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ON THE CATEGORIES OF PARAGRADED GROUPS AND
MODULES OF TYPE A

EMIL ILIC-GEORGIJEVIC

ABSTRACT. In this paper we observe the categories of paragraded groups
and R-modules with respect to the same set of grades A, where R is the
paragraded ring with the set of grades A. We turn our attention to con-
structing new objects in those categories using the sets of morphisms
of grade § € A. This process defines bifunctors which happen to be left
exact. Thus we may construct the right derived functor and it turns
out that it behaves the same as in the case of the category of abstract
modules.

1. INTRODUCTION

Paragraded groups were introduced by M. Krasner and M. Vukovié (]7])
in order to solve a problem of graded groups: they are not closed with
respect to the direct product in sense that the homogeneous part of the
direct product is not the direct product of the homogeneous parts of its
components. Actually, from the homogeneous point of view, a multigroupoid
does not have to be a homogroupoid ([7]). Paragraded groups are defined
in [7] by the six-axiom system as follows.

Definition 1.1. The map 7 : A — Sg(G), ©(0) = G5 (6 € A), of a partially
ordered set (A, <), which is from bellow a complete semi-lattice and from
above inductively ordered, to the set Sg(G) of subgroups of the group G, is
called a paragraduation if it satisfies the following siz-axiom system:

i) 7(0) = Go = {e}, where 0 =inf A; § < § = Gs C Gy;

Remark 1.2. H = (Jscp G5 is called the homogeneous part of G
with respect to w, and elements from H are called the homogeneous
elements of G.
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Remark 1.3. If z € H, we say that §(z) =inf{ d € A |z € Gs } is
a grade of x. We have §(z) = 0 iff x = e. The elements 6(z), = € H,
are called the principal grades and they form a set which we will
denote by A,,.

) 0 C A= (NsepGs = Ginto;
iii) If x,y € H and yx = zzy, then z € H and §(z) < inf(d(x),0(y));
) The homogeneous part H is a generating set of G,

) Let A C H be a subset such that for all x,y € A there exists an
upper bound for §(x),d(y). Then there exists an upper bound for all
d(z), z € A;

vi) G is generated by H with the set of H-internal and left commutation
relations (see [7]).

The group is called paragraded if it has a paragraduation.

If we replace the sixth axiom with the following axiom:

vi’) Let d1,...,0s € A, be pairwise incomparable and let z;, 2} € H
(i=1,...,s) be such that &1 - -+ -xg =2 -+~ zl and x;, 2, € Gy,
foralli=1,...,s. Then 5(95:1@) < 4,

we get the notion of an extragraded group.
Theorem 1.4 ([7]). Every extragraded group is a paragraded group.

We shall consider maps between paragraded groups as well.
Let G1 and G be two paragraded groups with sets of grades A; and Ao,
paragraduations w1 and w9, and homogeneous parts H; and Hs respectively.

Definition 1.5. ([7]) We say that a homomorphism f : G — G2 is a
quasihomogeneous if

(Vl’ S Hl) f(l’) € Hs.
As we will see, we shall confine ourselves to the case A1 = As.

Definition 1.6. ([7]) The ring (R,+,-) is called paragraded if its additive
group (R,+) is a paragraded group, with paragraduation © and set of grades
A, and if

(v, € A)(3C € A) ReR, C Re.
Definition 1.7. ([7]) If R is a paragraded ring with paragraduation 7, then

the map (§,m) — &n from A x A to A is called A-multiplication of grades
if the following holds:

a) R&Rn g an;
b) (V&, &, e A)E<EAn<ny =&n<Ey.
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If R is a paragraded ring with paragraduation =, then there exists ( =
sup( 0(z) | z € ReRy) ). If we put ¢ = &n, we will get A-multiplication and
we call it minimal multiplication ([7]).

Definition 1.8. ([7]) Let Ry and Ra be two paragraded rings and f : R1 —
Ry a homomorphism. We say that this homomorphism is a quasihomoge-
neous if it is a quasihomogeneous homomorphism from a paragraded group
(R1,4) to a paragraded group (Ra,+).

