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INVERSE PROBLEMS FOR STURM-LIOUVILLE-TYPE
DIFFERENTIAL EQUATION WITH THE FIXED DELAY UNDER
DISCONTINUITY CONDITIONS

MILICA BOSKOVIC AND VLADIMIR VLADICIC

ABSTRACT. In this manuscript, we consider boundary value problems for the
equation with the fixed delay and transmission conditions on J. We study the
case when all parameters in transmission conditions are known. We will prove
theorem of uniqueness from two spectra, first with Dirichlet-Dirichlet bound-
ary conditions and second with Dirichlet-Neumann boundary condition. Also,
we implicitly give the algorithm for determining the potential from these two
spectra.

1. INTRODUCTION

Boundary value problems with discontinuities inside the interval often appear
in mathematics, mechanics, physics, geophysics and other branches of natural sci-
ences. These problems are often in connection with discontinuous material prop-
erties.

Inverse spectral problems are problems in which we study operator from some
spectral characteristics of this operator. We will use spectra of the operators for
reconstruction of parameters of the operators.

The Sturm-Liouville-type operators are generated by second order differential
expression and boundary conditions (see [1] and references therein). In this pa-
per we study Sturm-Liouville operators with fixed delay under Dirichlet-Dirichlet
and Dirichlet-Neumann boundary conditions. Some result of the inverse prob-
lems for operators with constant delay can be found in [2]-[8]. In the papers [10]-
[11] authors study inverse problem for operators of the Sturm-Liouville-type with
discontinuity in interior points. Latest result in the inverse problems of opera-
tors with constant delay, with discontinuity in interior points, is given in [9]. In
the paper [9] authors study these problems for unknown delay from (g,n) un-
der Dirichlet-Dirichlet and Dirichlet-Neumann boundary conditions. We study the
problem when T = 7, which is defined as follows:
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—"(x) +q(x)y (x— g) =M(x),x € (0, g) U (g,n) , (1.1)
y(0) =0, (1.2)
y(n) =0, (1.3)
¥y (m) =0, (1.4)

with jump conditions

(310) <G -0) (30) - () ror(5-0). 0

Let Ly is boundary value problem defined with (1.1, 1.2, 1.3, 1.5) and L, is bound-
ary value problem defined with (1.1, 1.2, 1.4, 1.5). The following notation is used:
A is the spectral parameter, ¢(x) is a complex-valued function which we call poten-
tial, such that ¢ € L?(0,7), and ¢(x) = 0 for x € [0,7] and b, c are real parameters
which we assume that are known.

The spectra of Ly and L; are countable. We will prove that the potential g is
uniquely determined from the spectra of Ly and L;. Let (A,)_, be the eigen-
values of Lo and (u,);>_, be the eigenvalues of L;.

The inverse problem is to prove that ¢(x) is uniquely determined from (A,):_, and
() and find q(x) from (1,7, and (s)7,.

2. PRELIMINARIES

Let the function Y (x) be the solution of the differential equation (1.1) on the
interval (0,5 ) which satisfying initial conditions ¥;(0) = 0,Y/(0) = 1. Since the
differential equation (1.1) has the form " (x) +Ay(x) = 0 on the interval (0,%), we
have Y; (x) = = where A = z°

The dlfferentlal equation (1. 1) on the interval ( ) has the form

T
2T
sinz(x— %)

—y"(x) + q(x) =2y (x).

Using method of variation of parameters we have general solution of the differen-
tial equation (1.1) on the interval (7 ,m)

X
1
Yh(x) = 2 /q(t)sinz (t - g) sinz(x —t)dt + Cysinzx + Cycoszx.

T
2

Since
oL sin® T i
1(3-0)= Tz’Yf(a‘O) ~
Y, (g—i—O) Clsm 2 +Czcos R Yz (2 —i-O) ZZC1COSZ?1t —zCzsinZ;,
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from jump conditions (1.5) we have

- ZTU
I sinZ
Clszn +Czcos— h—2 ,
2 z
ZT
ZT ZT ZT sinZt
zClcos— —zCzszn— = b lcos— 4 2
2 2 2 z

This system of linear equations has unique solution

b ,zm 1 ,zm ¢

C = gsm — 4+ ECOS > + z—zsmzﬂ;
c 1 o 22n+ b .
= ——Sinzm — —=sin“ — + —sinz

2T 2k 27 2 2z

From (1.3) we have characteristic function of boundary value problem L

Ao(A) = hr(r) = le / g(t)sinz (t - g) sinz(m — t)dt+ @.1)

n
2

n b—b1 ZZTC+ 1 n ) sinzm + b—b1 - C . ,ZW -
sin®— ——Sinzm | sinz SINZw — —sin“— | cosz
z 2 bz 2 2 2z 72 2 ’

and from (1.4) we have characteristic function of boundary value problem L,

AN =Y (n /q sinz (t— g) cosz(m —t)dt+ (2.2)

