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PENCILS OF EULER TRIPLES, II

ZVONKO CERIN

ABSTRACT. In this second part of the paper [7] we will continue to study
the families of triples (u, v, w) of elements in a commutative ring R with
the property that vw +n = 42, wu +n = v° and uv + n = W* for some
n, u, v, w € R. They are built from the Euler triples (a,b,a + b+ 2t),
where n = t2 — ab. The idea is to use an extra element m € R and take
either

A=(a,am’>+2tm+b,am®>+2(t+a)m+a+b+2¢t)
or

B=(a,am®+2tm+b, am®+2(t—a)m+a+b—2t).

In this way we get the so called pencils that are here further explored.
Many properties and identities for their components and various sums
and products are established. The associated pencils A and B build from
the triples (@, v, w) are also studied. We present various methods how
one can get squares and cubes from the four pencils, describe values of
determinants and generalized determinants of matrices with rows from
the pencils and give factorizations of some expressions from members of
the pencils A, B, A and B and examine the role of the parameter m.

1. INTRODUCTION

In this introduction we recall some highlights from the introduction of the
first part [7| in order to make connection easier.

The subject matter of both papers are S(n)-m-tuples in a commutative
ring R [9]. The products of pairs of its different components increased by an
n € R is always a square. They appeared already in the works of the Greek
mathematician Diophantus of Alexandria who found that 0 = (%, ?—g, %, %)
is the S(1)-quadruple of rationals (see [3] and [1]).

Starting from the Euler S(n)-triples (a,b,a + b+ 2t), for a,b,t € R and
n = t?> — ab, we consider the functions a, 8 : R* — R3 called the pencils of
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Euler S(n)-triples and defined as follows. For a,b,t,m € R, let a(a,b,t,m)
and [((a,b,t,m) be the triples A and B with components A; = B} = a,
As =By =am?+2tm+b, A3=am?+2(t+a)m+a+b+2tand Bz =
am?+2((t—a)m+a+b— 2t

The extend of values of o and f is illustrated by the S(1)-triples (Fay,
Fopio, Fontq) of three consecutive Fibonacci numbers with even indices.
When n = 1, we have the triple v = (1, 3,8) (that can be enlarged with the
number 120 to the famous Fermat S(1)-quadruple § = (1, 3,8, 120) [2]). Us-
ing the above blowing up method, from the triple t, we get the pencils
a=a(m)=(1,m?>+4m+3,m>+6m+8) and b = b(m) = (1,m? + 4m+
3,m?+2m) of infinitely many S(1)-triples like a(2) = (1,15,24), a(3) = (1,
2L 45 and b(—10) = (1,63,80). Also, b(3 +2i) = (1,20 4+ 204,11+ 164)
(since the parameter m can even be a complex number; i = y/—1).

The Euler S(n)-triples are quite common among the S(n)-triples. They
are usually the first three terms of an S(n)-quadruple whose fourth compo-
nent can be figured out from the initial Euler triple. For example, the follow-
ing could be located in the reference [10, Theorems 37, Example 1, Corol-
laries 2 and 3] and the Jones polynomial Euler S(1)-triple (n,n+2,4(n+1))
that includes for n = {; the first three terms of d (see [12] and [13]).

Some of our results have been discovered earlier for the Euler S(—4)-triples
and the S(8)-triples from the Pell and the Pell-Lucas numbers in [4] and for
the pencils on these triples in [5] and for the pencils built on the S(—1)-triples
and the S(5)-triples from the Fibonacci and the Lucas numbers in [6].

The present paper further investigates the common properties of all pencils
of Euler S(n)-triples (like a and b and all others listed above). In another
paper [8], the author will consider similar blowing up procedure for the Euler
S(n)-quadruples.

The present paper, like its first part |7], searches for the additional (intrin-
sic) properties that a given pencil of Euler S(n)-triples might have besides
its existence and the defining property. The goal is to explore the properties
of the pencils a and § and to understand better their structure.