Now, we will give the definition of a paragraded module.

Definition 1.9. ([7]) Let R be a paragraded ring with paragraduation E and
set of grades A, M a commutative paragraded group with paragraduation F
and set of grades D and suppose M is an R-module. Denote E(J) by Rs and
F(d) by Mg, where 6 € A, d € D. The R-module M is called paragraded if

(Vo € A)(Vd € D)(3t € D) RsMy C M;.

Definition 1.10. ([7]) The map A x D — D : (0,d) — dd is called (A, D)-
multiplication if:

1. RsMq © Mjsq;

2. (V6,8 e A)(Vd,d e D) § < Nd<d =dd<dd.
It is always possible to construct (A, D)-multiplication by putting dd =
SUp,ep,nm, A(2) ([7]). This multiplication is called minimal multiplication.

The main feature of paragraded structures is described in the following
theorem.

Theorem 1.11 ([7]). The direct product of paragraded structures (groups,
rings and modules) is also a paragraded structure and the homogeneous part
of direct product is the direct product of the homogeneous parts of the com-
ponents.

2. THE CATEGORIES G& AND ME

Let us observe the category of paragraded groups whose set of grades is
A and denote it by GZ. We call it the category of paragraded groups of type
A. Objects of such a category are paragraded groups, and morphisms are
the elements of the set

homGZ(G,G’) ={ f€hom(G,G") | f(Gs) CG5,6€ A},

where G, G’ are paragraded groups.

Let us observe the paragraded R-modules M, where R is a paragraded
ring with set of grades A and M is a commutative paragraded group of type
A. These modules together with the set of morphisms

{ f € hom(M, M) | f(Ms) C M§,6 € A}
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form a category which we will denote by M £ . We call it the category of
paragraded R-modules of type A.

If A” C A and if 7 is the paragraduation of G, then 7’ = 7|as is also
a paragraduation if A’ is as ordered as A. So, if that is the case, we may
observe the category GX,. Next, we examine the nature of the functor F :
GR — GX..

Proposition 2.1. The functor F : Gi — GZ, has a right adjoint.

Proof. Let G’ € GZ, and let G and G’ be equal as abstract groups, m(d) =
7'(§) for § € A" and 7(d) = {e} for § ¢ A’. Thus, we defined the functor U on

objects. Now, we define it on morphisms. If ¢/ € homcil( 1, GY), then let

U(¢') = ¢ be a quasihomogeneous homomorphism defined via p(z) = ¢'(x)
if € H" and ¢(z) = e otherwise, where H' = (Jsc s Gs- This functor is the
right adjoint. Indeed, for G € Gi and G’ € GZ,, define a map

I homGi/ (F(@),G") — homp (G,U(G")

by f(e)(z) = ¢(x) if x € H', and f(p)(x) = e if ¢ H', for any ¢ €
homGZ/ (F(G),G"). One easily verifies that for all g : (G,G") — (G1,G)) the

following diagram commutes

homgr, (F(G),G') —— homgr (G,U(G)))

| |

homGZ’ (F(Gl), Gll) Em— hOHlGZ (Gl, U(Gll))
and that f is a bijection, i.e. f is a natural isomorphism. O
Proposition 2.2. The category M£ 1s abelian.

Proof. We will only check whether the category M g has products and co-
products, since all other axioms are trivial.

