is reserved for the set of all natural
numbers. A net in X will be denoted by {s, : @ € D} or simply by {sq},
when there is no confusion about D. Let for « € D, D, = {8 € D; 3 > a}.
Then the collection Fyp = {A C D : A D D,, for some a € D} forms a
filter in D. Let Zy = {A C D : D\ A € Fp}. Then 7 is a non-trivial ideal
of D.
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Definition 1.1. ([4], cf. [15]) A non-trivial ideal Z of D will be called
D-admissible if D, € F(Z) for all « € D.

Definition 1.2. ([4], cf. [15]) A net {so : @ € D} in a uniform space (X,I")
is said to be Z-convergent to x¢g € X if for any open set U containing xg,

{a€D:s,¢U} el

Definition 1.3. ([5], cf.[15]) y € X is called an Z-cluster point of a net
{sq : @ € D} if for any open set U containing y, {a« € D : s € U} ¢ 7.

Definition 1.4. ([15]) A net {s4 : @ € D} in a uniform space (X, I") is said
to be Z*-convergent to z¢p € X if there exists an M € F(Z) such that M
itself is a directed set and the net {s, : @ € M} is convergent to zo.

Definition 1.5. ([4]) {s4 : @ € D} is said to be Z-Cauchy if for any U € T’
there exists a 8 € D such that {o € D : (sq,s8) ¢ U} € L.

Definition 1.6. ([5]) {sq : @ € D} is said to be Z*-Cauchy if there exists a
M € F(I) such that M itself is a directed set and the net {s, : o € M} is
Cauchy.

Definition 1.7. ([20]) An admissible ideal Z of subsets from N is said to
satisfy the condition (AP) if for every countable family of mutually dis-
joint sets {A1, Ag, As, ...} belonging to Z there exists a countable family
of subsets {B1, B, B3, ...} of N such that for each j, A;AB; is finite and
B = U ij el

Definition 1.8. ([16]) Let Z, K be two admissible ideals of an arbitrary
non-empty set S. Then we say that Z satisfies the condition AP(Z, K) if for
every countable family of mutually disjoint sets {41, Ag, A3, ...} belonging
to Z there exists a countable family of sets {Bj, Ba, Bs, ...} from Z such
that for each j, A;AB; € K and B = Uij el

It is known ([11], see also [3]) that the notions of Z and Z*-convergence
(Cauchy condition) of sequences are equivalent if and only if the ideal Z
satisfies the condition (AP). Further in [16] it was established that the
notions of 7 and ZX-convergence of sequences are equivalent if and only if
Z and K are two admissible ideals and Z satisfies AP(Z, KC) condition.

Definition 1.9. ([15]) A D-admissible ideal 7 is said to satisfy the condition
(DP) if for every countable family of mutually disjoint sets {47, A2, A3, ...}
belonging to Z there exists a countable family of subsets {Bj, By, Bs, ...}
of D such that for each j, A;AB; C D\ D,; for some aj € D and B =
U ij el

The condition (DP) is a special case of condition AP(Z, K).
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2. MAIN RESULTS

We first introduce our main idea of Z*-Cauchy condition and then we will
investigate some basic results.

Let M C D and K be an ideal of D. Let us put K ipy= {ANM : A € K}.
Clearly K 1/ is a sub-ideal of K i.e. K 1ps is an ideal of M (and so of D) and
Ky C K. If K is D-admissible then K 137 is M-admissible when M itself is
also a directed set. Also if M € F(Z), when Z is D-admissible then M is
directed set because F(Zg,,) C F(Z) then M NA # () for every A € F(Zg,,)-
This means that M is cofinal in (D, >) and consequently it is a directed set.
In [16] Z"-convergence of a function from an arbitrary set was defined and
investigated. In the following definition we consider a special case of that
definition.

Definition 2.1. Let K be a non-trivial admissible ideal of D. A net {s, :
« € D} in a uniform space (X,T') is said to be Z"-convergent to o € X if
there exists a M € F(Z) and the net {t, : & € D} defined by t, = s, if @ €
M and to, =z if « € D\ M is K-convergent to xg.

Definition 2.2. A net {s, : @« € D} in a uniform space (X,T) is said to
be TF-Cauchy if there exists a M € F(Z) and the net {s, : o € M} is
K 1p-Cauchy.

If one takes 7 = Z; and K = ZIp;, then I’C—convergence becomes s*-
convergence and Z®-Cauchy condition becomes s*-Cauchy condition.