In order to help the reader follow our notation and counter the dry ab-
stract ring setting, we give many concrete examples for the favorite triple
v = (1,3,8) and the associated pencils a and b of S(1)-triples. The notation
and the numeration of the properties continues from the first part |7].

2. THE LINEAR SUMS OF COMPONENTS
It follows casily from the Properties 4 and 5 that E,, = 2(E) + a),
Ay = A3+ E3, Byy = Ey + By, Agy =2As, Byy = —2By, Agr =A1— a

and EU; = §1 +a=Fy— EQ = B3+ Eg. Somewhat less obvious represen-
tations for these sums are the following.
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Property 29. Fora,b,t,m,u € R, ifau = 253, then the sum ﬁgl s equal
Ey 4+ (m + u)§ If R has the multiplicative identity e, then Ey, = (m + e)’fj
—a.
Proof. Let au =2 E3 = 2(am +t). The sum Ay, — Ey — (m + u)§ is 2(am
+t) —au = 0. Hence, Ay, = By + (m + u)§

Let E = A. Since we have ggl =am?+ (3a+2t)m+a+b+3t and
(m+ e)fl =am?+ (3a+2t)m+2a+ b+ 3t, it follows that Ay, is the di-
fference (m + e)iZ —a. O

For the triple a, the first identity in Property 30 is (with u = 2m-+4)
Ay, =m2+Tm+10 = (m? +4m +3) + (3m +7) = ag + (m + u)5.

Property 30. If R is a field, then for a,b,t,k,m € R, the sum gal 18 ei-
ther o +3(m—2)4, (m+ 3)§ — Sa or Ay +2(m — 3)¥ and B, is either
Bs + 3(m — %)??, (m+ %)?’? - %a or El +2(m+ %)23

Proof. Since the product 3(m — %)35 is 3am —2a+1t and Bs is the sum
am? —2(a —t)m +a+b, their sum is am? + (a +2t)m —a +t+b that
we recognize as By, . (]

Property 31. If the ring R has the multiplicative identity e, then for a,b,t,
m € R, it holds Ayy = Ez + (m — 2e)s = Az — (m + 2¢)¥.

Proof. Since Es is am? +2tm +b and (m — 2e)§ is am — a +t their sum
is am?® + (a+2t)m — a+ b+t that we recognize as Agsx. O

The next item considers sums and differences of various sums of A and
B and A and B. These identities are straightforward consequences of the
previous properties.

Property 32. Fora,b,t,m € R,
Acrl _Bal :Aai‘ _Bai‘ :4E37 Avol _égl :22{27
Agy + By, =4(a+ Ey), Ay + By, =2(Ey +2E3) =2 (A3 — a),
AUI "’Bai‘ =4a, AJT—FBUI =2 Fy, AUI —BJT = 2 Bs.

3. THE QUADRATIC SUMS OF COMPONENTS

In the Property 9 we got formulae for A,, and B,,. We want now analo-
gous formulae for A,, and B,,. In the next property, adding and subtracting

n from E,, leads to factorizations with 2 as a factor. For the triple t, we
have dy, — 1 =(3-24+2-545-3) — 1 =30 = 2-5-3 = 2a; as.
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Property 33. Fora,b,t,m € R, the following is true:
2{02:2AV1A/2—|—TL:2A3E‘3—TL, 502:2§1E3+RZ2E2§2—7’L.
Proof. The difference ﬁ@ -2 Zl ZQ is t2 — ab. Since t?> —ab = n, the first

formula holds.

Similarly, the difference EUQ —2F5Byisab—t2. Since ab—t2 = —n, the
last formula also holds. O

The factorization occurs also when a? is subtracted or when 5a% — 3n

is added to the sum E,, + E,,. For the triple v, the third identity is
toy T, +2=354+314+2=68=4-17= (v2 + 1)(v2 + 4-t2 + 2).