Let M and M’ be paragraded modules of type A. We claim that M &M’ is
their coproduct in the category M. For § € A define 7 : A — Sg(M & M’)
by

m(0) = Ms ® M, (g

Since in our case we have the same set of grades A of paragraduations,
it is the special case of the Theorem 1.11 and so, « is the paragraduation
of M & M’'. Now, observe the maps a« : M — M & M' and § : M’ —
M @ M’ defined by a(m) = (m,0) and B(m') = (0,m') for all m € M
and m’ € M’. One can easily verify that the maps « and S belong to
homMi:(M,MEBM’) and homMg(M’,MEBM’), respectively. Let X € MY
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and f € homMg(M,X), g€ homMia(M’,X). Define 0 : M & M’ — X by
O(m,m’) = f(m) + g(m'). If 6 € A, then we have

0(m(8)) = 0(Ms & M) = f(Ms) + g(Mz) € X5 + X5 = Xs.
Hence,

0 € homy,p(M & M’ X),

We have fa(m) = 6(m,0) = f(m) and 08(m’) = 6(0,m’) = g(m'). If
T : M®M — X is a morphism such that Ta = f and 78 = g, then
7(m,0) = f(m) for all m € M and 7(0,m") = g(m') for all m’ € M’. One
can easily prove that 7(m,m’) = f(m) + g(m') and therefore, 7 = 6.
Analogously, we can prove that the category M ij has products. ([

Corollary 2.3. The category of abelian paragraded groups of type A is
abelian.

Let G, G' € G and M, M’ € M¥.

Definition 2.4. For a homomorphism f : G — G' we say that it is a
morphism of grade § if
For a homomorphism f: M — M’ we say that it is a morphism of grade ¢

if
(Vo' € A) f(Mg) C My, (2.2)

where 8’8 is minimal multiplication.

Let us denote the set of all the morphisms of grade by hom(G, G')5 and
by hom(M, M’)s, respectively.

Lemma 2.5. Let G,G" be commutative paragraded groups of type A and let
M, M' be paragraded R-modules of type A. Then:

a) The set hom(G,G"); is the subgroup of hom(G,G’);
b) The set hom(M, M) is the subgroup of hom(M, M').

Proof. a) Let f,g € hom(G,G")s. Then,
(Vo' € A) f(Gs) € G5 Ag(Ger) € G5,
and hence, [ - g(Gy) = f(Gy)g(Gy) C G5G5 = Gy and f~H(Gs) =
(f(Gs))™t C (G5~ = Gf. So, fg and f~! belong to hom(G, G’)s, hence,
hom(G,G")s < hom(G, G").
b) Let f,g € hom(M, M’)s. Then,
(Vo' € A) f(Mg) C Mg,5 N\ g(Mg') C Mg,
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and hence, f + g(My) = f(My) + g(My) € M5 + Ms; = My, and
—f(Ms) € (—=Mjy5) = Mg;. So, f+ g and —f belong to hom(M, M')s,
hence, hom(M, M")s < hom(M, M"). O

Now, consider the sets

HOM(G,G') = < U hom(G, G')5> and
deh

HOM(M, M') = < 6LJA hom (M, M’)5>.

Theorem 2.6. Let G and M, M’ be a commutative paragraded group and
paragraded R-modules of type A, respectively, and let G' be a commutative
extragraded group of type A. Then

a) HOM(G, @) is the commutative paragraded group of type A;

b) HOM(M, M) is the commutative paragraded group of type A.

Proof. a) According to the previous Lemma, it is easy to establish that
HOM(G,G’) is a group. Now we set off to prove that it is paragraded.
Define the map

7 A — Sg(HOM(G,G))
by

7(8) = hom(G, G')s.

We first need to consider 7(0) i.e. the set hom(G,G")g. It is the set of
all morphisms f : G — G’ such that f(Gy) C Gy for all & € A. We
know (see 7)) that G, = {e}, and hence f(Gy) = {e} for all &' € A, ie.
hom(G,G")g = {fo}, where by fo we denoted the map g — e (g € G).
Now, let ;1 < d2. Then, m(d1) = hom(G,G’)s, and 7(d2) = hom(G,G")s,.
Take f € hom(G,G')s,. Then, for all ¢ € A, we have f(Gs) C Gy, . From
61 < dz it follows that G5 C G7 , according to 4). Hence, f(Gs) C G, for
all ' € A, so f € hom(G,G")s, and hom(G, G5, C hom(G,G')s,.

