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FRACTIONAL INTEGRAL INEQUALITIES INVOLVING
CONVEXITY
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Dedicated to Professor Mustafa Kulenovié on the occasion of his 60th birthday

ABSTRACT. Here we present general integral inequalitites involving con-
vex and increasing functions applied to products of functions. As specific
applications we derive a wide range of fractional inequalities of Hardy
type. These involve the left and right: Erdélyi-Kober fractional inte-
grals, mixed Riemann-Liouville fractional multiple integrals. Next we
produce multivariate Poincaré type fractional inequalitites involving left
fractional radial derivatives of Canavati type, Riemann-Liouville and
Caputo types. The exposed inequalities are of L, type, p > 1, and
exponential type.

1. INTRODUCTION

We start with some facts about fractional derivatives needed in the sequel,
for more details see, for instance [1], [10].

Let a < b, a,b € R. By OV ([a,b]), we denote the space of all functions
on [a, b] which have continuous derivatives up to order N, and AC ([a, b)) is
the space of all absolutely continuous functions on [a,b]. By ACY ([a,b]),
we denote the space of all functions g with ¢V~ € AC ([a,b]). For any
a € R, we denote by [a] the integral part of a (the integer k satisfying
E < a < k+1), and [a] is the ceiling of a (min{n € N, n > a}). By
Li (a,b), we denote the space of all functions integrable on the interval
(a,b), and by Lo (a,b) the set of all functions measurable and essentially
bounded on (a,b). Clearly, L (a,b) C Li (a,b).

We start with the definition of the Riemann-Liouville fractional integrals,
see [13]. Let [a,b], (—o0 < @ < b < 00) be a finite interval on the real axis
R. The Riemann-Liouville fractional integrals I, f and I;* f of order o > 0
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are defined by

1

(1) @) = 7 | FO @0t @>a) 1)

b
(50 @) = 5 | 1O =0 bt @<t 2)

respectively. Here I' («) is the Gamma function. These integrals are called
the left-sided and the right-sided fractional integrals. We mention some
properties of the operators I¢, f and If* f of order a > 0, see also [16]. The
first result yields that the fractional integral operators I, f and I} f are
bounded in Ly, (a,b), 1 < p < oo, that is

lesl, <Kl (s, < K I, 3)
where ( )
b—a)®
K= OR (4)

Inequality (3), that is the result involving the left-sided fractional integral,
was proved by H. G. Hardy in one of his first papers, see [11]. He did not
write down the constant, but the calculation of the constant was hidden
inside his proof.

Next we follow [12].

Let (21,31, 11) and (Q9, X9, o) be measure spaces with positive o-finite
measures, and let k£ : 21 x Q3 — R be a nonnegative measurable function,
k (x,-) measurable on Q9 and

K (z) =/Q k(o) dua(y), =€ (5)

We suppose that K (x) > 0 a.e. on £y, and by a weight function (shortly: a
weight), we mean a nonnegative measurable function on the actual set. Let
the measurable functions g : 1 — R with the representation

g (z) = /Q k(29) £ (4) duz (). (6)

where f : (2 — R is a measurable function.

Theorem 1. ([12]) Let u be a weight function on i, k a nonnegative
measurable function on Q1 x Qa, and K be defined on Qq by (5). Assume
that the function x +— u (x) kl((x(g)) is integrable on Q1 for each fized y € Q.
Define v on 9 by

v (y) = /Q (o) S () < o (7)
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If & : [0,00) — R is conver and increasing function, then the inequality

/Qlu(m%b( g9 (z) )d,Uzl(Hf)S/Q2V(y)q)<‘f<y)’>du2(y) (8)

holds for all measurable functions f : Qo — R such that:

K (z)
(i) f,®(|f]) are both k (z,y) dus (y)-integrable, uy -a.e. in x € Qy,
(ii) v® (|f]) is pa-integrable,

and for all corresponding functions g given by (6).

Important assumptions (i) and (ii) are missing from Theorem 2.1. of [12].
In this article we use and generalize Theorem 1 for products of several
functions and we give wide applications to Fractional Calculus.

2. MAIN RESULTS

Let (Q1,%1, 1) and (Q9, X9, u2) be measure spaces with positive o-finite
measures, and let k; : 1 x Q2 — R be nonnegative measurable functions,
k; (x,-) measurable on g2, and

K (z) = /Q ki (e,y) dps (y), for any 2 € O, (9)
2

i=1,...,m. We assume that K; () > 0 a.e. on €, and the weight functions
are nonnegative measurable functions on the related set.
We consider measurable functions g; : 21 — R with the representation

gi (z) = /Q i () i () disa () (10)

where f; : 2o — R are measurable functions, ¢ = 1,...,m.
Here u stands for a weight function on €.
The first introductory result is proved for m = 2.

Theorem 2. Assume that the functions (i = 1,2) = — (u () ki(,x’y)) are
integrable on 1, for each fixed y € Qa. Define u; on 9 by

wi (y) == /Q u(x) k—;((lﬂz;y)) duy (z) < 0. (11)

Let p,qg > 1: %—i—% = 1. Let the functions ®1,Ps : Ry — Ry, be convex and
increasing. Then
I

/Qlu<m) b <‘fgﬁ}1((a;))

(f ) 4 (1 ()] W) ([ 1 (5) 8 (12 ) ).
(12)

92 (z)
K ()

> dpy (v) <
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for all measurable functions f; : Qo — R (i = 1,2) such that

(1) f1, @1 (|f1))F are both ki (z,y) dus (y)-integrable, uy -a.e. in x € Qq,
(ii) fo, @2 (|f2])? are both ko (x,y) dus (y) -integrable, py -a.e. inx € ),
(iii) u1®y (| f1])F, ua®2 (| f2])?, are both ua-integrable,

and for all corresponding functions g; (i = 1,2) given by (10).