Property 34. For a,b,t,m € R, the following is true:
Apy + Ay — a® = (By + E3) (A3 + Ay + 2a),
By, + By, — a* = (Ey — E3)(Bs + 3 B3 + a),
Agy + Agy + 50> —3n = (By +a)(By + 4 Ay + 2a),
By, + By, +5a® —3n = (Bs +a)(Bs + 4 E3 + 2a).

Proof. The left hand side Ay, + Ag, — a2 of the first relation factors into the
product of f = am? + (a+2t)m+b+tand g=am 2+ (3a+2t)m+ 4at
3t + b. But, flsE2+E3andglsA3+A2—|—2a O

In the next item we take sums that use all four sums E,, and E@. Their
representations are similar and the factor 2 appears in both sums.

Property 35. Fora,b,t,m € R,
Agy 4 Agy + Boy + Boy = 2[(Ez + A2)? + a(Ea — E3)],
Agy — Agy + Byy — By, = 2[(By — A3)? + 3a(Ey — B3) — 2n).
Proof. Since Ay, + Ay, + Bo, + E% — 2(Ey + Ay)? is the product of 2a and
am? +2tm+b—am —t = FEy — E3, the first identity follows. O

Now we move to the second alternating symmetric sum o3. The next
are the formulas for E,s and Ey:. Subtracting a? from Eys leads to the

factorization while the n = ¢ — a b plays important role for Ea;-
Property 36. Fora,b,t,m € R,
Aag—a (Ey — a)(A; + Ay + a), g@:Zagl—kn,

B, 3 —a? (E2 — a)(§1 — §2 —|—a), BU; =n.
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Proof. The difference Eo; —a? factors as the product fg of f = (am?+
2tm+b)—a=FEy—aand g= (am?®+ (a+2t)m+b+1t)+ (am+a+1t)
+a = El + Zg + a. Hence, the first identity holds.

For the second identity, notice that the difference ggg -2 Avl is the familiar
t2 —ab=n. O

Notice that the last equality in the above property was already noted in
the Property 23 in different context. N

We continue by showing that the sums E,x + E,x have quite similar rep-
resentations.

Property 37. For all a,b,t,m € R,

Aaéf—l-ggg :(Zl—i-a)Q—QaAvg, Bgs—l-égg :(§1+a)2—2a33.
Proof. Since Agy + Zgg +2a Ay is the square of am? + (a + 28)m + b+ t+
a = Ay + a, the first identity holds. 0

We proceed with the version of the Property 34 for the sum ¢3. For the
triple t, the first identity is to5 +to; = 19+ 11 = 30 = 3-(8 + 2-1).

Property 38. For all a,b,t,m € R,

Az —I—KUS +a%—n=As(Az+2a), By +§U§ —a®—n=(By—a)(Bs3+a).
Proof. For the proof of the second identity, use the values for Bys and EO—;
from the Property 36 and use Bg = By — Bos. O

The sum o3 does not give any interesting properties except that the iden-

tities Ay, — Ayy = n(Az + Az) and B,, — By, = n(B3 + Bs) show that n is

a factor of By, — Ey,.

4. THE PRODUCTS OF SUMS

The products of the linear sums of components also give interesting rela-
tionships and even complete squares.

Property 39. Fora,b,t,m € R,
Agy Agy — 4 By Ay = 4 A3, By, By: +4Ey By = 4 B3,
Ag By, —4A3By =12E3,  Ay: By +4E} = 4d?,
Agy Agy = A3(A3 — 3a) + a* —n, By, By = A3(Bs + a) — 3(a® —n).

Proof. The difference gal /TUT — Az (A3 — 3a) simplifies to a® — n while the
difference By, EGT — A3(Bs + a) reduces to —3(a? — n). O
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In the next two properties we show that certain sums of products of sym-
metric sums of the triples £ and E have interesting representations as prod-
ucts.

