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A DISCRETE WEIGHTED MONTGOMERY IDENTITY

AND OSTROWSKI TYPE INEQUALITIES FOR

FUNCTIONS OF TWO VARIABLES

A. AGLIĆ ALJINOVIĆ AND J. PEČARIĆ

Abstract. A discrete analogue of the weighted Montgomery identity
for functions of two variables is presented and used to obtain new discrete
Ostrowski type inequalities.

1. Introduction

In [3] Ostrowski showed that∣∣∣∣f (x)− 1

b− a

∫ b

a
f (t) dt

∣∣∣∣ ≤ [14 +

(
x− a+b

2

)2
(b− a)2

]
(b− a)

∥∥f ′∥∥
∞ ,

for every x ∈ [a, b] whenever f : [a, b] → R is continuous on [a, b] and
differentiable on (a, b) with derivative f ′ : (a, b) → R bounded on (a, b) i.e.∥∥f ′∥∥

∞ = sup
t∈(a,b)

∣∣f ′ (t)
∣∣ < +∞.

The weighted Montgomery identity (Pečarić [7]) is

f (x) =

∫ b

a
w (t) f (t) dt+

∫ b

a
Pw (x, t) f ′ (t) dt, (1.1)

where f : [a, b] → R is differentiable on [a, b], f ′ : [a, b] → R integrable
on [a, b] and w : [a, b] → [0,∞⟩ is some normalized weight function, i.e.

an integrable function satisfying
∫ b
a w (t) dt = 1, W (t) =

∫ t
a w (x) dx for

t ∈ [a, b]. The weighted Peano kernel is

Pw (x, t) =

 W (t) , a ≤ t ≤ x,

W (t)− 1 x < t ≤ b.
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For the uniform weight function w (t) = 1
b−a , t ∈ [a, b] (1.1) reduces to

the Montgomery identity (see for instance [6]),

f (x) =
1

b− a

∫ b

a
f (t) dt+

∫ b

a
P (x, t) f ′ (t) dt, (1.2)

where

P (x, t) =


t−a
b−a , a ≤ t ≤ x,

t−b
b−a , x < t ≤ b.

Note that Ostrowski’s inequality can be formulated in the equivalent form∣∣∣∣f(x)− 1

b− a

∫ b

a
f(t)dt

∣∣∣∣ ≤ (x− a)2 + (b− x)2

2 (b− a)

∥∥f ′∥∥
∞

which can easily be obtained using (1.2) since,∣∣∣∣∫ b

a
P (x, t) f ′ (t) dt

∣∣∣∣ ≤ ∥∥f ′∥∥
∞

∫ b

a
|P (x, t)| dt

≤
(∫ x

a

∣∣∣∣ t− a

b− a

∣∣∣∣ dt+ ∫ b

x

∣∣∣∣ t− b

b− a

∣∣∣∣ dt)∥∥f ′∥∥
∞ =

(x− a)2 + (b− x)2

2 (b− a)

∥∥f ′∥∥
∞ .

In a similar manner various generalizations of the Montgomery identity can
be used to obtain generalizations of the Ostrowski inequality.

In [8] Pečarić and Vukelić presented integral weighted Montgomery identi-
ties for functions of two variables and applied them to obtain new inequalities
of the Ostrowski type for mappings of two independent variables of which
Theorem 1, below, is an example.

Theorem 1. Let q : [a, b] → R and h : [c, d] → R be two integrable func-
tions. Let also f : [a, b] × [c, d] → R have continuous partial derivatives
∂f(s,t)

∂s , ∂f(s,t)∂t , and ∂2f(s,t)
∂s∂t on [a, b]× [c, d], then for all (x, y) ∈ [a, b]× [c, d],

f(x, y)Pa(b)Pc(d) =

∫ b

a

∫ d

c
q(s)h(t)f(s, t)ds dt+Pc(d)

∫ b

a
P̂ (s)

∂f(s, y)

∂s
ds

+ Pa(b)

∫ d

c
P̃ (t)

∂f(x, t)

∂t
dt−

∫ b

a

∫ d

c
P̂ (s)P̃ (t)

∂2f(s, t)

∂s∂t
ds dt, (1.3)

where

Pa(s) =

∫ s

a
q(r)dr, P̄a(s) = Pa(b)− Pa(s), Pc(t)

=

∫ t

c
h(v)dv, P̄c(t) = Pc(d)− Pc(t),
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and

P̂ (s) =

{
Pa(s), a ≤ s ≤ x
−P̄a(s), x < s ≤ b

, P̃ (t) =

{
Pc(t), c ≤ t ≤ y
−P̄c(t), y < t ≤ d

.

