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COEFFICIENT ESTIMATES FOR SAKAGUCHI TYPE
FUNCTIONS

HALIT ORHAN, NIHAT YAGMUR AND MURAT CAGLAR

ABSTRACT. Let SY ,(a,t) be the class of normalized analytic functions
defined in the open unit disk satisfying

g (L= 0= (DRI )
Dy f(z) — D% f(tz

for some a(0 < a < 1) and DY , is a linear multiplier differential op-
erator defined by the authors in [2]. The object of the present pa-
per is to discuss some properties of functions f(z) belonging to the
classes S ,(a,t) and T3, (o, t) where f(z) € T} ,(a,t) if and only if
zf'(z) € SX (e, t).

)>>a, [t <1, t#1

1. INTRODUCTION

Let A denote the family of functions f of the form
f2) =24 apz* (1.1)
k=2

which are analytic in the open unit disk & = {z : |z| < 1}. For f(z) belongs
to A, the multiplier differential operator Dy, f was defined by the authors
in [2] as follows

D} uf(2) = £(2)
D) uf(2) = Dauf(2) = Miz®(£(2))" + (A = wz(f(2)) + (1 = A+ ) f(2)
D3, f(2) = Dau (D3 f(2))

D3, f(2) = Da (D3 (2)
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where A > p > 0 and n € Ng = NU {0}.
If f is given by (1.1) then from the definition of the operator DY  f(z) it
is easy to see that

[e.e]
Ruf(2) =2+ 1+ Ak + X — ) (k — 1)]"ay2". (1.2)
k=2
It should be remarked that the DY  is a generalization of many other
linear operators considered earlier by different authors. In particular, for
f € A we have the following:
e D7, f(2) = D" f(2) the operator investigated by Saldgean (see [4]).
e DY f(2) = DY f(2) the operator studied by Al-Oboudi (see [3]).
. D;\l?#f(z) the operator firstly considered for 0 < pu < A < 1, by
Réaducanu and Orhan (see [1]).

A function f(z) € A is said to be in the class S} (o, 1) if it satisfies

(1= (D))

R
DY, f(z) =D}, f(tz)

>a, |t]<1,t#1 (1.3)

for all z € U and some (0 < a < 1).

We also denote by T3 («,t) the subclass of A consisting of all functions
f(2) such that zf'(z) € S} ,(c, t). The class 5’37“(0, —1) was introduced by
Sakaguchi [5]. Therefore, a function f(z) € Sg?#(a, —1) is called Sakaguchi
function of order « (see [6] and [8] ). Further, the class S&M(a,t) was
introduced and studied by Owa et al. [7]. Various Sakaguchi type functions
were investigated and studied by many authors including ([9], [10], [11]).
We note that SS,N(O, —1) is the class of starlike functions with respect to
symmetric points in U. Also Sg’#(a,O) = S5*(a) and Tf\)#(a,O) = C(a)
which are, respectively, the familiar classes of starlike functions of order
a(0 < o < 1) and convex functions of order a(0 < o < 1). Incidentally the
class of uniformly starlike functions introduced by Goodman [12] as follows

UST:{f(z)eA:%(W) >0}, (z,¢() e UxU.

Ronning [13] showed the following important result.

Remark 1.1. f(z) € UST if and only if for every z € U, |t| =1
4~1:/10)
R———7=]>0.
(f(z) — f(tz)

Now we will give some results for functions belonging to the classes
S&)\’u(a,t) and Tgf)w(a,t).
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2. S5y u(est) AND T3 () t)

Theorem 2.1. If f(z) € A satisfies

S TAR Ik — ] + (1 — @) fugl} ag] < 1—a,
k=2

up =14+t +t2 4+ttt <1, #£1) (2.1)
for some a(0 < o < 1) then f(z) € S} (1), where
P = [+ (kA — ) (k — DI
Proof. To prove Theorem 2.1, we show that if f(z) satisfies (2.1) then

(1= (D))

-1 — Q.
Dy f) - Dy fte) ST

Evidently, since

[e.e] [e.e]
z+ > kARagzF S (k — ug)ARa 2Pt
k=2 k=2

(1—1t)z (Diuﬂz))/ - 1=

n — n 00 0o
D3 uf(2) = D3, f (t2) z+ Y kAlugagz® 1+ 3 Afupayzb=1
k=2 k=2

we see that

(1—1)z <D§’Hf(z)>l : kg A} |k — ] |a]

D) = DR, 1 1SS g g
k=2

A

Therefore, if f(z) satisfies (2.1), then we have

(-2 (D3,/()
Dy, () — D3, 1(12)

-1 <1l—-oa.