Property 40. For a,b,t,m € R,

Aoi‘ Bol + Agl B‘Tf =8 (CL2 — TL), Aoi‘ Bol — Agl B‘Tf =8 F» E3.
Proof. Since Agr By, =4 Ay(B; 4 a) and A,, Byr=—4 By(A; + a), the sum
Aoz By, + Ag, Byr is 8(a® — n), while the difference simplifies to 8 By E3. O
Property 41. For a,b,t,m € R, the following is true:

Agy By, — By, Ay, = 4a Ey E3 (Ey + a),
ng Agf — AU3 Bgik = 4CLE2 Eg (EQ — a),
Ay Byy — Boy Agy = Agy By — Boy Ags = 4a*E3 Ej.

Proof. In order to prove the first formula, note that A1 = By = a and A,
= By = E3. The left hand side is thus the product a Ez multiplied by
BSAUI _A3Bai‘ :4E3(E2—(1). O

5. THE POWERS OF THE SUMS

In this section we give two sets of identities for some symmetric expressions
that use the powers (second, third and fourth) of the sums o; and o] of

the four pencils o, 3, & and 8. We show that these expressions have long
factorizations.

Property 42. For all a,b,t,m € R,
A% + B, — A%. — B, = 8Ey (Ey +2a),
A3+ BS, — Ade — B- = 16 B2 [ES + 3a(2 Es + a) + 37,
A3+ By, — Aye — By. = 32 Ey(Ey +2a)[E5 +2a(4 By + a) + 6 n].

Proof. Since E2 — ng = 4F5(E3 + a) and Az + B3 + 2a = 2(E> + 2a), the
first formula follows. o
Similarly, since A3 — Ag;‘ =8 Eb[E% + 3 A3(A1 +a)] and B3 — Bgi =

8 Eo[E2 — 3 By(Bj + a)], their sum is 8 By multiplied by
2E? 4+ 3(Ay Ay — By By) + 3a(A;y — By).

But, gg Zl - Eg §1 =2(2aE3 4+ n) and gg — §2 = 2a. From this the sec-
ond formula follows immediately. O



PENCILS OF EULER TRIPLES 185
For the triple t, the first identity in the next property is
e +4=6"+4=14.13-25 = 4(3* + 2°)(3° + 4%).
Property 43. Fora,b,t,m € R,
Age +4a* = 4[A3 + E3)[A3 + (A2 + )7,
B} +4a* = 4[B3 + E3][B3 + (B; — a)?),
E} +4a* =4[E} + (E) + 0)Y][E? + (1 + 3a)? — 447

Proof. Since Aﬁf +4a*is4fg, where f =2am(As +t) + (a+t)2 + ¢ and

g=f+ 4aA2, the first formula follows because f = ﬁ% + Eg and g = Z%ﬂ—
(AQ + CL)2. O

6. THE GENERALIZED DETERMINANTS FROM COMPONENTS

For a = (a1, as, ag) and b = (by, by, b3) in R3, let

_ | a2 as az ag ap az
“'b_'bQ b3‘+ bs b | T by |
a:bh— az az | | a3 a ap az
U bg b3 b3 b1 bl b2 '

Note that a-b is the determinant of the rectangular 2 x 3 matrix with rows
a and b (see [14]). These generalized determinants are now tied with our
triples E and E using the following short notation.

Let U=A-A,V=B-B u=AB,v=B-A, U=A:A, etc.

Property 44. For a,b,t,m € R,
U=2E3Ey—a), U+V=23aB;+2n),
V =2By(a—B3), U-V=2B(2E;—a),
u—v=2B1(2E3+a), u+v=0—i=-2(aB+2n).

Proof. Since A-A is 2(am + t)(am? +2tm+b— a) we see that the first

formula holds because E3 =am+tand Ey =am?+2tm +b.
Also, since A-B — B- A1s2fg,wheref—amQ—(a—Qt)m—i—b—t—Bl
and g = 2(am +t) + a = E3 4 a, it follows that the fifth formula also holds.
([l
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Property 45. For a,b,t,m € R,
U=2(A24+aA, +E2), V=2E(Bs;—a),
U+V =212E2+a(3A, —2FE3)+2n],
U—-V =2(4AF5—aB;, —2n),
i+ =2[2E32 —a(A3 + By) — 2n).