Proof. Notice that ®;,®, are continuous functions. Here we use Holder’s

inequality. We have
e ()= (75
92 (x)

- [t (5] et (75 ) o 0
91.2) >pdu1 (w)>p

= </Q v (|70 |
([ reres ([255]) anw)

(notice here that ®7, ® are convex, increasing and continuous nonnegative
functions, and by Theorem 1 we get)

)dia @

< ( / )1 (s (1)) <y>)’1’ ( / 0 1) B2 12 1)) <y>)"

(14)
O

The general result follows

Theorem 3. Assume that the functions (i = 1,2,...,m € N) z > (u(x)

%ff))) are integrable on Uy, for each fived y € Qo. Define u; on Qo by

kz($>y)
U; = u(x duy () < oo. 15
)= [ o) S i @) (15)
Letp; >1:5 le%- = 1. Let the functions ®; : Ry - Ry, i=1,...,m, be

convex and increasing. Then

/Ql u(e) ﬁ o (‘ Z(@

=1

> dp (z) <

i A P

IT( [ wwedsmpanm)”. (16)
i=1 \/Sk

for all measurable functions f; : Qo — R (i =1,...,m) such that
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(i) fi, @i (|f:])P? are both k; (x,y) dus (y)-integrable, py -a.e. in x € Qy,
1=1,...,m,
(ii) w;®; (|fi|)F* is po-integrable, i = 1,...,m,
and for all corresponding functions g; (i =1,...,m) given by (10).

Proof. Notice that ®;,7 = 1,...,m, are continuous functions. Here we use
the generalized Holder’s inequality. We have

f v ﬁ v (ke
-/, II (v o ([

14=1

~—

) dia (2 (17)

e gi (z) [\" b
< / u(x) ®; (‘ ’ ) dpy (x)) '
ll ( o8 "\IK; (2)
. pl . . . .
) - )t ? Y Y
(notice here that ®;, i =1 m, are convex, increasing and continuous

nonnegative functions, and by Theorem 1 we get)

i

=1

1

| @5 ) i <y>)‘”. 18)
Qo

proving the claim. O

When k (z,y) = ki (x,y) = ka2 (z,y) = -+ = km (2,y), then K (z) :=
Ky (z) = Ky (x) =--- = Ky, (x), we get by Theorems 2, 3 the following:
Corollary 4. Assume that the function x +— (u (x) %) 15 integrable on
Qq, for each fivred y € Qa. Define U on Q2 by

Uy) = /Ql u(x) de (x) < o0. (19)

Let p,qg > 1: %—f—% = 1. Let the functions ®1,Ps : Ry — Ry, be convex and

increasing. Then
o () oo

/Qlu(m)q)l(

< ( N U (y) @1 (|f1 (w)])? dus (y)> ’ </92 U (y) @2 (| f2 (w))? dpz (y)): ) |
20

g (v)
K (z)

for all measurable functions f; : Qo — R (i = 1,2) such that

(1) f1, f2, @1 (|f1])P, @2 (| f2])? are all k (z,y) dus (y)-integrable, uy -a.e.
m x € (),
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(i) UD1 (|f1])P, U2 (| f2])?, are both pa-integrable,
and for all corresponding functions g; (i = 1,2) given by (10).

Corollary 5. Assume that the function x — (u ()
Q1, for each fixed y € Qs. Define U on Qo by

(o) ) is integrable on

k(z,y)
= d . 21

U= [ ) G @) <o (21)
Letp; >1:>", p%_ = 1. Let the functions ®; : Ry — Ry, i=1,...,m, be
convex and increasing. Then

/ u () ﬁfbi 9i () dp ()
951 . K (3?)
=1

1

Pq

sﬁ(@U@@M@WWMM ()

for all measurable functions f; : Qo — R, i =1,...,m, such that

(i) fi, @; (|f:))P" are both k (x,y) dus (y)-integrable, py -a.e. in x € Qy,
foralli=1,...,m,
(i) UD; (| fi])F" is po-integrable, i =1,...,m,
and for all corresponding functions g; (i =1,...,m) given by (10).
Next we give two applications of Theorem 3.
Theorem 6. Assume that the functions (i = 1,2,...,m € N) z — (u(z)

k[éff))) are integrable on Sy, for each fived y € Q. Define u; on s by

ki ’
ui (y) == /91 u(x) K(:E:Uy)) duy (z) < 0. (23)
Let p; > 1:2;”:11;%:1;%21, i=1,...,m.
Then
/mmﬁ%m%dmm
o3} el RAG (z)
m 1
. P
<II( [ woswrmanm)”. e
i=1 2
for all measurable functions f; : Qo = R, i =1,...,m, such that

(1) fi, |fi|MP" are ki (x,y) dus (y)-integrable, py -a.e. in x € Q, i =
1,...,m,
(ii) w; | fi|*P" is pg-integrable, i =1,...,m,
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and for all corresponding functions g; (i =1,...,m) given by (10).

Theorem 7. Assume that the functions (i = 1,2,...,m € N) z — (u(x)

%) are integrable on Uy, for each fived y € Qly. Define u; on {29 by

uiy::/uac duy () < oo. 25
W)= [ i) @) (25)
Letp; >1:> ", p% =1. Then
m 91(93)
[ (FHES ) @
951
m 1
P
< H (/ u; (y) Pl ap, (y)> . (26)
=1\
for all measurable functions f; : Qo = R, i =1,...,m, such that
() fi, ePilfil are ki (x,y) dus (y)-integrable, p1 -a.e. in x € Q, i =
1,...,m,
(ii) wiePilfil is py—integrable, i =1,...,m,

and for all corresponding functions g; (i =1,...,m) given by (10).
We need

Definition 8. ([16]) Let (a,b), 0 < a < b < 00; a,0 > 0. We consider the
left- and right-sided fractional integrals of order a as follows:
1) forn > —1, we define

