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ANALYTIC CONTINUATION OF THE EXTENDED

HURWITZ–LERCH ZETA FUNCTION

RAM K. SAXENA AND TIBOR K. POGÁNY

Abstract. The object of this paper is to investigate the analytic con-
tinuation and asymptotic expansions for families of the generalized Hur-
wich–Lerch Zeta functions defined by Srivastava et al. [9]. The result ob-
tained is of general character and includes, as special cases, in the same
fashion results about the Gauss hypergeometric function, the general-
ized hypergeometric function and for Fox–Wright function given earlier
by Kilbas et al. [4] and others.

1. Introduction and preliminaries

Analytic continuation formulae and asymptotic estimates of the higher
transcendental functions play a very important role in the development of
the theory of many areas of science, engineering and technology. Without
their help it would not be possible to analyze the solution of various problems
for large values of the argument. In recent years interest was developed by
many authors in the study of the analytic and statistical properties of the
generalized Hurwitz–Lerch Zeta function, see e.g. the recent publications
[8, 9] and the references therein. This has motivated the authors to investi-
gate the analytic continuation and asymptotic expansion of the generalized
Hurwitz–Lerch Zeta function, defined and studied by Srivastava et al. [8] for
large values of the argument. The results obtained are of a most general na-
ture and contain numerous results for Hurwitz–Lerch Zeta functions, Gauss

2F1 and generalized hypergeometric pFq functions, Fox–Wright Ψ functions,
and other potentially useful functions like Bessel and Whittaker functions
and their generalizations can be deduced as corollaries of our main findings.

Throughout, as usual Np = {p, p+ 1, . . . }, N1 ≡ N, p nonnegative integer,
Z−0 = Z \ N, while R, R+, C stand for the sets of real, positive real and
complex numbers, respectively.
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We begin our study by defining the Fox–Wright generalized hypergeomet-
ric function pΨ

∗
q [·], p, q ∈ N0 defined by [3, p. 56]

pΨ
∗
q

[
(a1, ρ1), . . . , (ap, ρp);
(b1, σ1), . . . , (bq, σq);

z

]
=
∞∑
n=0

p∏
j=1

(aj)ρjn

q∏
j=1

(bj)σjn

zn

n!
, (1.1)

where aj , bk ∈ C, ρj , σk ∈ R+, j = 1, . . . , p; k = 1, . . . , q. Here (λ)µ denotes
the Pochhammer symbol (or the shifted factorial) defined, in terms of Euler’s
Gamma function, by

(λ)µ :=
Γ(λ+ µ)

Γ(λ)
=

{
1

(
µ = 0; λ ∈ C \ {0}

)
λ(λ+ 1) · · · (λ+ n− 1)

(
µ = n ∈ N; λ ∈ C

)
,

it being understood conventionally that (0)0 := 1. The defining series in
(1.1) converges in the whole complex z-plane when

∆ :=

q∑
j=1

σj −
p∑
j=1

ρj > −1 (1.2)

while when ∆ = 0, then the series in (1.1) converges for |z| < ∇, where

∇ :=

p∏
j=1

ρ
−ρj
j ·

q∏
j=1

σ
σj
j . (1.3)

If, in the definition (1.1), we set ρ1 = · · · = ρp = 1 and σ1 = · · · = σq = 1 we
get the relatively more familiar generalized hypergeometric function pFq[z],
[3].

Lin-Srivastava generalized Hurwitz-Lerch Zeta function in the form

Φ
(ρ,σ,κ)
λ,µ;ν (z, s, a) =

∞∑
n=0

(λ)ρn(µ)σn
(ν)κn · n!

zn

(a+ n)s
, (1.4)

where λ, µ ∈ C; ν ∈ C \Z−0 ; min{ρ, σ, κ} > 0;κ− ρ− σ > −1 when s, z ∈ C;
κ− ρ− σ = −1 and s ∈ C when |z| < δ = κκρ−ρσ−σ; while κ− ρ− σ = −1
and <{s + ν − λ − µ} > 1 when |z| = δ. In a recent article by Srivastava
et al. [9, p. 491, Eq.(1.20)] (1.4) has been extended along the lines of the
Fox-Wright hypergeometric function pΨ

∗
q defined above. We recall here the

definition of the extended Hurwitz-Lerch Zeta functions as follows.