Proof. Since B:B s the product 2 f g, where f = am? +2tm + b = FE5 and
g=am?+2(t—a)ym+b—2t= B3 — a, the second formula holds.

Similarly, the expression A:A—B:B+2a 31 + 4 n is the product 8(a m+
Hlam? + (a + 2t)m + b+ 1] of 8, E3 and A;. This shows that the fourth
formula holds. O

7. THE SUMS OF THE PRODUCTS

This section describes the three sets of identities on the factorizations for
the sums of the products ®, > and < (from Section 9) of certain pairs from

the triples A, B, A and B. Let P, Q,TandTbeA@A B@B A®G B and
A® B.

Property 46. For a,b,t,m € R,
Tgl+2n:2(g1§1+a2), Tgr+2n:—2g2§27
T,, = E3 + A3 B, Taf = B3 — Ay By,
Pgl :221 /ngQ(AgEg—n), le :2§1E3:2(E2§2—n),
Pp: =24 E3=2(a A1 +n), Qo =-2n

Proof. Since T,x +4nis 2a(a —am? —2tm —b) = 2a(a — Ey), the second
formula holds.

The product @Q has as the components the products a[am? — (a —2t)m+
b—t], (am? +2tm +b)(am — a +t) and [am?—2(a—t)m+a+b —2t](am+
t). Hence, Qo+ is 2(ab —t?) = —2n. O

Property 47. For a,b,t,m € R, if M = A3 B3 + a?, then
Ty, +a* = M(E3 +a®), T, —a'=M(E;—d?),

T02+n2:2E2(E2—a)E§, i,; —n?=2anE,.
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Proof. The sum T, + a* factors as the product of f and g, where f is a®? m*

+datm? +2(2t2 + ab)m? + 4tbm + b + a? = Fy +a? and g is a®? m* +
dmt(am?®—a+b)+2[a(b—a)+2t3)m?+ (a+b)*+a?—4t? = A3 B3 +a® = M.
This proves the first formula.

The product T has as the components A El, Ay By and Eg Hence,

TU% — n? is the product 2an Es, proving the last formula. O

In the rest of this section, we consider the products > and <. Let F’ =Ap Z,
G=A<A H=BpvrBand K =B<B.

Property 48. For a,b,t,m € R, the following identities are true.
Fy —Gq, =2F3(By—a), Kg —Hy =2By(Bs—a),
Gy — Foy = a Ba(By — a)(As + Ej),
Hy, — Ky = a B3(Bs — a)(Es + Ba),
Fps + Gor =2A345,  Hy: — Kye = 2(Bs + E3)(Bs — a),

Gos — Fos = a B3[A3 + E3(E> — a)),
Hys — Koz = a B3(Bs — a)(B; + a).

Proof. Since F' and G are (a AVQ,AQ /Tg, As AQ and~(a Av37A2 gl, 143 AVQ), we

infer that the sums F,, and G,, are A3 — a(3 Ay — A3) — 2n and A3 +a(2 A3

—a)4n. Hence, their difference is 2 E3(Fs — a). This proves the first identity.
The proofs of the other seven identities are similar. O

8. THE PRODUCTS X AND X

Let x and x denote binary operations on R? defined by
(a,b,c) x (d,e, f)=(bf—ce,cd—af,ae—bd),
(a,b,¢) x (d,e, f)=(bf+ce,cd+af,ae+bd).
Note that restricted on the standard Euclidean 3-space R? the product x is
the familiar vector cross-product.

In the next three properties we consider various symmetric sums of the
products X and x when the fourth variable m is either the sum u + v or the
difference v — v of the elements v and v from the ring R.

Let d=u—v, p=uv, py=p—u, pp=p—v and s=u+v. Let w =
a®v? — 2n. We shall use p, p, and p, only in the last section.