Theorem 2.1. In a uniform space (X,T) every T -convergent net satisfies
TF-Cauchy condition.

Proof. Let {54 : a € D} be T"-convergent to xg. Then there exists a M €
F(Z) and the net {t, : @« € D} defined by t, = so if « € M and t, =
xo if @« € D\ M is K-convergent to xg. i.e. the net {so : o € M} is K 1y
-convergent to xg. Hence {so : @ € M} is K 13y -Cauchy (by Theorem 2 of
[4]). ie. {sq:a € D} is Z*-Cauchy. O

Theorem 2.2. Let Z, K be two D-admissible ideals with I C Z. Then an
TF-Cauchy net in X is also I-Cauchy.

Proof. Let U € T and {s, : @ € D} be Z"*-Cauchy. Then there exists a
M € F(Z) and the net {sq : @« € M} is K 1p-Cauchy. Therefore there
exists a A € K 1p7 such that o, f ¢ A (a,8 € M) implies (sg,s4) € U
(by Theorem 1 of [4]). Choose B = D~ (M N (D~ A)). Then B € T
(as DNA e F(IK) and F(K) C F(Z) and M € F(Z) ). Now v, 0 ¢ B
implies v, s e M N (DN A) ie. 7, d € M and v, § ¢ A which implies that
(sy,85) € U. Hence {sq : @« € D} is Z-Cauchy (by Theorem 1 of [4]). O
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The following example shows that in general, the above result is not true
ifK g7

Example 2.1. Let T = Zy;,, = {A C N: A is finite} and K =Z; = {A C
N:d(A) = 0}. Then clearly F(K) € F(Z). Consider the sequence {z, }nen
defined as z,, = k if n = k% and z,, = % if n # k2. Then {x,}nen is not
Z-convergent and also not Z-Cauchy (since Z-convergence and Z-Cauchy
condition coincides for complete metric spaces [8]). Put M = N. Then
M € F(Z). Define y,, = x, if n # 1 and z, = 0 if n = 1. Then {x, }nenr
is IC 1pr-convergent to 0 i.e. {,}nen is Z"-convergent to 0 and so is T%-
Cauchy.

Theorem 2.3. If (X,T') is a uniform space with A € T' then Z-Cauchy
condition implies T -Cauchy condition for D-admissible ideals T and K.

Proof. Let {sq : @ € D} be Z-Cauchy. We have to show that {s, : a € D}
is also Z®-Cauchy. Since A €T, there is a A € Z such that v, 8 ¢ A implies
(sy,85) € A. Put M = D~ A. Then M € F(Z) and we can show that M
is directed with respect to the binary relation induced from (D, >). Take
B e M (as M # 0). Let s3 = xp. Now for all @« € M, s, = sg = xo.
Thus {sq : @« € M} is a constant net and so is Cauchy i.e. {so:a € D} is
TX-Cauchy. O

The following example shows that in general Z-Cauchy condition does
not imply Z®-Cauchy condition even if Z and K are D-admissible ideals
such that F(K) C F(Z). However, the following example is modeled after a
similar example from [5].

Example 2.2. If a uniform space (X,I") with the property that (.U =
A has a Cauchy sequence {x,}nen of distinct points then there exists an
admissible non-trivial ideal Z of N and a sequence {y,}nen in X such that
{yn}nen is Z-Cauchy but not Z*-Cauchy where K is an admissible ideal of
N with condition (AP) and K C Z.

Proof. Let N = U?ilAj be a decomposition of N such that each A; is infinite
and A;NA; = () for i # j. Let Z denote the class of all A C N which intersects
at most a finite number of A;’s. Then 7 is a non-trivial admissible ideal.
Note that any A; is a member of 7.

Let {yn}nen be a sequence defined by y, = z; if n € A;. Let U € T\
Since {x, }nen is Cauchy, there exists a mg € N such that (x,,,x,) € U for
all m,n € N with m,n > my. Clearly Ay UAyU---UA,, =C €T and
m,n ¢ C implies (Ym,yn) = (zp, 4) for some p,q > myp, and so belongs to
U. Hence {yn, }nen is Z-Cauchy.