This completes the proof of Theorem 2.1. O
Theorem 2.2. If f(z) € A satisfies

[e.e]

S RAR{k —ug) + (1 @) [ugl} lar| <1 —a, wp=1+t+t+ -+
k=2

for some a(0 < a < 1) then f(z) € T, (e, 1), where
P = [+ (kA — )k — DI
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Proof. Noting that f € Tf\l’”(a, t) if and only if 2z f/ € S;L’u(oz, t), we can prove
Theorem 2.2. O

We now define
Soapulast) ={f € A: f satisfies (2.1)}
and
Tg s ulast) = {f € A: f satisfies (2.2)} .
In view of the above theorems, we see :

Example 2.1. Let us consider a function f(z) given by

12 o (I—=m)d3 4
- 1—
fz) =z +( O‘)(2Ag(2—a)2 A7 —3a)" )’
0<n<1, |6 = |05 = L.

Then for any ¢(|t| < 1,t #1), f(z) € S, ,(a,t) CS% (e, t).

Example 2.2. Let us consider a function f(z) given by

no2 2 (1—m)ds 4
= 1—
f(2) =z +( “)<4Ag(2—a)z 3A2(7—3a)" )
0<n<l, |52’:’53‘:1

Then for any t(|t| < 1,1 # 1), f(2) € Iy ,(a,t) C T} (e ).

Remark 2.3. If we take n = 0, t = —1 in Theorems 2.1 and 2.2 then we
get the results given by Cho et al. [6].

3. COEFFICIENT INEQUALITIES

Applying Caratheodory function p(z) defined by
p(z) =1+ pi* (3.1)
k=1

in U, we discuss the coefficient inequalities for the functions f in the sub-
classes 5% ,(a,t) and T}, (o, t).
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Theorem 3.1. If f(z) € S} ,(a,t), then

k k-1 k
on < oLl Y S
af An |
=2 2>]

L i=2 |01 Vs |

k—1 k-2 k-3

+B3 Z Z Z ‘ujlu32u33| ﬁk 2H |UJ| ’

J3>72 j2>j1 Jj1=2 ‘UJIUJ2UJ3| |'U]|

where
B=2(1-a), vp =k — ug. (3.2)

Proof. We define the function p(z) by

a0z (D3,0e) .
T—a | DG - Dy ) 7T ];pkz (3.3)

p(z) =

for f(z) € S} (. t). Then p(z) is a Caratheodory function and satisfies
lpk| <2 (k> 1). (3.4)
Since

(1—1t)z (D;\L,uf(z))/ = [D;\L,uf(z) — f#f(tz)} [a+ (1 —a)p(z)],

we have

z+ Z kAZakzk = (z + Z kAZukakzk> <1 +(1-a) Zpk2k>

k=2 k=2 k=1
where
up =14+t +t2 4 4 thL
So we get
1—« n "
ag = A (k= w) (1A} _jup—1ak—1 + P2 A} _gup_2ap_2 + . ..

+pr—2Ayuzas + pp-1). (3.5)
From Eq. (3.5), we easily have that

(1-a)

y (2_u2)p1 2(1-a)

laz =\

las] < 2079 4n el + 1) < Qu_a)Cuau_a)‘W>

A5 3 us A5 [3— usl
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and
2u—a>{ <mr \%!)
a < " 114+2(1-a +
ol < =G "Bl

92 (1 _ )2 lugus| ‘
T B

Thus, using the mathematical induction, we obtain the inequality (3.2). O

Remark 3.2. If we write « = ¢ =n = 0 in Theorem 3.1 then we have well
known the result

fES*:>‘ak‘§k3,

where S* is usual the class of starlike functions.

Remark 3.3. If we take a = %, t=0,n=1,A=1, u =0 in Theorem 3.1
then we obtain

Remark 3.4. If we take @« = 0, t = —1, n = 1, in Theorem 3.1 then we
have

where Ay =14+ (Auk+ A —p)(k—1) and A > p > 0.