Property 49. For a,b,t,u,v € R,
(s x dY,, = 4v(a® —w + au‘lg), (s x dF),, = —(4av)*(w +n),

(s x dP),, = —(sj§ X dé)gf = 4v(w —a® — aul).
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Proof. Let E'= A. We first notice that s4 x d? is 4v(f, g, —h), where f =

au‘f‘ w, g = auj and h = auf'. Hence, (s x d?),, is the product —16 a®v
(a?v? +ab—t?). From this the second formula for E = A follows easily. [

Property 50. For a,b,t,u,v € R, (s‘Z X d‘q)gf = 4v(auf —w), and
(sgxd2)01:4avu§, (séxdé)m:—élavuzé.

Proof. Observe that s? x dA s —2 v(f,g, h), with f = a?, g = au‘§ —w and

h=w-— a(u1 +u2) Hence, (s4 x d),, is 4av(au+t). From this the
second formula follows easily. O

For the operation x we have the following similar result. The right hand
side of the first formula does not depend on v and the right hand side of the
second formula does not depend on u.

Property 51. Fora,b,t,u,v € R,
(sgxd‘z)oi«+2n:4u§u§, 2n—(3§>4d§)0{:4a202.

Proof. We first notice that sA 5 dhis a triple (2 f,2g,2 h) where f = a ufK

n—w, g=ui(uj —a) —av?uj and h = u‘f‘u‘g‘ —av uf From this we get
CR dA)gi« +2n =4(au+ a+ t)(au+ t) which is another way to write the
first formula. U

In the next property we collect formulas for the various symmetric sums
of the products F' = A x B and F=AxB.

Property 52. Fora,b,t,m € R and M = aE3+n, N=aFEy; M
Fy=4FEs3(a—By), F, =-2aB1, Fy =-4E;3(Ey+a),

Fp: =2(aA; +2n),  F,,=F,; = -16a B E},
Fpy=—4(N+n?),  Fy=-4(N-n’*+2nM).

Proof. Since F' is (—4 As Avg, 4agg, 0), the first, the third and the fifth for-
mulae follow easily.

Similarly, Fis (—2ag3,211§, —2n). Hence, the sum 15(,1 is 223(113—
a)—2n = 2a B;. On the other hand, the sum ﬁgf is 2113(;[3 +a)+2n
=2a A, +4n. ]
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9. DETERMINANTS AND THE PRODUCTS ®, > AND <

The first result in this section is another method to get the complete
squares using the determinants and the products > and «.

Property 53. Fora,b,t,m € R,
|A> B, B> B, A> Al = |A<1B, A< A, BaB| = [AaE, Es]?.

Proof. Since the rows of the matrix M = [A> B, B> B, A> A] are the triples
(a By, B9 Bs,a A3), (a E2, Ey Bs,a Bs) and (a E2, E3 As,a As), by subtract-
ing the first row from the second and the third, we infer that the matrix M
is equivalent to the matrix

a B, E, Bs a Az
0 0 a(Bs — A3)
0 Ey(As — B3) 0

Its determinant is obviously the square of 4 a F» Eg. The determinant |[A<B,
A< A, B< B| is computed similarly. O

We continue with two interesting results on determinants of matrices
whose rows are certain products of pairs from the four pencils.

Property 54. Fora,b,t,m € R, the sum of |[A>B,B® B,A® A| and |A<
B, B® B, A® Al is the product 16 a B> E3(E3 — a®)(a + E2 — E3).

Proof. We leave the standard and tedious evaluation to the reader as a nice
challenge. O

Property 55. Fora,b,t,m € R,

|AqB,A<A,B<B|—|A>B,BvB,Av Al =

Proof. Note that

LB Wb B2

M=[A®B,BOB,AcA=| B} B} E}
A A} ER

Now we subtract the first row of M from the second and from the third. It

follows that the matrix M is equivalent with the matrix

i, B, B
BBy~ 4) BB Ay 0
Al(Al — Bl) A2(A2 — Bg) 0
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Since A1 31 = 2E3, Ag — B2 = 2a and A1 Bg — A2 31 = 2n, we see that
|A®B B®B,AG A —8anE3 Next, |[A<B,A<A,B<aB| and |A> B,
B> B, Av A[ are evaluated similarly and one can check that their difference
is again the product 8anE§. ([

10. SQUARES FROM DETERMINANTS AND PRODUCTS X AND X

In this section we shall describe three methods to get the complete squares
using the determinants and the products x and x.