—o(a+n) prx gonto—1
o t f () dt
I . x) = / , 27
Uieond) = "F@) "y o — ey 27
2) for n >0, we define
orn b ta(lfnfa)flf (t) dt
Iy .. x) = / ) 28
(b ,,nf)( ) F(OZ) . (to—wo)l_a ( )
These are the Erdélyi-Kober type fractional integrals.
We remind the Beta function
1
B(z,y) = / (1 — )V dt, (29)
0
for R (x), R (y) > 0, and the Incomplete Beta function
B(z;o, ) = / (11— at, (30)
0

where 0 < x < 1; o, 8 > 0.
‘We make
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Remark 9. Regarding (27) we have

O'SC_U(OH—n) yan—l—a—l
k(z,y) = ——~X(az Y) ————d—a> 31
(#:9) = Py X ) (31)
x,y € (a,b), x stands for the characteristic function.
Here
b O.x—a(a—l—n) T tan—l—a—l
K(x)= [ k(xz,t)dt = (I ,.,1)(x)= dt
( ) /a ( ) ( +i05m )( ) I‘(a) /a (l’a 7t0)1*a
(32)
(setting z = 1)
o 1 ( 1
_ o (T]+1)7;) 1 oya—1
I‘(a)ﬁ z (1—-27)"""dz
(setting A = 27)
1 /1 1
= — AT(1—=N)*""dA. (33
Fa) Jgy” )
Hence )
1
sz/ AT (1= N 1d 34
)= £ f M0 (34)
Indeed it is
o Bm+1,0) —B((%)%;n+1,«
K (z) = (Ia—l—;a;n (1)) (z) = T (ig ) ) (35)
We also make
Remark 10. Regarding (28) we have
ox°" o(l-n—a)—1
k(z,y) = 5= Xub) V) 14> (36)
T (o) O o eyl
x,y € (a,b). Here
K (et d = (191 ou?t [P L
= ) dt = (I . = t
@)= [ = (g0 @)= 505 [ ot 67
(setting z = 1)
b
o (2) _1
— 20 1)@ Zcr(l—n—a)—ldz
T/ &Y
(setting A =27, 1 < A < (2)0)
1 @) el
= — A=D1 AT %A (38)
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(setting w =}, 0< (§)" <w<1)

LU et (B = B((E) ma)
=T /(’;>” T - w) dw = (o) (39)
That is
K (z) = (IZ?—;UW (1)) (z) = (B -] _FB((Egb) ;77’0[))‘ (40)
We give
Theorem 11. Assume that the function
T wlx X(a,z] (y) O.l,—a(a—&-n)yon—i—a—l >
" ( e BarLe - B(@ L)

is integrable on (a,b), for each y € (a,b). Here a,0 >0, 7> —1,0<a <
b < co. Define uy on (a,b) by
_ w(x) ot (go — yoyal
ul(y):zo_yon+0' 1/ () (aay)
y (B(n-i—l,a) —B((;) in+1,a))
Letp; >1:>", p%_ = 1. Let the functions ®; : Ry - R, i=1,...,m, be

convex and increasing.
Then

dr < co. (42)

b - ) |Ig+;a;nfi($)‘F(a) "
/a ()H(I)Z<(B(77+1,a)—B((“)o;n—i-l,a)))d

=1 x

< ﬁ ( / s (1) 9 (s )P dy)plﬂ (43)

for all measurable functions f;: (a,b) = R, i =1,...,m, such that
o(a+n)

(i) fi, @i (1" are both “ =X (a0 (¥) (y

xg_yg)lfa

on+o—1 .
W _integrable, a.e.

inx € (a,b), foralli=1,...,m,
(ii) w1 ®; (|fi])** is Lebesgue integrable, i = 1,...,m,

Proof. By Corollary 5. U
Remark 12. In (42), if we choose

u(x) = goletnt)—1 (B (n+1l,a)—B ((%)a i+ 1,04)) , x € (a,b),
(44)
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then .
uy (y) — O_yan—i-a—l/ $0—1 (Z‘U _ ya)a—l dr
Yy

(setting w := 27, %’: =o2° ! dx = J;l;“,l)
b a
bo — 4°
_ yan+a—l/ (w o ya)oc—l dw = yan+a—1( Y ) . (45)
o ol
That is N

(b7 =

up (y) = 7" lw, y € (a,b). (46)

Based on the above, (43) becomes

/bxa(a+n+1)—1 (B(nJrl,a) _B ((%)J;n+1,a>)~

i A ‘a+<”7 |F X
1 (mareesiara)”

=1
< ;ﬂ ( / ) (1 () dy)”li (47)
g(b‘a)ﬁ(/b 7)1, (£, (y >|>pfdy>“,

i=1
under the assumptions:
(i) following (43) and
(ii) * yo+D=1, (| fi (y)|)" is Lebesgue integrable on (a,b),i = 1,...,m.

Corollary 13. Let 0 < a < b; a,0 > 0, n > —1; p; > 1: 221;;:1;
Bi>1,i=1,...,m. Then

/bxa(a-i-n-i-l)—l (B (1+1,0) — B ((%)U;nJr 17a>>(12;n_15i)

a
(H ‘ a+; U,n

1
dxr < —
) a (T (o)==

11 (/abzf””” LT —y) | fi ()P dy)pli (48)

i=1

= (a(f@_))az)nﬁ ﬁl (/b DL £ ()P dy)"lﬂ

for all measurable functions f; : (a,b) - R, i =1,...,m such that
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(i) ‘fi‘ﬁmi is (%ﬁ;’;")x(a’x] (v) (ZZT;%E%)%MGgmble, a.e. nx €
(a,b),
(ii) yort D=1 £ ()PP is Lebesgue integrable on (a,b);i=1,...,m.
Proof. By Theorem 11 and (47). O