The special case of these identities for uniform weight functions were
obtained in [4] and [5].

A discrete version of the Montgomery identity was given in [9]. Its gener-
alizations were given in [1], [2] and also were used therein to obtain discrete
Ostrowski type inequalities.

The aim of this paper is to prove a discrete analogue of the weighted
Montgomery identity for function of two variables (1.3) and use it to obtain
some new discrete Ostrowski type inequalities.

In Section 2. the identity for functions of two independent variables is
presented. It is a discrete analogue of the result of [8] and, at the same
time, a generalization for functions of two variables of the discrete weighted
Montgomery identity obtained in [9].

In Section 3. this identity is used to obtain generalizations of Ostrowski
inequality which are discrete analogues of the results of [4], [5] and [8] as
well as generalizations for functions of two variable of the some results from
[1] and [2].

2. A discrete weighted Montgomery identity for functions of
two variables

Let f : R → R be any real-to-real function. The difference operator ∆
is defined by

∆f (x) = f (x+ 1)− f (x) , (2.1)

which is the finite analogue of the derivative and if f is any real-to-real
function, so too is ∆f .

Let w1, w2, . . . , wn be a finite sequence of real numbers and for 1 ≤ k ≤ n,
with

Wk =

k∑
i=1

wi, Wk =

n∑
i=k+1

wi = Wn −Wk.

The discrete weighted Montgomery identity (see [9]) states that

f (k) =
1

Wn

n∑
i=1

wif (i) +

n∑
i=1

Dw (k, i)∆f (i) , (2.2)

where the discrete weighted Peano kernel is defined by

Dw (k, i) =
1

Wn
·
{

Wi, 1 ≤ i ≤ k − 1,(
−Wi

)
, k ≤ i ≤ n.
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For uniform weights wi = 1, i = 1, . . . , n, and (2.2) reduces to the
discrete Montgomery identity

f (k) =
1

n

n∑
i=1

f (i) +
n∑

i=1

D (k, i)∆f (i) , (2.3)

where

D (k, i) =

{
i
n , 1 ≤ i ≤ k − 1,

i
n − 1, k ≤ i ≤ n.

Remark 1. More generally, for any x ∈ R it holds that

f (x+ k) =
1

Wn

n∑
i=1

wif (x+ i) +

n∑
i=1

Dw (k, i)∆f (x+ i) .

Without loss of generality, it will subsequently be assumed that x = 0.

Definition 1. For f : R2 → R, the difference operators ∆1 and ∆2 are
defined as

∆1f (i, j) = f (i+ 1, j)− f (i, j) ,

∆2f (i, j) = f (i, j + 1)− f (i, j) ,

these are the finite analogue of the first partial derivatives.

Theorem 2. Let f : R2 → R be any real function of two variables, n,m ∈ N
and w1, w2, . . . , wn and φ1, φ2, . . . , φm finite sequences of positive real num-

bers. Further, let Wk =
∑k

i=1wi, Wk = Wn − Wk for 1 ≤ k ≤ n and

Φl =
∑l

j=1 φj, Φl = Φm − Φl for 1 ≤ l ≤ m, then,

f (k, l) =
1

WnΦm

n∑
i=1

m∑
j=1

wiφjf (i, l) +
1

Wn

n∑
i=1

m∑
j=1

wiDφ (l, j)∆2f (i, j)

+
1

Φm

n∑
i=1

m∑
j=1

φjDw (k, i)∆1f (i, j)+

n∑
i=1

m∑
j=1

Dw (k, i)Dφ (l, j)∆1∆2f (i, j)

(2.4)

where

Dw (k, i) =
1

Wn
·
{

Wi, 1 ≤ i ≤ k − 1,(
−Wi

)
, k ≤ i ≤ n,

Dφ (l, j) =
1

Φm
·
{

Φj , 1 ≤ j ≤ l − 1,(
−Φj

)
, l ≤ j ≤ m.
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Proof. Using (2.2) on the first variable, we have

f (k, l) =
1

Wn

n∑
i=1

wif (i, l) +
n∑

i=1

Dw (k, i)∆1f (i, l)

and further, with regard to the second variable

f (i, l) =
1

Φm

m∑
j=1

φjf (i, j) +

m∑
j=1

Dφ (l, j)∆2f (i, j) .

Applying ∆1 on the latter identity gives

∆1f (i, l) =
1

Φm

m∑
j=1

φj∆1f (i, j) +
m∑
j=1

Dφ (l, j)∆1∆2f (i, j) .

Substituting the last two identities into the first leads to (2.4). �

For the special case of uniform weights, we obtain the following general-
ization of (2.3) for functions of two independent variables.