Property 56. For a,b,t € R andn=1t> —ab,
](10n)g|><(10n)§,( ) (4n)B nANnB| =[6an]*
Proof. The product (10 n) X (10 n) is the triple

(2a(10an+t), —2(10an + 1), 2n).

The other two products have the same form with 10 replaced by 4 and 1,
respectively. By an easy calculation of the determinant of the above 3 x 3
matrix one finds that its value is indeed (6 an)?*. O

Property 57. For a,b,t € R and m = a® +2n = a® +2(t*> — ab),

1(10m) A% (=10m) B, (4m)Ax(—4m)B, mAx(—m)B| = [36 a t m?]2.

Proof. The product (10m)4x(—10m)? has as the components the prod-
ucts 2(t2 — 10a®> m — 102 a®>m?), 2¢(b — 102am?) and 2¢(b — a— 2-10am—
102 am?). The other two products have the same form with 10 replaced by 4
and 1, respectively. Now it is easy to compute the determinant of the above
3 x 3 matrix and discover that its value is the square of 36 atm?. U

Property 58. Let R be a commutative ring with the multiplicative identity
e. Let a,b,t € R and assume that c is the inverse of a. If m = 2ct, then

[(—=m)Axm?, (20m) A (—20m) P, (=2m)Ax (2m)P| =
[(—=m)BxmPB, (=20m)2x (20m) 5, (2m)Ax (—2m)B| = (1056 t3)2.

Proof. The products (—m)4xm4, (20m)4x (-20m)? and (—2m)4x (2m)B
are the triples (8tc (4a®c®*t* —at — 2t* + ab) ,—8act(a+1t),8act?), (4t
(1600ac®*t* +40act—b) ,4at(40ct +1),—-160act?) and (4t(16ac*t*—
4act —b),—4at(4ct—1),16act?). The first above determinant has the
value 11264 a2 c®>t%(82a?c? +18ac —1). Since ac = e, it follows that this
determinant is the square of 1056 3. The proof for the second determinant
is similar. (]
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11. VALUES IN SUMS AND PRODUCTS

In this section we shall show that the last variable m has the property
that the value of the sums oy and o7 for the functions «, 3, @ and [ in the
quadruples (a, b, t,u + v) and (a,b,t,uv) can be recovered from their values
at (a,b,t,u) and (a,b,t,v). The notation is from the Section 8.

Property 59. Fora,b,t,u,v € R,

dsfl—uufl—i-vvfl:Qadp, dsff—uuff—i-vvgzo,
E E E E E E
dSg) — Ully, VU, =dsgr —Ulss + VU = adp.

Proof. Let E = A. Sincedss = 2(uu‘1Z —vv§+adp+ad), uwud = 2u(uf

+a) and vvZ = 2v(v{! + a), we obtain easily the first formula.

Similarly, since dsff =2(uud —vvd), uuf; =2uuf and vvf; =2v v{,
we conclude that the second formula holds. O

Property 60. For a,b,t,u,v € R,
dpy, —poul, + puvs, =2adpupy,  dph —pyubs +puvii =0,
dp?l —Z%U;E1 +puv§1 = dpfi« —pvu% +puv§} = adpypy-
Proof. Let E = A. Define a function f: R — R by
f@)=ar*+ (a+2t)z+a+b+t.
Since p2t =2 f(p), us =2 f(u) and v} =2 f(v), we get

dpfl —pvu?l +puv;41 =2adp(u—1)(v—1) =2adpyp.
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