Corollary 14. Let0 <a <b; o,0 >0, > —1;p; > 1: 3", p%‘ = 1. Then

/bx"(aJr”H)l (B n+1,a)— B <<%>J;7]+ 1,a))

a

F(O‘)(Zﬁl |Ig+;<fmfi(z)|)
.e (B(n+1,0)-B((2)7n+1,a)) dr

1
1 b bi
<I ( / yoHD-L (47 oy epifi(wdy)
i=1 W4

1
(b — a®)® KL /b ( o Pq
< %) o(n+1)—1pilfi(y)l g 49
< Z];[l N e v) . (49)
for all measurable functions f;: (a,b) = R, i =1,...,m such that
() fi, ePlil are both %(:;n)x(a’x] (y) %*integmble, a.e. in
x € (a,b),
(ii) yortD=1epil Wl 45 Lebesgue integrable on (a,b); i=1,...,m.
Proof. By Theorem 11 and (47). O
We present

Theorem 15. Assume that the function

x ul(x Jxﬂnx[%b) (y) ya(lfnfa),l )
— ( (2) (yo — zo) ™ [B(n,a)— B((2)";m0)]

is integrable on (a,b), for each y € (a,b). Here a,o,n >0,0<a <b < 0.
Define ug on (a,b) by

et [V @)™ 2T e
2 (y) = oy” " 1/a Boa - B ma) <> (50)

Letp; >1:3", :t% = 1. Let the functions ®; : Ry — Ry, i=1,...,m, be
convex and increasing. Then

b m ‘Il?—;a;nfi (1’) r (a)
u(x 0¥ G
[ e Goa s

dzx
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<II([ wmeisora)”, G1)
i=1 @
for all measurable functions f;: (a,b) = R, i =1,...,m, such that

o o(l-n—a)—1
(1) fi, @ (|f:)P" are both (M nxllii’;ézzy_xa)?,a dy)mtegmble, a.e. in

€ (a,b), foralli=1,...,m,
(ii) ue®; (|fi])** is Lebesgue integrable on (a,b), i =1,...,m.
Proof. By Corollary 5. U
Remark 16. Here 0 < a < b < o0; a, 0,1 > 0.
In (50), if we choose
x

u(@) =20 (Bna)=B((3) ina)), ee@b),  (52)
then ”
Uy (y) — O_ya(lna)l/ 271 (ya o xg)ozfl dx

dw)

oxo—1

(setting w := 27, do =

o(l-n—a)— Y a a— ol=—n—a)— yU_aUO‘
:y(ln )1/ (y° — w) 1dw:y(1’7 )1((1). (53)

That is

U(l—n—a)—lu’ y € (a,b). (54)

uz (y) =y -

Based on the above, (51) becomes

[t (5o - 5 ((2) sm.0)

Iba—;amfi ()| T ()
¢ q)z o
L\ Goa -5 ma)

dx

1

Pi

b
< ;H </a ya(l—’ﬂ—a)—l (ya _ aa)a D, (|fz (y)’)lh dy) (55)

< M ﬁ </b ya(l—n—a)—lq)i (If: (y)|)pz dy) P ’

@
i=1
under the assumptions:

(i) following (51), and
(ii)* y7()=1d, (| f; (y)|)? is Lebesgue integrable on (a,b), i=1,...,m.
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Corollary 17. Let 0 < a < b < o0; a,0,m > 0; p; > 1 z;’;lp% = 1;
B;i>1,i=1,...,m. Then

/ab 2o (1=n)—1 (B (n,a) — B ((%)U : 77,Oé>) (1= B;)

. 1 S i (X A dx ! m
(H‘Ib—,a,nf( ) ) < a(F(a))zi:lﬁi

=1

m

11 (/ab YO (Y7 = a”) | fi ()PP dy) g (56)

=1

1
(ba_aa)a m </b (1—n—a)—1 Bips 'R
< - y?Umn=) = £ ()PP dy )
a (T (a) == P E[ a )

under the assumptions:

. o o(l-n—a)—1
(i) |f:|PP s (M Xip.) YT dy)integmble, a.e. inx € (a,b),

L(a)(yo—22)' =

foralli=1,...,m,
(ii) yo(t=n=e)=1| 7 ()|%P is Lebesque integrable on (a,b),i=1,...,m.
Proof. By Theorem 15 and (55). d

Corollary 18. Let 0 < a < b < o0; a,0,n > 0; p; >1: 30", p% =1. Then

F(O‘)(Zfiil |Ig‘—;<7mfi(z>|)

/" w01 (B (g.0) = B ((£) ima)) - Coo(572]) g

14 b o
<1 < / om0 (g7 _ oy epi|fi<y)|dy>
o i=1 a
(b —a?) ([ z
o a (¢4 D;
< o(1-n—a)—1 pi| fi(y)l
<CSERI( eliwlay)"(e7)

i=1
under the assumptions:
. o TN o(l-n—a)-1g ) )
() fi, el are both (M Xz ) W)y y)mtegmble, a.e. inx €

D(a)(y7—z7)'
(a,b),i=1,...,m

(ii) yo(=n—a)=1epilfi)l is Lebesque integrable on (a,b);i=1,...,m.

Proof. By Theorem 15 and (55). O
We make
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Remark 19. Let [[Y, (a;,0;) € RN, N > 1, a; < b;, a;,b; € R. Let
oa; > 0,1 =1,...,N; f € Ly (Hl 1(ai,bi)>, and set a = (ay,...,an),
b:(bl,...,bN), :(Ozl,..‘,OtN), —(5[31,...,1‘]\7),t:(tl,...,tN).