Now if possible suppose that {y,}nen is ZX-Cauchy. Then there exists
a H € 7 such that {y,}nen, where M = N\ H, is K 1p/-Cauchy. From
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the construction of 7 it follows that there exists a [ € N such that H C
AiUAyU---UA; and then A; C M =N~ H for ¢ > [+ 1. We first observe
that IC 157 also satisfies the condition (AP). For this let {A;, As,...} be
a countable family of mutually disjoint sets from I 1a;. As K 137 is a
sub-ideal of I and K satisfies the condition (AP), there exists a countable
family of subsets {B1, By, ...} of N such that for each j, A;AB; is finite
and B = |J;B; € K. Put C; = B;j N M. Then for each j, A;AC; is finite
and C = |J;C; € K v Now {yn}nenm is K in*-Cauchy (see [3, 17]).
Hence there exists a set M’ € F(K ipq) such that {y,}nernnr is Cauchy.
Observe that M ~ M' € K ipy ie. M~ M = AN M where A € K. Hence
M = (D~ (ANM))U(D~M). Since DN\ (ANM) € F(K), so M' € F(K).
Again since F(K) C F(Z), so M" € F(Z). Hence from the construction of
Z, there exists a [; € N such that A; € M’ for: >1+1. Thus A; Cc M N M’
for i > lp + 1 where |y = max{l,l;}. Choose i,7 € N with i,5 > lp + 1
so that A;, A; € M N M'. So {yn}tnemnn contains an infinite number of
terms which are equal to x; and x; respectively. Now by our assumption
NyerU = A. Since z; # x;, there is a V' € I' such that (x;,2;) ¢ V. Then
there does not exist any mg € M N M’ with the property that m,n > mq
implies (Y, yn) € V, which contradicts the fact that {y, }nerrnnr is Cauchy.
Therefore {y, }nen is not Z*-Cauchy. O

We shall now study the equivalence of Z and Z*-Cauchy conditions under
certain assumptions (namely conditions AP(Z, K)) which becomes necessary
as well as sufficient on certain restrictions on the space.

Theorem 2.4. Let Z,K be two D-admissible ideals of a directed set (D, >
) and T satisfies the condition AP(Z,K). Let (X,T') be a uniform space
having a countable base R. Then for any net {s, : « € D} in X, Z-Cauchy
condition implies T -Cauchy condition.

Proof. Let R ={U; : i =1,2,3,...} be a countable base of (X,I") . Without
any loss of generality we can assume {U; : i = 1,2,3,...} to be monoton-
ically decreasing. Since {s, : @ € D} is Z-Cauchy, for each U; € R there
exists a K; € T such that 3, ¢ K; implies (sq,53) € U;.

Let Ay = K1,A9 = Koy~ K1,A3 = K3 (K1 UKQ),.... Then {Az :
i = 1,2,3,...} is a countable family of mutually disjoint sets in Z. By
the condition AP(Z,K) there exists a countable family of sets {B; : i =
1,2,3,...} in Z such that A;AB; C D ~ C; for some C; € F(K) and
B =UBj € Z. Let M = D~ B. Then M € F(Z). Let U € T'. Since
R is a basis of I', there exists [ € N such that U; C U. Now K; ~ B C
UL, (4 \ By) c U, (D ~ ;) (by condition AP(Z,K), where C; € F(K)).

Put C =CinCyn---NCp. Then Ki N M D M N C (for otherwise
thereisay e MNC but v ¢ K;and soy € KN M C D\ C which is
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a contradiction). This shows that «, 8 € C' N M implies o, f € K;° which
consequently implies that (sq,s3) € Uy C U. Thus {sq : @« € M} is K 1p-
Cauchy and so {s, : a € D} is Z*-Cauchy. O

Theorem 2.5. Let (X,I') be a uniform space having a countable basis R
with the property that (;erU = A and let X has at least one limit point.
If for every net {so : o € D} I-Cauchy condition implies T -Cauchy con-
dition. Then the condition AP(Z,K) holds.

Proof. Without any loss of generality we can assume that R = {U; : i =
1,2,3,...} be a countable basis of I' satisfying the condition that each Uj;
is symmetric and U;;1q o Uj1 C U; for all i = 1,2,3,.... Let xg be a limit
point of X. Then {U;(xg) : ¢ = 1,2,3,...} is a monotonically decreasing
open base at xq. Since (;;cpU = A, it follows that the uniform topology
corresponding to the family I is also 71. We can find a sequence {x;},y of
distinct elements in X such that x; € U; (xg) \ Ujt1 (z0) , x; # xo for all 4
and z; — xg.

