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ABSTRACT. We investigate the global asymptotic behavior of solutions
of the following anti-competitive system of difference equations

Y1Yn _ Bazmn 4 Yoyn
Al + Zn ’ Ynt1 = Yn ’
where the parameters 71,2, B2, A1 are positive numbers and the initial
conditions zop > 0,y0 > 0. We find the basins of attraction of all at-
tractors of the system, which are the equilibrium point and period-two
solutions.

T4l = n=0,1,...,

1. INTRODUCTION AND MAIN RESULT

Consider the following system of difference equations

z __ MNlYn
n+1 A+ $n7
n=01,..., (1)
_ B2Tn + V2Yn
Yn+1 = ————
Yn

where the parameters A1, 82,1 and 7, are positive numbers and the initial
conditions zg > 0,yo > 0.
System (1) is the first order system of difference equations of the form

xn—&-l:f(wn,yn)
, n=0,1,...,(zo, € R, 2
{ Yn+1 :g(xnyyn) ( 0 yO) ( )

R CR?,(f,g): R — R, f, g are continuous functions. System (2) is compet-
itive if f (z,y) is non-decreasing in x and non-increasing in y, and g (x,y) is
non-increasing in x and non-decreasing in y. If the functions f and g have
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monotonic character opposite of the monotonic character in competitive sys-
tem, then System (2) will be called anti-competitive. 1t is clear that System
(1) is anti-competitive.

In the classification of all linear fractional systems in [2], System (1) was
mentioned as system (16,26). By the change variables v, = y, — 72 we
transform System (1) into system which is classified as (31,16) and is dual
of system (16, 31). Thus dynamics of System (1) is identical to dynamics of
system (31,16). Also, System (1) has a similar dynamics as system (16,16),
see [19].

Competitive system of the form (2) were studied by many authors and
there is an extensive literature, see [1, 3, 6, 8, 11, 12, 17, 18, 21, 22].

The study of anti-competitive system started in [9] and has advanced
since then (see [7, 10, 19]). The principal tool of study of anti-competitive
systems is the fact that the second iterate of the map associated with anti-
competitive system is a competitive map.

The main result of this paper, i.e. the main result on the global behavior
of System (1) is the following theorem.

Theorem 1.1. a) System (1) has a unique positive equilibrium point E =
(Z,9) for all values of the parameters.

b) If A1ye > Pov1, then E is globally asymptotically stable, i.e. the basin
of attraction of this equilibrium is B(E) = {(z,y) : © > 0,y > 0}.

c) If A1ya < Bav1, then E is a saddle point and then there exists a set
C C R which is an invariant subset of the basin of attraction of E. The set
C is a graph of a strictly increasing continuous function of the first variable
on an interval (and so is a manifold) and separates R into two connected
and invariant components, namely

W_:={xeR\C: 3Ty € C withx 25y},
Wi :={x e R\C: 3y € C withy <s x}.
which satisfy:
i) If (zo,y0) € W4, then

nlggo (2n,Yon) = (00,72) and 11151010 (Z2n+1, Y2n+1) = (0,00) .
ii) If (zo,y0) € W_, then
nlggo (x2n, y2n) = (0,00) and HILH;O (Zon+1, Y2n+1) = (00,72) -

d) Assume that Ai1yo = Boy1. Then:

i) System (1) has an infinite number of minimal period-two solutions
belong to a curve

:):yQ’yl +vy (A1 + :r) (xAl — ’yl’yg) — .r’yQAl (Al + .%') =0.
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ii) The equilibrium point E and all minimal period-two solutions are
stable but not asymptotically stable.

iii) There exists a family of strictly increasing curves C,C, and C* for
x > 0, that emanate from E, A, and By, respectively, given by (10)
and (11), such that the curves are pairwise disjoint, the union of all
the curves equals R? , and solutions with initial point in C converging
to E, solutions with initial point in C, have even-indexed terms con-
verging to A, and odd-terms converging to B, and, solution with
initial point in C* have even-indexed terms converging to B, and
odd-terms converging to Ag.

2. PRELIMINARIES

We now give some basic notions about competitive systems and maps in
the plane of the form of (2) where f and g are continuous functions and
f(z,y) is non-decreasing in x and non-increasing in y and g(z,y) is non-
increasing in  and non-decreasing in y in some domain A with non-empty
interior.

Consider a map T = (f,g) on a set R C R? and let E € R. The point
E € R is called a fized point if T(E) = E. An isolated fixed point is a
fixed point that has a neighborhood with no other fixed points in it. A fixed
point E € R is an attractor if there exists a neighborhood U of E such that
T"(x) — E as n — oo for x € U; the basin of attraction is the set of all
x € R such that T"(x) — E as n — oo. A fixed point E is a global attractor
on a set K if E is an attractor and K is a subset of the basin of attraction
of E. If T is differentiable at a fixed point E, and if the Jacobian Jr(E)
has one eigenvalue with modulus less than one and a second eigenvalue with
modulus greater than one, E is said to be a saddle. See [20] for additional
definitions.