We define the left mixed Riemann-Liouville fractional multiple integral of
order « (see also [14]):

(I3, f) (x) = / / t)Y f (..t dy . dE
AN = 1

(58)
with x; > a;,i=1,...,N.
We also define the right mixed Riemann-Liouville fractional multiple in-
tegral of order « (see also [12]):

b1
(I f) (%) = T Faz/ /x ti—x) T f (b, tN) dy L diy,

N = 1
(59)
with x; < b;, i =1,...,N.
Notice I, (f]), 1 (|f]) are finite if f € Lo (HNl (ai,bi)) .
One can rewrite (58) and (59) as follows:

N
—t

o @)=t v
([a+f) (x) = Hfil T () /]LVI (as.00) XTI, (aiei] (t) £[1 (x

=1

)T f () dt,

with z; > a4, ¢ =1,..., N, and

=
=
\
&
e
I
&h
~—~
=
QL
\'&k

E @ =y fo g )]

(61)
with z; < b;, i =1,...,N.
The corresponding k (x,y) for I3, , I are
1 N
kat (2,9) = ———X[" (@r0g @) [ (@i = 0) 7, (62)
[T, a1 01
Va,y € Hfil (a;, b;) , and
1 N
B (2,) = =1y gy @) ] i — 20)° (63)

IV, T (ap) Tt

=1
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N
Va,y€ Il (ai bi).
i=1
The corresponding K (x) for I3, is:

Kot (z) = [y kat (x,y) dy = (I5,1) (x)
_l;[l(aiybi)

N

1 mo e -
:/ / H(xi—ti)a’_ dti...dtn
a1 N =1

N
[T ()

N N i
[T7T () =1 [1T (o) =1
i=1 i=1
— ﬁ (ml - az)az
P} I (Oél' + 1) ’
that is
N (x; —a;)™
K, = L 64
+(@) il_[ll“(ozﬁ—l) (64)
N
Ve H (al,bl)
i=1
Similarly the corresponding K (x) for Ij* is:
Koo @)= [y o (@g)dy = (I51) () =
H (@i,b;)
b1
/ / t—azzo‘lldtl dty =
IN =1
N b, N
1 i o 1 (b — x;)”
NH/ (1 =)™ dti = 1
I 1 (o) =17 [T (o) =
=1 i=1
ﬂ < i xz
e (i +1)
that is N
(bz - xz
65
H I'(a;+1) (65)

=1
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N

Ve H (al,bz)
i=1

Next we form

N
kot (2, 1 e I+ 1)
KJ;JE(CS) s Xll_v[(avxl] (y)H —u)” 1H (x; — a;)™
F a/[/ i 1y M 7/71 p—
N N a;—1
(xz - yz) !
=X Y) ¥ a |
font (H ) <H (wi = a)
that is

YV x yEH(az, b;) -

Slmllarly we form

kb— (l',y) 1 N o N r (ai n 1)
i (0 lf_[ (i) H [wisb) ! zl_[l ! ll_Il (by — x;)
N N (yl . .’L‘Z)al 1
= Xlﬁ [@i,b:) y) (L[l ai) (ll;ll (bz — .’Ez)al ) )
that is

N
Va,ye ] (aib).
i=1
We choose the weight function u; (x) on H,fil (a;, b;) such that the func-
tion x +— <u1 (x) %) is integrable on [[X, (as, b;), for each fixed y €
H'ﬁil (@i, b;i). We define w; on Hi\; (ai, b;) by
ka-i- ('757 y)
w1 (y ::/ uy () ————>dx < oo. 68
() Ko () Ko\ (2) (68)
1

1=
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We have that

N b b N ;-1
Y (i — i)™
w()z( oq) R VA € P )( ai)dw...dw ,
1\ Z];[1 /y1 /yN 171 N 11;[1 (zi — a) 1 N

(69)

Vye H’f\;l (aiﬂbi) .
We also choose the weight function us (x) on HZ]\L 1 (@i, b;) such that the

function = — ('LLQ (x) kb‘(m’y)) is integrable on [[Y, (as,b;), for each fixed

Ky—(z)
y € TIY, (ai, bi). We define wy on [IY, (ai, b;) by
L kb* (1‘7 y)
we (y) = /N uz () Ky (2) dx < 0. (70)

We have that

N N i
ws (y)= (i[[laz) /al.../aN ug (1,...,TN) (H T2 ) dzi...dry,

(71)
Vy e TS, (ai,bi).-
If we choose as
N
un (@) =i () =[] (2 — @)™, (72)
i=1

i=1 =1 i=1
that is
N N
wq (y) = H (bl - yz)al , Yy € H (al, bz) (73)
=1 =1
If we choose as
N
ug (z) = uj () == [ ] (b — )™, (74)
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then

W5 (y) = ws () = (ﬁa) /y/iN (ﬁ( ) 1) doy .. dry
(H az> (H / ;- az_ldm)
() (5 ) Mo

N
wy (y) = [[ i —a)*, vy e]](aib). (75)
] =1

That is

Here we choose f; : val (az,bi) — R, 5 = 1,...,m, that are Lebesgue
measurable and I, (]f] 1), It (| f;|) are finite a.e., one or the other, or both.

Let p; > 1: 2]21 b= 1 and the functions ®; : Ry = R4, j=1,...,m,

to be convex and increasing.
Then by (22) we obtain

i= a“bl) ﬁ (‘T'L al)al
i=1
S N f pjd 9 76
II /H(%b) W)@ (1f; W) dy (76)

under the assumptions:

(i) [, @ (’fy’) 7 are both HN F( )XI_L 1 (a4 (y)HfV1( yz) 1dy

-integrable, a.e. in x € szl (aj, b;), forall j=1,...,m,
(ii) w1®; (]f;])*7 is Lebesgue integrable, j =1,...,m.

Similarly, by (22), we obtain

N
Iy (f5) (@) TI T (e + 1)

. =1
d
/H (ai,bi ) H ; !