Let us now consider the subset § C A. We wonder what (;c, hom(G, G');
is. If f € (sephom(G,G)s, then f(Gs) C G for all 0" € A and for all
6 € 6. Hence, f(Gs) C [5ep G5 for all 0" € Aie. f(Gy) C Gip for all
6" € A according to ii). Thus, (\5c9 hom(G,G")s = hom(G, G )inte-

Denote by H the set | J5ox hom(G, G');5. Take two elements f,g € H. Then
there are 0 and d2 from A such that f € hom(G, G')s, and g € hom(G, G')s, .
Let h be gfg~'f~!. We wish to prove that h € H. For all ¢’ € A we have

hGs) = g(Ge) f(Gs)g  (Gs) fH(Gor)
C G5,G5, (G5,) (G5~
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We will now show how we can avoid the commutativity of G’ in this case.
Since G5, and G, are normal subgroups (see [7]), it follows that

u)

By (2.3), h € hom(G, G’ )mf 51,60) © H, as we claimed. Now, we prove that
d(h) <inf(6(f),d(g)). But thls follows from the fact that §(h) < inf(d1, d2).

The set HOM(G, G’) is generated by H as it can be seen from the con-
struction of the set HOM(G, G").

Assume now that we have a subset A C H such that for all f, g € A there
exists § € A such that fg € hom(G,G")s. We wish to prove that there exists
41 € A such that A C hom(G,G")s,. For any ¢’ € A choose z € Gg. Then
f(x)g(z) € Hgr and so by v), f(x) € Gy, for some §; € A. The map f was
arbitrary, so A C hom(G, G’)s, as we wished to prove.

Let 61,...,0s € A, be mutually incomparable and fi...fs = f{...fl,
where f;, f/ € hom(G,G’)5, (i = 1,s). That means that for arbitrarily
chosen x € Hg one has

fil@) .. fs(x) = fi(z) ... fi(2)
and fi(z), f{(z) € Gj, (i = 1,s). Since fi(x), fi(z) € G5, € G' and G’ is
extragraded, by vi) it follows that d(f;(z)~!f/(x)) < &; and hence f; ' f! €
hom(G,G)s, (i =1, s).

We have proven so far that six axioms of extragraduation are satisfied,
hence HOM(G, G’) is an extragraded group, but since every extragradu-
ation is a paragraduation, as is stated in Theorem 1.4, HOM(G,G’) is a
paragraded group.

b) It is easy to establish that HOM (M, M) is a commutative group. This

group is a paragraded group, since HOM(M, M) is a homogeneous subgroup
of hom(M, M"), and hom(M, M) is a paragraded group according to [7]. O

Remark 2.7. From the last proof we notice that HOM(G, G’) is a post-
paragraded group if G, G’ € GZ.

Remark 2.8. In the same way that we defined the categories Gi and M g ,
we define the categories of extragraded groups and modules with the set of
grades A and denote it by Gg and M E, respectively.

In what follows, all objects are assumed to be commutative.

Let us now observe the map HOM(G1,—) : GK — GX which sends
each Gy € GE to HOM(G1,G2) € GK and each g : Go — GY from
homGZ(Gg, GY), where G, G € GX, to a morphism

HOM(lGl,g) : HOM(Gl, Gg) — HOM(Gl, Gl2)
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defined as follows. For each z € HOM(G1, G2) we have
r=(fs]0€A),
where f5 € hom(G1,G2)s. So, let
HOM(1g,,g)(z) = {go f5 | 6 € A).
Then HOM(G1, —) represents a covariant functor. First,
HOM(1g,,1¢,)(z) = {(fs | 6 € A) = .