Next, we give some basic facts about the monotone maps in the plane,
see [12, 14, 15, 21]. Now, we write System (1) in the form:

Tn41 T Tn
Yn+41 Yn ’

where the map T is given as

f (.y) At

. z,y _ 1T

T(.’L’,y)— < g(x,y) >— ( Boz+y2y ) (3)
y

Now, we define a partial order < on R? so that the positive cone in this

partial order is the fourth quadrant. Specifically, for u = (u1,u2),v =

(v1,v2) € R? we say that u < v if w1 < v; and v < up. Two points
u,v e Ri are said to be related if u < v or v X u.
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Also, a strict inequality between points may be defined asu < vifu <v
and u # v. A stronger inequality may be defined as u << v if u; < v;
and vo < ug. A map f : Int Ri — Int R%r is strongly monotone if u < v
implies that f(u) << f(v) for all u,v € IntR%. Clearly, being related
is an invariant under iteration of a strongly monotone map. Differentiable
strongly monotone maps have Jacobian with constant sign configuration

+ —
- + :
The mean value theorem and the convexity of Ri may be used to show that
T is monotone, as in [4].
For x = (z1,72) € R? define Q; (x) for i = 1,...,4 to be the usual
four quadrants based at x and numbered in a counterclockwise direction,
for example, Q1 (x) = {y =(y1,y2) ER%: 2y <yp 20 < yg}. We now state

three results for competitive maps in the plane.
The following definition is from [21].

Definition 2.1. Let S be a nonempty subset of R?. A competitive map T :
S — S is said to satisfy condition (O+) if for everyz, y in S, T(x) <ne T(y)
implies © =<pe y, and T is said to satisfy condition (O—) if for every x, y in
S, T(x) =Zpne T(y) implies y <pe x.

The following theorem was proved by de Mottoni-Schiaffino for the Poin-
caré map of a periodic competitive Lotka-Volterra system of differential

equations. Smith generalized the proof to competitive and cooperative maps
[21].

Theorem 2.1. Let S be a nonempty subset of R2. If T is a competitive
map for which (O+) holds then for all x € S, {T"(x)} is eventually compo-
nentwise monotone. If the orbit of x has compact closure, then it converges
to a fized point of T. If instead (O—) holds, then for all x € S, {T?"} is
eventually componentwise monotone. If the orbit of x has compact closure
in S, then its omega limit set is either a period-two orbit or a fized point.

The following result is from [21], with the domain of the map specialized
to be the cartesian product of intervals of real numbers. It gives a sufficient
condition for conditions (O+) and (O—).

Theorem 2.2. Let R C R? be the cartesian product of two intervals in R.
Let T : R — R be a C' competitive map. If T is injective and detJr(z) > 0
for all x € R, then T satisfies (O+). If T is injective and detJr(x) < 0 for
all x € R, then T satisfies (O—).

The next two results are from [14, 15].
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Theorem 2.3. Let T be a competitive map on a rectangular region R C R2.
Let X € R be a fized point of T such that A := R Nint (Q1(X) U Q3(X)) is
nonempty (i.e., X is not the NW or SE vertex of R), and T is strongly
competitive on A. Suppose that the following statements are true:

a. The map T has a C extension to a neighborhood of X.

b. The Jacobian matrixz of T at T has real eigenvalues X, p such that
0 < |A| < p, where |\| < 1, and the eigenspace E* associated with \
is mot a coordinate axis.

Then, there exists a curve C C R through X that is invariant and a subset
of the basin of attraction of X, such that C is tangential to the eigenspace E*
at X, and C is the graph of a strictly increasing continuous function of the
first coordinate on an interval. Any endpoints of C in the interior of R are
either fized points or minimal period-two points. In the latter case, the set
of endpoints of C is a minimal period-two orbit of T.

Theorem 2.4. Let 11,75 be intervals in R with endpoints a1, as and by ba
with endpoints respectively, with a1 < ag and by < bs, where —oo < a1 <
ag < 00 and —oo < by < by < oco. Let T be a competitive map on an
rectangle R = T1xZy andX € int (R). Suppose that the following hypotheses
are satisfied:

1. T (int (R)) Cint (R) and T is strongly competitive on int (R).

2. The point X is the only fized point of T in (Q1 (X) U Q3 (X)) Nint (R).

3. The map T is continuously differentiable in a neighborhood of X.

4. At least one of the following statements is true.

a. T' has no minimal period two orbits in (Q1 (X) U Q3 (X)) Nint (R).
b. det Jr (X) > 0 and T (x) =X only for x = X.