Let {A; :i=1,2,3,...} be a mutually disjoint countable family of non-
empty sets from Z. Define a net {s, : @« € D} by s, = z; if a € A;
and sq = z¢ if & ¢ A; for any j € N. As in Theorem 6 [5] we can show
that {s, : @ € D} is Z-Cauchy. By our assumption {s, : a € D} is -
Cauchy. Hence there exists a set H € Z such that M = D\ H € F(Z) and
{sa : @ € M} is K 1py-Cauchy. Now let B; = A; N H for all j € N. We
consider following cases.

If for each j there exists C; € F(K) such that A; is disjoint from M N C;}
then clearly we have A; C B;j U (M ~ Cj) and so A;AB; = Aj \ B; C
M~ C;CcDNCj. Alsosince Bj€cZforalljeNand B=UB;C Hcl
so the condition AP(Z,K) holds.

Next suppose that the condition of the previous case does not hold. First
suppose that there is only one j € N for which the condition specified in
the above case does not hold good. Then re-defining B; = A; N H for ¢ # j
and B; = A; we can see that the sequence of sets {B; : i = 1,2,3,...}
has the property that B; € T for all i and UB; C A; UH € Z. Clearly
A;AB; C D\ C; for all i # j for some C; € F(K) and A;AB; = (). Hence
the condition AP(Z, K) holds.

Finally suppose that there are more than one j € N for which the con-
dition specified above does not hold. Take any two of these members of N
say i and j (i # j). We have C1 = A;N M ¢ K and Cy = A;NM ¢ K.
Now any E € F(K 1) is of the form £ = C N M where C € F(K). Again
CNCy # 0 for otherwise we will have C; C D\ C € K which is not the case.
By similar reasoning CNCy # (). This implies that there exists a v € A; and
ad € Aj. Clearly s, = z; and ss = x;. Since z; # x; and by our assumption
NuerU = A, so there exists a U € R such that (z;,2;) ¢ U. Since any



254 SUDIP KUMAR PAL

E € F(K 1) is of the form C N M where C € F(K) so we get that for
any E € F(K 1p) there are v,6 € E such that (s,,ss) = (z4,2;) ¢ U. This
contradicts the fact that {s, : a € M} is K 1/-Cauchy. Hence there cannot
be more than one j € N for which the above condition does not hold. This
completes the proof of the theorem. O

In the rest of the paper we primarily investigate when Z*-Cauchy nets
are Z"-convergent and its relation with completeness.

Theorem 2.6. Let (X,T') be a uniform space. If for every directed set D
there exists two arbitrary D-admissible ideals T and K such that every T*-
Cauchy net {sq : a € D} in X is T®-convergent in X, then X is complete.

Proof. Let {sq : @ € D} be a Cauchy net in X and Z, K be two D-admissible
ideals. Now D € F(Z), {sq : @ € D} is Zy ip-Cauchy and so is K 1p-Cauchy
as K is D-admissible. Thus {s, : @ € D} is Z"-Cauchy and so by our
assumption {s, : @ € D} is also T®-convergent. Let {s, : a € D} be Z*-
convergent to zg € X. Then there exists M € F(Z) and the net {s, : a« € M}
is K 137 convergent to xg.

Let E = {(U(xg),8) : U €T, 8 € M}. For (U(xg), ) and (V(x0), @)
define (U(xo),B) > (V(xz9), ) if and only if U(zg) C V(zp) and f > «a.
Then (E,>) is a directed set.

Let (U(xo),5) € E. Now for each U € ', {a € M : 54 ¢ U(x0)} € K 151.
Then {a € M : s4 € U(zg)} € F(Kipm) and so belongs to F(K) as was
shown earlier. Therefore M’ = {a € M : s4 € U(zo)} N{v € M : o >
B} € F(K). Choose v € M'. Now define i : E — M by i(U(zg),5) =~ and
t:E — X by t(U(zo), 8) = sy. Then it is easy to check that {t5:0 € E} is
a subnet of {s, : @ € M} and hence of {s, : « € D} which converges to x.
This shows that (X, T") is complete. O

Theorem 2.7. In a complete uniform space (X,I') having a countable base
R, every I"-Cauchy net {so : @ € D} has a subnet {tg : B € E} which is
convergent.

The proof is analogous to the proof of Theorem 6 [4] with minor modifi-
cations and so is omitted.

Theorem 2.8. In a complete uniform space (X,I') having a countable base
R, every mazimal I -Cauchy net is I -convergent for every D—admissible
ideals T and K.

Proof. Follows from Theorem 2.7. (]
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