Now, let g1,92 € homGZ(Gg,Gé) and let gq, g2 be composable. Then we
have

HOM(1g,, 1) o HOM(1g,, g2)(2) = HOM(1g,, g1)(g2 0 f5 | 6 € A)
=(g1og20fs5]0€A)
= HOM(1¢g,, g1 © g2)(z),
for all z € HOM(G1, G2).
Similarly, observe the map HOM(—,G2) : GR®® — GX which sends

each G; € GZOP to HOM(G1,G2) € GZ and each f : G; — G from
homag(Gl, G}) to a morphism

HOM(f, 1G2) : HOM(Gl, GQ) — HOM( /1, Gg)

defined by
HOM(f, 16,)(x) = (fso f | 6 € A),

for all x = (fs | 6 € A) € HOM(G1,G2). The proof that HOM(—, G2) is a
contravariant functor is similar to the one that HOM(G1, —) is a covariant
functor and we shall omit it. Also, it is easy to verify that the following
diagram commutes

HOM(lGl 7g) ’
HOM(G1, G)  —2" HOM(Gh, @)

HOM(f,9)

HOM(f,lGQ)\L l/HOM(fvlcé)

! ! /

Thus, HOM(—, —) : GR’xGE — G is abifunctor. Let us fix G; € GX and
observe the functor HOM(Gq, —) : Gg — GZ. Suppose that the following
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sequence

!

g g

0 — Gy — G Gy — 0 (2.4)

is exact, where G2, G, G € GK. If we apply the functor HOM(G1, —) to
the sequence (2.4), we wish to prove that the sequence

HOM(1g, , HOM(1g, ¢’
0 — HOM(G1,Ga) i hon(ar, Gh) et HOM(Gy, GY)

is exact. Let x = (f5 | € A) € ker HOM(1¢,,g). Then HOM(1g,,9)(z) =
(gofs |0 € A). From z € ker HOM(1¢,, ¢g) and the exactness of the sequence
(2.4), it follows that = = fp which proves the injectivity of HOM(G1, —). If
y € im HOM(1g,,9), then y = (go fs | 6 € A) for some (fs | § € A) €
HOM(G1, G2). By exactness of (2.4), im g C ker ¢, so
HOM(1¢,,9')(y) = (9’0 go fs | 6 € A) =0.

Hence, y € ker HOM(1g,,¢'). Now, if y € ker HOM(1g,, ¢'), then if a € Gy,
we have y(a) = (f5(a) | 0 € A), where f5 € hom(G1,G%)s. Note that
f5(a) € ker g’ =im g, for all 6 € A, so f5(a) = g(b) for some b = f5(a) € G2,
where fs € hom(Gi1,G2)s. This proves that y € im HOM(1lg,,g). Thus,
HOM(Gq,—) : Gi — Gi is a left exact functor. Similarly, one can prove
that HOM(—, G3) : GiOp — GE is also a left exact functor. This means
that the following proposition holds.

Proposition 2.9. A bifunctor HOM(—, —) : GK® x AbGE — AbGY, is left
exact.

Analogously, one can prove that the following proposition holds as well.

Proposition 2.10. A bifunctor HOM(—, —) : ME™® x MK — AbGE, is left
exact.

Lemma 2.11. Let M be a paragraded R-module with the set of grades A.
Then there exists a free paragraded R-module.

Proof. Let M’ be a free R-module with base M. If we define the map =’ :
A — Sg(M',+) via 7'(0) = Mg, where Mj denotes the subgroup generated
by the set Mg, then it can be proven that 7’ is paragraduation of M’. [

Corollary 2.12. The category M£ has enough injective and projective ob-
jects.

The proofs of the following propositions are similar to the proofs in the
case of abstract modules.

Proposition 2.13. Let M be a paragraded left R-module of type A. Then:
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a) M is projective iff the functor HOM(M, —) is exact;
b) M is injective iff the functor HOM(—, M) is ezxact.

Proposition 2.14. Let M’ be a projective paragraded left R-module of type
A and M an injective paragraded left R-module of type A. Then:

a) EXT"(M', M) = {0}, for all n > 1 and for every paragraded left
R-module M of type A,

b) EXT"(M, M) = {0}, for all n > 1 and for every paragraded left
R-module M of type A,

where EXT designates the right derived functor of HOM.
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