Remark 3.5. If we put A = = 1 in Remark 3.4 then we have the following
1
T k2—k+1
Remark 3.6. Equalities in Theorem 3.1 are attended for f(z) given by
/

(I—1)z <D§f7uf(z)> 14 (1-2a)z

D} f(z) — DY f(tz) 1—2z
Theorem 3.7. If f(z) € T} (1), then

k| <

k—1 k-2

x| < k;Anﬁ 1+6Z \Uy| +52 Z Z |ujy ug, |
J2>J1 j1=2 UJ2|
k—lkkuuu| |
SZZZ 1291 %92 %31 k2H]
P ‘”31%2013‘ +h ’Uj’ ’
j3>j2 j2>j1 j1=2

where

B=2(1-a), vp =k — ug. (3.6)



SAKAGUCHI TYPE FUNCTIONS 241

4. DISTORTION INEQUALITIES
For the functions f(z) in the classes Sy, ,(a,t) and T¢, (v, t), we derive
Theorem 4.1. If f(z) € Sy, ,(a,t), then
! k j ! k j
2l = > laxl 2" = Bj |27 < f(2)] < |2l + Y laxl |2 + By [z (4.1)
k=2

k=2
where

j
L—a—= 5 Ap{lk = ug| + (1 = @) Jug[} [a]
k=2

B; = (Jj>2). (4.2)

(G + 1= alfujnl) Afy,
Proof. From the inequality (2.1) we know that

Y Ak —wl + (1= ) Jul} g <1 - @
k=j+1

J

=) ARk — ]+ (1= @) ]} | -
k=2
On the other hand
{Ik —ul + (1 — @) fugl} > k — afug,

and k — o |ug| is monotonically increasing with respect to k. Thus we deduce

00 J
Gtl-alupaD A%y S lael < 1-a=3" A {lk — il + (1 - a) ul} laxl
k=j+1 k=2

which implies that
o0
> lal < B;. (4.3)
k=j+1
Therefore we have the following

j
i .
@) < Nzl + D laxl 21 + By =P

k=2
and
d k
j+1
[F()] = 12 =D lal |2* = By ="
k=2
This completes the proof of theorem. O

Similarly we have
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Theorem 4.2. If f(z) € I¢, ,(a.t), then

i j
. i ‘
2l =D lawl 2" = Cj =P < 1F(2)] < Jel + Y lawl 21" + Cy 2P (4.4)
k=2 h=2

and

i i
L= klagl |27 =Dyl < [f'(2)] < 14D klaxl [2/*" + D= (4.5)
k=2

k=2
where
J
L—a— > kAR {|k — ug| + (1 — ) |ug|} |a|
C; = h=2 (j>2 (4.6)
j (DU T almnl A7, )
and
J
L—a— > kA {|k —u| + (1 — a) |ug|} |ag|
D; = = (G=2). (47

{7+ 1—alujnl} A7,

Remark 4.3. If we choice n =0,t = —1, j = 2 in Theorems 4.1 and 4.2,
then we get the results given by Cho et al. [6].

5. RELATION BETWEEN THE CLASSES

By the definitions for the classes Sy, ,(a,t) and Tg, (v, t), evidently we
have

S&A,u(avt) - SSL,)\,,u(B»t) (O < B <a< 1)
and

To s e t) C T8y, (B,1)  (0<B<a<]).
Let us consider a relation between S7,  (a,t) and Tg'y (v, t).
Theorem 5.1. If f(z) € I¢, ,(a,t), then f(z) € S&/\#(HTO‘J).
Proof. Let f(z) € Tg'y ,(c,t). Then if f(z) satisfies

|k — k| + (1= B) Juk| _ ) |k —up| + (1 — a) Jug]
1-p - 11—«

for all k > 2, then we have that f(z) € Sy, ,(8,1). From (5.1), we have

(5.1)

(1—a) [k — ug

P el 0 — )k — 1) g

(5.2)
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Furthermore, since for all k > 2
|k — ug

<
kb —ug| + (1 —a)(k —1) [ug -

<

)

N =

1
k
we obtain

n 1+
1(2) € Siau(— 1),

O

Remark 5.2. Taking n = 0 in Theorems 2.1- 5.1, we immediately obtain
the results due to Owa et al. [7].

Remark 5.3. If we put n = 0, t = —1 in Theorems 3.1- 5.1, then we get
the results given by Owa et al. [8].
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