Definition. [9, p. 503, Eq. (6.2)] The family of the extended Hurwitz-Lerch
Zeta functions:

Φ
(ρ1,...,ρp,σ1,...,σq)
λ1,...,λp;µ1,...,µq

(z, s, a),



ANALYTIC CONTINUATION OF HL ZETA FUNCTION 161

with p+ q upper parameters and p+ q + 2 lower parameters, is given by

Φ
(ρ,σ)
λ;µ (z, s, a) = Φ

(ρ1,...,ρp,σ1,...,σq)
λ1,...,λp;µ1,...,µq

(z, s, a) :=
∞∑
n=0

p∏
j=1

(λj)nρj

n!
q∏
j=1

(µj)nσj

zn

(n+ a)s
.

(1.5)
The parameters p, q ∈ N0; λj ∈ C, j = 1, . . . , p; a, µj ∈ C \Z−0 , j = 1, . . . , q;
ρj , σk ∈ R+, j = 1, . . . , p; k = 1, . . . , q. Further ∆ > −1 when s, z ∈ C; while
∆ = −1, and s ∈ C when |z| < ∇; ∆ = −1 and <(Ξ) > 1

2 when |z| = ∇.
Here ∆ and ∇ are given by (1.2) and (1.3), respectively, and

Ξ := s+

q∑
j=1

µj −
p∑
j=1

λj +
p− q

2
.

Here empty products are interpreted by convention as unity.

The extended Hurwitz-Lerch Zeta function Φ
(ρ,σ)
λ;µ (z, s, a) in (1.5), con-

tains a set of special functions such as the Riemann Zeta function ζ(s), the
Hurwitz Zeta function ζ(s, a), the Lerch Zeta function `s(ξ), the Polyloga-
rithm (or Jonquère’s function) Lis(z), the Hurwitz-Lerch Zeta Φ(z, s, a) and
its various generalizations (see, for details, [7, 9] and the references therein).
However, a comprehensive and detailed account of the integral and compu-
tational representations for the extended Hurwitz-Lerch Zeta function can
be found in [8].

Finally, we recall that it has been shown in [9, p. 504, Theorem 8] that

Φ
(ρ,σ)
λ;µ (z, s, a) =

Γµ
λ

2πi

∫
L

Γ(−ξ)Γs(ξ + a)
∏p
j=1 Γ(λj + ξρj)

Γs(ξ + a+ 1)
∏q
j=1 Γ(µj + σρj)

(−z)ξ dξ (1.6)

whenever
(

min{R(a),R(s)} > 0; |z| < 1, | arg(−z)| < π
)
, provided that

each member of the assertion (1.6) exists. Here and in what follows

Γµ
λ :=

q∏
j=1

Γ(µj)

{
p∏
j=1

Γ(λj)

}−1

.

Further, the poles of the gamma functions occurring in the integrand of
(1.6) are all simple, the path of integration L is a contour starting at the
point w − i∞, and terminating at the point w + i∞ with w ∈ R, with
indentations, if necessary, in such a manner so as to separate the poles of
Γ(−ξ) at the points ξ1,n = n, n ∈ N0, from the poles of Γ(λh + ξρh) at the
points ξ2,h(r) = −(λh + r)/ρh, h = 1, p, r ∈ N0.
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Next we present our main analytic continuation results related to the pre-
viously introduced generalized multi–parameter Hurwitz–Lerch Zeta func-

tion Φ
(ρ,σ)
λ;µ (z, s, a).

2. Analytic continuation formulae

This section is devoted for investigating the analytic continuation formu-
lae for the generalized Hurwich–Lerch Zeta function (1.5).