[STE)

+((b-bN +1+ 7 ) cosemt (220 Giem - ST sinem
Sln b 2 sinz COSZ 2 Sinz ZSln 2 Sinz

After elementary transformation we obtain

-1

Ao(N) = le / g(t)sinz (z— g) sinz(m— 1)de+ 22

sinzm—-- 5 (I —coszm),  (2.3)
z 222

[SE]

T

1 T
A(A)=- /q(t)sinz (t— E) cosz(m—t)dt—
z
%

The functions Ag(A),A; (M) are entire in A of order 1/2, (see [9]). It is clear that
the set of zeros of functions Ag(A),A; (A) is equivalent to the spectrum of boundary
spectral problems Lg,L;, respectively (see [1]). By using Hadamard’s factoriza-
tion theorem we conclude that spectra uniquely determine functions Ag(A),A;(A),

(see [9],Lemma?2.1). Asymptotic formula for the eigenvalues and characteristic
function Ag(A) are known (see [9]).

17—17—1+17+17—l
2 2

coszﬂ:—i—isinzﬂ; 2.4)
2z
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3. MAIN RESULTS

We consider the case with fixed delay T = 7. Since characteristic function Ag(})
have the same form like characteristic function Ag(A) in [9], from Lemma 3.2 in [9]
we have that the integral [[q(¢)d¢ is determined by spectrum (A,)5_,. By using
q(x) =0 forx € [0,1], we obtain [J' g(¢)dt = [ q(¢)dt. In this way, the first Fourier
coefficient of the potential ¢ on the [0, ] is uniquely determined from the spectrum.

Now we will prove that the other Fourier coefficients of the potential ¢ are
uniquely determined. We introduce notation a, = [ ¢(¢) cos 2ntdt and
by = [y q(t)sin2ntdt. So, we finally come to our main result.

Theorem 3.1. Let (A,)_, and (u,);r_, be the spectra of boundary spectral prob-
lems L,k = 0,1 respectively, then potential q is uniquely determined by (A,);_,

and (),

Proof. We introduce notation

Foz) = 2 [Ao(x) - <b+2f1sinz7t+ (0 —coszn)> ]

b—b"' b+b!
Fi(z)=z|A/(M)— | — + * coszm+ —sinzm
2 2 2z

Since functions Ag(A),A; (A) are ordered from spectra (A,);>_; and (uy,);;_, we con-
clude that functions Fy(z) and Fj (z) are also ordered from these spectra. From (2.3)
and (2.4) we have

F(z) = jq(t)sinz (t - g) sinz(m—t)dt,

2
I

Fi(z) = /q(t)sinz (t — g) cosz(m—t)dt.

T
2

Using trigonometric transformations: product of trigonometric functions to sum
and addition formulas we have

cosE | cos 3E T sin3 7
Fo(z) =— 2 2 [ q(t)dt+ TZ /q(t)cosZztdt + 5 2 /q(t)sinZztdt,
3 3 3
and

I T T

sin Z¢ cos 3¢ sin 3¢

Fi(z) = ) 2 /q(t)dt + 5 2 /q(t)sinZztdt i 2 /q(t)cosZztdt.
2 3 5
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Now we put z=n,n € N and using a, = [y q(t) cos2ntdt, b, = [ q(t) sin2ntdt we
have

cos &t cos % sin 32E
Fy(n) > 2 q(t)dt = 5 2 g, + > 2 by,

s1n sm 3’;" cos 3’;"
Fl /q 2 a, + b by.

This is linear system of two variables a, and b,, with determinant D = % #0, and
we have unique solution

3 cos 3nm sin ¢
n—2cos%n Fo(n /q —2s1n% Fi(n)— 22 q(t)dt |,
%
3 nm 3 nm
b, =2cos %n Fi(n)— sz 2 [ q(t)dt | +2sin %n Fo(n)+ CO; 2 [ q(t)dt
% n

Since [ %n q(t)dt and functions Fy,F; are ordered from the spectra (A,);;_, and

(tn )5, Fourier coefficients a, and b, are also ordered from these spectra. Since
q € L*[0,7] is complex valued function, we have

n—-o0

2 cneZtnx

n—=—oo

where is ¢, = 1an — fb We finally conclude that potential ¢ is uniquely deter-
mined from the spectra (A )y and (u )5y O

n=1"
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