N
i=1 j=1 H (bi - xi)al
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1

<H(/H(%b) 2(y)<1>j(fj(y))pfdy) ,

under the assumptions:

. N i—

(i) f5, @5 (If;)" are both ﬁxnl NETR), W) [Tizy (wi — @a)® tdy
-integrable, a.e. in x € Hi:l (a;, b)), for all j =1

(ii) wa®; (]f;])" is Lebesgue integrable, j =1,...,m.

Using (72) and (73) we rewrite (76), as follows

(77)

m,

N m
z; — a;)™ oJ = dx
/il:ll(al " <’1:Il( ) ) J1:11 : IJ_V[ (2 — a;)™
=1
-1l (/ﬁs% 3 @1 (b > 23 (13 W) de) < m®
N m é
(bi — a;) v g |
(13 ) 11 ( /H o % WD) y)

under the assumptions:

(i) following (76) and
(ii)* @, (]f;])*” is Lebesgue integrable, j =1,. ..

Similarly, using (74) and (75) we rewrite (77),
N
() @) T T (e 1)

N m
(b; — x4) dzx
/H (@i,b;) (};[1 ) ];[ ﬁ (b; — xi)ai
i=1
N i = Qi Pid j 79
<11 ( /H " (121 (4 — a0)” ) (155 W) y) (79)
N m é
bi — a;)™ N @5 (|f5 (WP d ,
< (13( ) )r:[ ( /ﬂ W) y>

under the assumptions:
(i) following (77), and
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(ii)* @; (| f;])*7 is Lebesgue integrable, j =1,...,m
Let now 8; > 1,5=1,...,m
Then, by (78), we obtain

N (1-372185) [ m
/ x (H (2 >> (H 124 () (M) da
j=1

[T (as,b:) i=1

=1

1
= N 211 B
(Hf(ai+1))
=1
m N 5 Pij
. N bi— Z'ai iPi &0
jHl(/ln;azb» (g ) >|f<>| y> (50)

1

[ oy

But it holds

N (1-Z7%16) [ m
/N (H (zi — ai)%) (H [ Ie (f) (f)ﬁj) dx

[T (as,b:) j=1

=1

N (1= 55) 5
b; — a;)™ IS (fj) (x)| 7 dz ). (81
Z(H( ) ) (/H(%H} L () (@) ) (51)

So by (80) and (81) we derive

. (o X BJ'
/ﬁ(%bi [Tl (5 @) o (82)
N ) Z;n:l Bj m pij
(bi - ai)al ) Bip;j d
< (1:1 s 1)> 1 ( /ﬁwn WPy

under the assumptions:
(i) 15 ’pﬁﬂj is mxngl(wi] () Hf\; (i — y:)™ ™" dy-integrable,
a.e. inx € Hf\il (ai,b;), forall j =1,...,m,
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(i) |f; P38 is Lebesgue integrable, j = 1,...,m.

We also have, by (78), that

N
(l‘i — ai)ai
/ IT (as.bs) <1;[1

i=1

N o
);zrlwxmuwﬁqgfg&)mr

under the assumptions:
. i N i—
1) £, erilfil are both mXHf_il(ai,mi] (W ILZy (20 —9)® by -

integrable, a.e. in x € Hf\;l (ai,b;), forall j=1,...,m,
(ii) e?slfil is Lebesgue integrable, j = 1,...,m.

From (79) we get
N
(

fiom
1 (aibi) \G=1

bl' — :Ui)ai

(I_Z;’n:l ’Bj) m
) 115 () @) | da
j=1

< 1
o N Z;nzl B;
(Mr+)
=1
1
m Py
11 /N <H (yi — az-)“’) £ ()|7375 dy (84)
g=1 \7 I (as:b0) \i=1
N 1
Hl (bl al)al m 5 pj
<| = . fs Anwrmay
& H lj_v[l(ai,b')
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224
But it holds
N (172?:1 Bj) m
/N (H (bi — in)ai> 1115 () (@) | do
11;11(ai7bi) =1 J=1
N (1_2?:1 Bj) m
(o) (o))
i=1 Zl:ll(aubz) j=1
(85)

So by (84) and (85) we obtain
P @) ) da

1

=1
N (b — ) B "

< (Tl fs nwpma) o o

(H [ (i +1) ) ]1_11 1L acb)

under the assumptions:
1) |/ |pj5j is Nix win) (Y) Hi\il (yi — xi)aifl dy —integrable,
H F( ) Hz 1[ 2l l)
a.e. inx € lel (a;, b)), for all j =1 ,
=1,....,m

(i) |£;/P"% is Lebesgue integrable, j = 1

D(a; 1)

N
=1 (b= )ai>dx

N AC>AAE y><n
/ H (b — ;)™
H(al, i i=1

We also have, by (79), that

<1I /N (H (yi — a >°‘2> Pl Wl dy (87)
g=1 \7 L (as:b) \i=1
1
N m Pj
< (H (bz aZ)Oéi) H / er'fg(?/)'dy
=1 7j=1 1:[(0'1’ )
— @) T dy -

XY (o) () 1Y, (v

under the assumptions:
(i) f;, efil are both ﬁ

integrable, a.e. in x € Hi:l (a;,b;), for all j =1
(ii) ePilfil is Lebesgue integrable, j = 1,...,m.

m,
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Background 20. In order to apply Theorem 1 to the case of a spherical
shell we need:

Let N> 2, SN=1.={z ¢ RN : |z| = 1} the unit sphere on RN, where ||
stands for the Euclidean norm in RN . Also denote the ball B (0, R) := {z €
RN : |z| < R} CRYN, R > 0, and the spherical shell

A::B(O,RQ)—B(O,Rl), 0< R1 < Rs. (88)

For the following see [15, pp. 149-150|, and [17, pp. 87-88|.

For x € RY — {0} we can write uniquely x = rw, where r = |x| > 0, and
w="=Le N1 |yl =1.