Corollary 1. Let f : R2 → R be any real function of two variables, n,m, k, l
∈ N, k ≤ n, l ≤ m. Then it holds

f (k, l) =
1

nm

n∑
i=1

m∑
j=1

f (i, l) +
1

n

n∑
i=1

m∑
j=1

D2 (l, j)∆2f (i, j)

+
1

m

n∑
i=1

m∑
j=1

D1 (k, i)∆1f (i, j) +
n∑

i=1

m∑
j=1

D1 (k, i)D2 (l, j)∆1∆2f (i, j)

(2.5)

where

D1 (k, i) =

{
i
n , 1 ≤ i ≤ k − 1,

i
n − 1, k ≤ i ≤ n,

D2 (l, j) =

{ j
m , 1 ≤ j ≤ l − 1,

j
m − 1, l ≤ j ≤ m.

Proof. If we take wi = 1, i = 1, . . . , n and φj = 1, j = 1, . . . ,m, we have

Wi = i, Wi = n − i and Φj = j, Φj = m − j. In this case (2.4) reduces to
(2.5). �

3. Discrete Ostrowski type inequalities

Here we derive new Ostrowski type inequalities for functions f of two
variables.
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Definition 2. We say (p, q) is a pair of conjugate exponents if 1 < p, q < ∞
and 1

p + 1
q = 1; or if p = 1 and q = ∞; or if p = ∞ and q = 1.

Theorem 3. Suppose that all the assumptions of Theorem 2 hold. Addi-
tionally assume that (p, q) is a pair of conjugate exponents, 1 ≤ p, q ≤ ∞,
then,∣∣∣∣f (k, l)− 1

WnΦm

n∑
i=1

m∑
j=1

wiφjf (i, l)− 1

Wn

n∑
i=1

m∑
j=1

wiDφ (l, j)∆2f (i, j)

− 1

Φm

n∑
i=1

m∑
j=1

φjDw (k, i)∆1f (i, j)

∣∣∣∣ ≤ ∥Dw (k, ·)∥q ∥Dφ (l, ·)∥q ∥∆1∆2f∥p

(3.1)

where

∥g∥p =

{
(
∑

i |g (i)|
p)

1
p , if 1 ≤ p < ∞

maxi |g (i)| , if p = ∞,

if g is function of one variable and

∥g∥p =


(∑

i,j |g (i, j)|
p
) 1

p
, if 1 ≤ p < ∞,

maxi,j |g (i, j)| , if p = ∞,

if g is function of two variables.

Proof. By using (2.4)∣∣∣∣f (k, l)− 1

WnΦm

n∑
i=1

m∑
j=1

wiφjf (i, l)− 1

Wn

n∑
i=1

m∑
j=1

wiDφ (l, j)∆2f (i, j)

− 1

Φm

n∑
i=1

m∑
j=1

φjDw (k, i)∆1f (i, j)

∣∣∣∣
=

∣∣∣∣ n∑
i=1

m∑
j=1

Dw (k, i)Dφ (l, j)∆1∆2f (i, j)

∣∣∣∣
and applying the discrete Hölder inequality for double sums∣∣∣∣ n∑

i=1

m∑
j=1

Dw (k, i)Dφ (l, j)∆1∆2f (i, j)

∣∣∣∣
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≤
( n∑

i=1

m∑
j=1

|Dw (k, i)Dφ (l, j)|q
) 1

q

·
( n∑

i=1

m∑
j=1

|∆1∆2f (i, j)|p
) 1

p

=

( n∑
i=1

|Dw (k, i)|q
) 1

q
( m∑

j=1

|Dφ (l, j)|q
) 1

q
( n∑

i=1

m∑
j=1

|∆1∆2f (i, j)|p
) 1

p

we obtain (3.1). �
In the next three corollaries we give the special cases for uniform weights.

First, for n ∈ N and m ∈ R we denote by Sm (n), the sum

1m + 2m + 3m + · · ·+ (n− 1)m .

It is well known that if m ∈ N (see [10])

Sm (n) =
1

m+ 1

m∑
i=0

(
m+ 1

i

)
Bi n

m+1−i

where Bi, i ≥ 0 are Bernoulli numbers, defined by,
m∑
i=0

(
m+ 1

i

)
Bi =

{
1, if m = 0,
0, if m ̸= 0.

Corollary 2. Let f : R2 → R be any real function of two variables, n,m, k, l
∈ N, k ≤ n, l ≤ m, then∣∣∣∣f (k, l)− 1

nm

n∑
i=1

m∑
j=1

f (i, l)

− 1

n

n∑
i=1

m∑
j=1

D2 (l, j)∆2f (i, j)− 1

m

n∑
i=1

m∑
j=1

D1 (k, i)∆1f (i, j)

∣∣∣∣
≤ 1

nm

(
n2 − 1

4
+
(
k− n+ 1

2

)2)(m2 − 1

4
+
(
l− m+ 1

2

)2)
· ∥∆1∆2f∥∞ .