Theorem 1. Let p, q ∈ N0; λj ∈ C, j = 1, p; a, µj ∈ C \ Z−0 , j = 1, q;
ρj , σk > 0, j = 1, p, k = 1, q and ∆ > −1 for s, z ∈ C; while for |z| > ∇, s ∈
C when ∆ = −1. Then

Φ
(ρ,σ)
λ;µ (z, s, a)=Γµ

λ ·
p∑

h=1

∞∑
r=0

Γ
(
λh+r
ρh

) p∏
j 6=h,j=1

Γ
(
λj − ρj λh+r

ρh

)
q∏
j=1

Γ
(
µj − σj λh+r

ρh

) (
λh+r
ρh

+ a
)s (−1)r

ρh · r!
(−z)−

λh+r

ρh ,

(2.7)
when | arg(−z)| < π and provided the series (2.7) converges.

Proof. Consider the Mellin–Barnes type contour integral expression (1.6) of

Φ
(ρ,σ)
λ;µ (z, s, a). If we calculate the residues at the simple poles of the Gamma

functions Γ(λh + ρhξ) which are

ξ2,h(r) = −λh + r

ρh
, h = 1, p, r ∈ N0 ,

then by the application of calculus of the residues we arrive at the desired
result (2.7). The convergence of the above series can be proved in a manner
similar to that adopted by Kilbas et al. [3, p. 129] in the case of Fox–Wright
function. �

Letting s → 0 in (2.7) we arrive at the following analytic continuation
formula for the Fox-Wright qΨp–function given by Kilbas et al. [3].

Corollary 1.1. Let the parameter space be the same as in Theorem 1. Then
we have

pΨq

[
(λ1, ρ1), . . . , (λp, ρp);
(µ1, σ1), . . . , (µq, σq);

z

]
= Γµ

λ · pΨ
∗
q

[
(λ1, ρ1), . . . , (λp, ρp);
(µ1, σ1), . . . , (µq, σq);

z

]

=

p∑
h=1

∞∑
r=0

Γ
(
λh+r
ρh

) p∏
j 6=h,j=1

Γ
(
λj − ρj λh+r

ρh

)
q∏
j=1

Γ
(
µj − σj λh+r

ρh

) (−1)r

ρh · r!
(−z)−

λh+r

ρh ,

(2.8)
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when | arg(−z)| < π and the series (2.8) is convergent.

Corollary 1.2. The following analytic continuation formula holds true for
all | arg(−z)| < π, |z| > 1:

pFq

[
λ1, . . . , λp;
µ1, . . . , µq;

z

]
= Γµ

λ ·
p∑

h=1

(−z)−λh
Γ(λh)

p∏
j 6=h,j=1

Γ(λj − λh)

q∏
j=1

Γ(µj − λh)

× q+1Fp−1

[
λh, 1− µ1 + λh, . . . , 1− µq + λh;

1− λ1 + λh, · · · ∗ . . . , 1− λp + λh;

(−1)q−p+1

z

]
.

(2.9)

Here λj − λh 6∈ Z−0 ; j 6= h, j = 1, p, h ∈ N0, and the asterisk indicates the
omission of the term 1 ≡ 1− λh + λh.

Proof. Taking ρ1 = · · · = ρp = σ1 = · · · = σq = 1 in (2.7) we arrive at

pFq

[
λ1, . . . , λp;
µ1, . . . , µq;

z

]

= Γµ
λ ·

p∑
h=1

∞∑
r=0

Γ
(
λh + r)

p∏
j 6=h,j=1

Γ(λj − λh − r)

q∏
j=1

Γ(µj − λh − r)

(−1)λh

r!
z−λh−r . (2.10)

By employing the formula

(g)r =
(−1)r

(1− g)r
, r ∈ N, g 6∈ Z ,

we get

p∏
j 6=h,j=1

Γ(λj − λh − r) =

p∏
j 6=h,j=1

Γ(λj − λh − r)(λj − λh)r

= (−1)r(p−1)
p∏

j 6=h,j=1

Γ(λj − λh)