Clearly here

RY — {0} = (0,00) x SN, (89)
and
A=[Ry,Ry] x SN L. (90)
We will be using

Theorem 21. [1, p. 322] Let f : A — R be a Lebesque integrable function.

Then
f(z)dz = ) " (rw) rN " tdr | dw. (91)
A SN-1 Ry

So we are able to write an integral on the shell in polar form using the
polar coordinates (r,w) .
We need

Definition 22. [1, p. 458] Letv >0, n:=[v], a:=v—n, f € C" (Z), and

oY —
A is a spherical shell. Assume that there exists function Ralf,,(x) eC (A) ,

given by
T ()
/R1 (r—t) Wdt> , (92)

i 1 o
orv '_F(l—a)ar<

where x € A; that is v = rw, r € [Ry, Ra], w € SN~L.

al/
We call ;lef the left radial Canavati-type fractional derivative of f of
Ok, f(x)
order v. If v =0, then set Ralr,, = f(x).

Based on [1, p. 288], and [5] we have

Lemma 23. Let v > 0, m =[], v > 0, n := [v], with 0 < v < v. Let

S oY x S —
fecCcn (A) and there exists R’érfu( ) € C’(A), x € A, A a sperical shell.
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Further assume that 8jfa(§lw) =0,j=mm+1,....n—1,Vwe SN
a7, f(x _
Then there exists Ralrfw( ) ceC (A) such that
oL f(x a% f(rw 1 T oY, tw
or? or" I'(v—7) Jr, orv

VweSNTY all Ry <r < Ry, indeed f (rw) € C} ([R1, Rg]), ¥V we SN-L
‘We make

Remark 24. In the settings and assumptions of Theorem 1 and Lemma 23
we have

_ _ -1
k (T7 t) - T (V — ’Y) X[Rl,’r‘} (t) (7" t) ) (94)
and
_(r=Ry)"7
r,t e [Rl,RQ] .
Furthermore we get
k(r,t) (r—t)r 1
= (v — ) ——, 96
K (r) (V 7) X[Rl, ] ( ) (7’ _ Rl)y—'y ( )
and by choosing
u(r):=(r—R1)""7, re[Ry, Ry, (97)
we find
Ry
Ut) = (v—») / (r— )" Vdr = (R — )", (98)
t
t e [Rl, RQ] .
Then by (8) for p > 1 we find
R yo | O f ) [T (D (v =y 4 1))P
/ (r— 1) orY (v=")p
Ry r (7‘ — Rl) i
R oY p
< / (Ry =y | T O (99)
R 87“
and )
e O, f (rw)
_ (v=")(1-p) | TRa
/R1 (r—Ry) o T
1 Ry | 0%, f (rw) |P
< e\
T[T w—y+1)P /Rl (Fz —7) orv dr
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(Rz — R1)V_’y /R2 %lf (7’0.)) p

ST ) S | o | ™ (100)

But it holds

R Y P
/ >~ Ry e-en | TP

Ry 8’1"7
Ra |07, f (rw)[”
> (R — R—N(-D) / Ry .
> (Rz Rl) . o dr (101)
Consequently we derive

Ra | ) P _ p=D\? R oY P
/ OIS ) o (= B) 7 / Ol )" (102)
R orY F(V-’Y‘i‘l) Ry orv

Vwe SN

Here we have R; < r < Rs, and Rivfl < pN-1 < Révfl, and R%*N <
ri=N < R%fN.

From (102) we have

p p
RN /R2 PN-1 Op, f (rw) dr < /R2 p1-N N1 Op, f (rw) dr
R 87‘7 R1 87‘7
_ (Ry — Rl)(u—v) P/R2 N N1 01’§1f(7“w) p .
“\ T(v—v+1) R orv
B Ry — Ry PR 0Y f (rw) |P
< pi-n (B2 — Ry / ~N-1|9R, ' 1
>~ Rl (F (]/ —y T 1) Rl T 81"1’ dT ( 03)
So we get
/32 N oy, f (rw) ”dT
Ry 87"7
(BT (B2 =R p/R2 N1 | Ok S ) (104)
~—\R; Fv—v+1) Ry orv ’
Vwe SN-1,
Hence »
/ /R2 N az%lfi(rw) dr | dw
SN—-1 R 87"’7
_ v— p v
< (L2 M ((Re — RYVTY / /R2 o [OR S r) P N
Ry F'v—vy+1) sv-1 \JR, orv

(105)
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By Theorem 21, equality (91), we obtain
/ LIC] <RQ> (B =) p/
A T\ I'(v—v+1) A
(106)

or7
We have proved the following fractional Poincaré type inequalities on the
shell.

P

%, f ()
orv

Theorem 25. Here all as in Lemma 23, p > 1.

It holds
1)

8?zlf < & (N;l) (Ry — Rl)(u—v) a}%lf (107)

orY W Ry F'v—vy+1) o |, a’
2) When v =0, we have

N—-1
Ry (%5) (Ry — R1)"\ || 9%, f
< — e 1
imas () (Tt ) 3], - o

See the related, and proof, results in [1, pp. 458-459] with different con-
stants and proof in the corresponding inequalities.

Similar results can be produced for the right radial Canavati type frac-
tional derivative. We choose to omit it.

We make

Remark 26. (from [1], p. 460) Here we denote Agn (z) = dx the Lebesgue
measure on RY, N > 2, and by Agn-1 (w) = dw the surface measure on

SN=1 where By stands for the Borel class on space X. Define the measure
RN on ((0, OO) ,B(on)) by

Ry (B) = / rN=ldr, any B € B(0,00)-

B

Now let F € Ly (A) = Ly ([R1, Ro] x SV71).
Call
K(F):={we SN F(w)¢ L ([R,Ra], Bir, v, Bn) }- (109)
We get, by Fubini’s theorem and [17, pp. 87-88] that
Agn-1 (K (F)) =0.
Of course
Q(F) = [RI,RQ] X K(F) C A,

and

Arn (0 (F)) = 0.