Proof. We take wi = 1, i = 1, . . . , n; φj = 1, j = 1, . . . ,m, and p = ∞ in

(3.1) for which we have Wi = i, Wi = n− i, Φj = j, Φj = m− j, giving,

∥Dw (k, ·)∥1 =
n∑

i=1

|D1 (k, i)| =
k−1∑
i=1

i

n
+

n∑
i=k

(
1− i

n

)
=

1

n

(
k (k − 1)

2
+

(n− k + 1) (n− k)

2

)
=

1

n

(
n2 − 1

4
+

(
k − n+ 1

2

)2
)
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and similarly

∥Dφ (l, ·)∥1 =
m∑
j=1

|D2 (l, j)| =
l−1∑
j=1

j

m
+

m∑
i=k

(
1− j

m

)

=
1

m

(
m2 − 1

4
+

(
l − m+ 1

2

)2
)
.

�

Corollary 3. Let f : R2 → R be any real function of two variables, n,m, k, l
∈ N, k ≤ n, l ≤ m, then∣∣∣∣f (k, l)− 1

nm

n∑
i=1

m∑
j=1

f (i, l)− 1

n

n∑
i=1

m∑
j=1

D2 (l, j)∆2f (i, j)

− 1

m

n∑
i=1

m∑
j=1

D1 (k, i)∆1f (i, j)

∣∣∣∣
≤ 1

nm
max {k − 1, n− k} ·max {l − 1,m− l} · ∥∆1∆2f∥1 .

Proof. We take wi = 1, i = 1, . . . , n; φj = 1, j = 1, . . . ,m and p = 1 in

(3.1), with again, Wi = i, Wi = n− i, Φj = j, Φj = m− j, giving,

∥Dw (k, ·)∥∞ = max
1≤i≤n

{|D1 (k, i)|} =
1

n
max {k − 1, n− k}

and

∥Dφ (l, ·)∥∞ = max
1≤j≤m

{|D2 (l, j)|} =
1

m
max {l − 1,m− l} .

�
Corollary 4. Let f : R2 → R be any real function of two variables, n,m, k, l
∈ N, k ≤ n, l ≤ m. Let also (p, q) be a pair of conjugate exponents,
1 < p, q < ∞, then∣∣∣∣f (k, l)− 1

nm

n∑
i=1

m∑
j=1

f (i, l)− 1

n

n∑
i=1

m∑
j=1

D2 (l, j)∆2f (i, j)

− 1

m

n∑
i=1

m∑
j=1

D1 (k, i)∆1f (i, j)

∣∣∣∣
≤ 1

nm
[(Sq (k) + Sq (n− k + 1)) (Sq (l) + Sq (m− l + 1))]

1
q · ∥∆1∆2f∥p .

(3.2)
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Proof. We take wi = 1, i = 1, . . . , n and φj = 1, j = 1, . . . ,m in (3.1),

Wi = i, Wi = n− i, Φj = j, Φj = m− j, giving,

∥Dw (k, ·)∥q =
( n∑

i=1

|D1 (k, i)|q
) 1

q

=
1

n

( k−1∑
i=1

iq +
n∑

i=k

(n− i)q
) 1

q

=
1

n
(Sq (k) + Sq (n− k + 1))

1
q

and similarly

∥Dφ (l, ·)∥q =
( m∑

j=1

|D2 (l, j)|q
) 1

q

=
1

m

( l−1∑
j=1

jq +

m∑
i=l

(m− j)q
) 1

q

=
1

m
(Sq (l) + Sq (m− l + 1))

1
q .

�
Remark 2. Taking q ∈ N in (3.2) is equivalent to having∣∣∣∣f (k, l)− 1

nm

n∑
i=1

m∑
j=1

f (i, l)

− 1

n

n∑
i=1

m∑
j=1

D2 (l, j)∆2f (i, j)− 1

m

n∑
i=1

m∑
j=1

D1 (k, i)∆1f (i, j)

∣∣∣∣
≤ 1

nm

(
1

q + 1

q∑
i=0

(
q + 1

i

)
Bi

(
kq+1−i + (n− k + 1)q+1−i

)) 1
q

·
(

1

q + 1

q∑
i=0

(
q + 1

i

)
Bi

(
lq+1−i + (m− l + 1)q+1−i

)) 1
q

· ∥∆1∆2f∥p ,

where Bi, i ≥ 0 are Bernoulli numbers.
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