(1− λj + λh)r
. (2.11)

Similarly, we have

q∏
j=1

Γ(µj − λh − r) = (−1)rq
q∏
j=1

Γ(µj − λh)

(1− µj + λh)r
. (2.12)
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By using (2.11) and (2.12) the right–hand side of (2.10) becomes

p∑
h=1

(−z)−λh
Γ(λh)

p∏
j 6=h,j=1

Γ(λj − λh)

q∏
j=1

Γ(µj − λh)

× q+1Fp−1

[
λh, 1− µ1 + λh, . . . , 1− µq + λh;

1− λ1 + λh, · · · ∗ . . . , 1− λp + λh;

(−1)q−p+1

z

]
,

where λj − λh 6∈ Z−0 ; j 6= h, j = 1, p, h ∈ N0, | arg(−z)| < π, |z| > 1 and the
asterisk indicates the omission of the term 1 ≡ 1− λh + λh. �

Remark 1. It is interesting to observe that for p = q+ 1, (2.9) reduces to a
known result in [6, p. 445, 7.23(77)]. Let us emphasize the case of Gaussian
hypergeometric function, see [1, p. 63, Equation 2.10 (2)]:

2F1[λ, ν ;µ ; z] =
Γ(ν − λ)

Γ(ν)Γ(µ− λ)
(−z)−λ 2F1[λ, 1− µ+ λ; 1− ν + λ;−z−1]

+
Γ(λ− ν)

Γ(λ)Γ(µ− ν)
(−z)−ν 2F1[ν, 1− µ+ ν; 1− µ+ ν ;−z−1] , (2.13)

where | arg(−z)| < π; −µ 6∈ N0 and λ− ν is not an integer; |z| > 1.

For p = q = 3 in (2.7) with some changes in the parameters, the following
representation holds true.

Corollary 1.3. [9, p. 500, Theorem 6] We have

Φ
(ρ,σ,κ)
λ,µ;ν (z, s, a)

=
Γ(ν)

Γ(λ)Γ(µ)
(−z)−λ/ρ

∞∑
n=0

Γ
(
λ+n
ρ

)
Γ
(
µ− (λ+n)σ

ρ )

ρn!Γ(ν − (λ+n)κ
ρ )

[−(−z)−1/ρ]n

(a− λ+n
ρ )s

+
Γ(ν)

Γ(λ)Γ(µ)
(−z)−µ/σ

∞∑
n=0

Γ
(µ+n

σ

)
Γ
(
λ− (µ+n)ρ

σ )

σ n! Γ(ν − (µ+n)κ
σ )

[−(−z)−1/σ]n

(a− µ+n
σ )s

, (2.14)

where | arg(−z)| < π;<{s},<{a} > 0;λ, µ ∈ C; ν ∈ C\Z−0 ; min{ρ, σ, κ} > 0;
either |z| > δ = κκρ−ρσ−σ, or |z| = δ and <{s + ν − λ − µ} > 1 and the
series (2.14) converge.

Remark 2. Two special cases of (2.14) are worth mentioning: (i) when
ρ = σ = κ = 1, then (1.4) (and a fortiori (2.14)) reduces to the generalized
Hurwitz–Lerch Zeta function Φλ,µ;nu(a, z, s) due to Garg et al. [2]; (ii) If we
set ρ = λ = 1 in (1.4), then (2.14) reduces to the generalized Hurwitz–Lerch

Zeta function Φ
(σ,κ)
µ,ν (a, z, s) by Lin and Srivastava [5].
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3. Asymptotic expansions

Under the hypetheses of Corollary 1.3 (that is originally [9, p. 500, The-
orem 6]), we have the asymptotic behavior formula

Φ
(ρ,σ,κ)
λ,µ;ν (z, s, a) ∼ A(−z)−λ/ρ + B(−z)−µ/σ, |z| → ∞, | arg(−z)| < π ,

where the exact values of the constants are [9, p. 500, Eqs. (4.3), (4.4)]

A =
ρs−1Γ(ν)Γ

(
λ
ρ

)
Γ(µρ−λσρ )

(aρ− λ)sΓ(λ)Γ(µ)Γ(νρ−λκρ )
, B =

σs−1Γ(ν)Γ
(µ
σ

)
Γ(λσ−µρσ )

(aσ − µ)sΓ(λ)Γ(µ)Γ(νσ−µκσ )
.