FRACTIONAL INTEGRAL INEQUALITIES INVOLVING CONVEXITY 229

Above Agn-1 is defined as follows: let A C SN¥~! be a Borel set, and let
A={ru:0<r<lue A} CRY;

we define B
Agn—1 (A) := NAgw (A) .
We have that

)\st1 (SNfl) =

the surface area of SNV—1.
See also [15, pp. 149-150], [17, pp. 87-88] and [1, p. 320].

Following [1, p. 466] we define the left Riemann-Liouville radial fractional
derivative next.

Definition 27. Let 3 >0, m:=[g]+1, F € L1 (A), and A is the spherical
shell. We define

a\m rr m—B—1
Tp, F () g ()" Joy (r = )" PTUF () dt
1@7 = fOT’(A} c SN—I o K(F), (110)
0, forweK(F),
where x =rw € A, r € [R1, Ro], w € SN~1 K (F) as in (109).
If B =0, define
58
O, F ()
orP

We need the following important representation result for left Riemann-
Liouville radial fractional derivatives, by [1, p. 466].

= F(x).

Theorem 28. Let v > v+ 1, v >0, n:=[v], m:=[], F: A= R
with F' € Ly (A). Assume that F(w) € AC"([R1,Rz]), V w € SN-1,

and that aRlal:y('w) is measurable on [R1,Rs], V w € SN=1. Also assume 3

aRla};,Em) ER,V7r€[R,Ry) andV w € SN, and aRéfV(x) 18 measurable

on A. Suppose 3 My >0 :

Op F
Rla(m) <M, V (r,w) € [Ry,Rs] x SV71. (111)
TV
We suppose that 53};(:}1”) =0,j=mym+1,...,n—1;Vwe SVN-L
Then
=7
Op F(x) — 1 " v—y—1 (¥
S =D F ) = oy [ =0 (D) )

(112)
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valid ¥V x € A; that is, true ¥ r € [Ry, Ro] and ¥ w € SV~1; v > 0.
Here

Dy F (w) € AC ([R1, Ro)), (113)
VweSVNL 4 >0.
Furthermore -
aRlF (3’))
In particular, it holds
1 " —v
F(z)=F(rw) = / (r—t)" ! (Dg, F) (tw) dt, (115)
I'(v) Jr,
true ¥ x € A; that is, true ¥ r € [Ry, Ro] and ¥V w € SV~ and
F(w) € AC ([R1,Rs]), Ywe SN-1 (116)

We give also the following fractional Poincaré type inequalities on the
spherical shell.

Theorem 29. Here all as in Theorem 28, p > 1. Then

1)
= N=1L v— =V
OnF| (B 55 (=m0 95, (117)
orY ~\ R F'v—~+41) arv ’
pA p,A
2) When v =0, we have
o (B () (Ry = R\ || 8%, F s
| pA =\ Ry 'v+1) orv (118)
Proof. As in Theorem 25, based on Theorem 28. O

See also similar results in [1, p. 468].
We also need (see [1], p. 421).

Definition 30. Let F : A — R, v > 0, n := [V] such that F (w) €
AC™ ([R1, Rs]), for allw € SN—1
We call the left Caputo radial fractional derivative the following function

r F () 1 r 1 O"F (tw)
*R1 n—v—1
= —1 ——=dt 119
orv I'(n—v) /Rl (r=1) orn ’ (119)
where x € A, i.e. x =rw, r € [Ry, Ra], w € SN~1L
Clearly
aSRlF (z)

L = F (@), (120)
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vr, I (x)  OVF ()
* Ry _ .
5 = v if veN.
Above function (119) exists almost everywhere for z € A, (see [1], p. 422).
We mention the following fundamental representation result (see [1], p.
422-423 and [5)).

Theorem 31. Letv >~y +1,v>0,n:=[v], m:=[y], F: A — R with

F € Ly (A). Assume that F (.w) € AC™ ([R1, Ra]), for allw € SN=1, and
O, F() N
that ==} 7— € Lo (R1, R2) for allw e S .

ovs F
Further assume that *Ralr,,(x) € Lo (A). More precisely, for these r €

[R1, Ro|, for each w € SN=1 for which Dip F (rw) takes real values, there
exists My > 0 such that |D:R1F (rw)‘ < M;.

We suppose that aj%(ﬁ.l“) =0,j=mm-+1,...,n—1; for every w €
SN=1 Then
(TR F (x) 1 T
Ry -D'.F - - — )Y (DY, F) (tw) dt
S = D F ) = s [0 (D0 ) )
(121)

validV x© € A; i.e. trueV r € [Ry, Rs] andV w € SN=1; v > 0.
Here

DZRIF(-w) € AC ([Ry, R2)), (122)
Vwe SV y>0.
Furthermore
Oer, I () Lo (A 0 123
o € Loo (A), v > 0. (123)

In particular, it holds

F(:U):F(rw)zr(ly) /R S0 (DY F) (k) e, (124)

trueV x € A; i.e. true ¥ r € [R1, Ro] and ¥ w € SN, and
F(w) € AC([R1,Ry]), Ywe SNL (125)

We finish with the following Poincaré type inequalities involving left Ca-
puto radial fractional derivatives.

Theorem 32. Here all as in Theorem 31, p > 1. Then
1)
T Pl _ (R [ (B )
orY “\R F(v—v+1)

Ol F
orv

, (126)
p,A

p,A
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2) When v = 0, we have

N—-1

RQ ( P ) (RQ —Rl)y :R F
F <[ == ! 127
Proof. As in Theorem 25, based on Theorem 31. O

See also similar results in [1, p. 464].

(1]
2l
3]
(4]
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