In this section, asymptotic expansion of the generalized Hurwitz–Lerch Zeta
functions are investigated together with some its special cases associated
with the Fox–Wright function and the generalized hypergeometric function.

Theorem 2. Under the conditions of Theorem 1, the generalied Hurwich–
Lerch Zeta function has the following asymptotic expansion as |z| → ∞ and
| arg(−z)| < π:

Φ
(ρ,σ)
λ;µ (z, s, a)

= Γµ
λ ·

p∑
h=1

ρs−1
h Γ

(
λh
ρh

) p∏
j 6=h,j=1

Γ
(
λj − ρj λhρh

)
q∏
j=1

Γ
(
µj − σj λhρh

)
· (λh + aρh)s

(−z)−
λh
ρh

(
1 + O

(
z
− 1
ρh

))
;

in particular

Φ
(ρ,σ)
λ;µ (z, s, a) = O(z−a

∗
), |z| → ∞, | arg(−z)| < π ,

where

a∗ = min
1≤h≤p

<{λh}
ρh

.

The proof of this asymptotic expansion result is the straightforward con-
sequence of Theorem 1, so it is omitted. Further letting s→ 0 in Theorem
2, we conclude the following results.
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Corollary 2.1. Under the conditions of Theorem 2, the Fox-Wright hyper-
geometric function has the following asymptotic expansion:

pΨq

[
(λ1, ρ1), . . . , (λp, ρp);
(µ1, σ1), . . . , (µq, σq);

z

]
= Γµ

λ · pΨ
∗
q

[
(λ1, ρ1), . . . , (λp, ρp);
(µ1, σ1), . . . , (µq, σq);

z

]

= Γµ
λ ·

p∑
h=1

Γ
(
λh
ρh

) p∏
j 6=h,j=1

Γ
(
λj − ρj λhρh

)
ρh

q∏
j=1

Γ
(
µj − σj λhρh

) (−z)−
λh
ρh

(
1 + O

(
z
− 1
ρh

))
,

when |z| → ∞, | arg(−z)| < π. Also, we have

pΨq

[
(λ1, ρ1), . . . , (λp, ρp);
(µ1, σ1), . . . , (µq, σq);

z

]
= O(z−a

∗
) ,

where a∗ remains the same as above.

Corollary 2.2. Under the conditions λj − λh 6∈ Z−0 ; j 6= h, j = 1, p, h ∈ N0,
we have

pFq

[
λ1, . . . , λp;
µ1, . . . , µq;

z

]

= Γµ
λ ·
(
1 + O

(
z−1
)) p∑

h=1

Γ(λh)
p∏

j 6=h,j=1

Γ(λj − λh)

q∏
j=1

Γ(µj − λh)

(−z)−λh ,

for |z| → ∞, | arg(−z)| < π. Also, we have

pFq

[
λ1, . . . , λp;
µ1, . . . , µq;

z

]
= O(z−b

∗
) ,

where b∗ = min1≤h≤p<{λh}.
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tational representations of the extended Hurwitz–Lerch Zeta function, Integral Trans-
forms Spec. Funct., 22 (7) (2011), 487–506.

(Received: November 15, 2012) Ram K. Saxena
Department of Mathematics and Statistics
Jai Narain Vyas University
Jodhpur 342004, Rajasthan
India
ram.saxena@yahoo.com

Tibor K. Pogány
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