5. X is a saddle point.

Then, the following statements are true:

(i.) The stable set W*(X) is connected and it is the graph of a continuous
increasing curve with endpoints in OR. int (R) is divided by the closure of
WH(X) into two invariant connected regions Wy ("below the stable set”),
and W_ (”above the stable set”), where

W_ = {x € RIW*(X) : 3x' € W*(X) with x <5 X'},
Wy = {x € R\WA(X) : 3x' € W*(X) with X' <4 x} .

(ii.) The unstable set W*(X) is connected and it is the graph of a con-
tinuous decreasing curve.

(iii.) For every x € Wy, T" (x) eventually enters the interior of the
invariant set Q4 (X) N'R, and for every x € W_, T™ (x) eventually enters
the interior of the invariant set Q2 (X) N'R.



264 M. NURKANOVIC AND Z. NURKANOVIC

(iv.) Let m € Q2 (X) and M € Q4 (X) be the endpoints of W"(X), where
m <, X =g M. For every x € W_ and every z € R such that m <, z,
there exists m € N such that T™ (x) =se z, and for every x € Wy and every
z € R such that z <s¢ M, there exists m € N such that M <z T™ (x).

The following result gives a convergence result for a system in R? when
there exists an invariant rectangle, and the map of the system is an anti-
competitive and satisfies certain conditions. See [10].

Theorem 2.5. Let T be an anti-competitive map on a closed and bounded
rectangular region R C R2. Suppose that T has a unique fized point € in
R and that T has no minimal period-two solutions. Then, € is globally
asymptotically stable on R.

3. LINEARIZED STABILITY ANALYSIS

Theorem 3.1. System (1) has the unique positive equilibrium point E for
all values of the parameters.
i) If Aiyo — P21 > 0, then E is locally asymptotically stable.
i) If Aiye — Bay1 < 0, then E is a saddle point.
iii) If Aiye — B2y1 = 0, then E is non-hyperbolic.

Proof. The equilibrium point E = (Z,7) of System (1) satisfies the following
system of equations:

My BT+ 1y
_ p2r T Rd 4
A1 + T’ y ( )

T = ,

< |+

1.e.

T =7 — AT, T = BT + 727
This implies that System (1) has a unique positive equilibrium point £ =
(Z,7), which is an intersection of the following two parabolas:

y:f;ll(:cz—l—AlCC)ax:BZ(ﬁ_Wy)‘ (5)

The map T associated to System (1) is (3) and the Jacobian matrix of T at
the equilibrium point £ = (Z,7) is

Ny 5 A’Y}P _ T z
— N\ (A1+7) L "y Y
Jr (7,9) = 8 P Il R (6)
7 7 v v

The corresponding characteristic equation is of the form:

AN —pA+qg=0,
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where
2
p=TrJr(E) = —m—i — 572—5 0,
Y1y Yy
q = DetJp(E) = 62f3 - ’Bf;c _ BT (x2 _ ’719) 16—2:::6 <0.
My Yy 713/ "My

i) It is obvious that 1 4+ ¢ < 2. On other hand:

il ,3 B2m2  Bam
Ip| <(1)+q<:>my+ <1+ 25 -5
4

1Y=A1T ﬁzx ,Bzx ,82:(:
= T + <14 NP <~ Aly + 252’)/13/ < 52.7}
4
& — A1 (BT + 723/) + 2827y < 52 (MY — A1T) & Arye > P,
which implies that E is locally asymptotically stable if Ajys > Bov1.

ii) Now, we check conditions for E to be a saddle point.

(1) p? — 4q > 0 because g < 0.
2) Ipl>+q ep*>1+9° = ~1-q)(p+1+4q) >0

1°op-1-g=-Z —BF 105 L BF_ T _q_BE <,

ny oy "y ny 71y?
2° We see that i) implies: p+1+q > O & Ay — Boy1 > 0, from

which

p+1l4+qg<0& Ay < fBamr-
iii) It is obvious that
lpl = [1+4q| & A1z = B,

i.e. now FE is a non-hyperbolic equilibrium point. O

4. PERIOD-TWO SOLUTIONS

In this section, we present the results for the existence of period-two
solutions of System (1).

Lemma 4.1. If Aivys # Pay1, then System (1) has no minimal period-two
solutions.

Proof. System (1) can be reduced to the following second-order difference
equation:

V2 A1Tpt1 + V2TnTnt1 + P2y1Tn

Tpt2 =71 ) 7
m2 =T (A1 + 2py1) Togr (A + 2p) ()
or to the following second-order difference equation:
72yny3z+1 V3YnYnt1 + BaviYn + 5272A1yn+1
Yn+2 = (8)

(YnYn+1 + B2A1 — Y2Yn) YUn+1
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Now, we prove that both of the difference equations (7) and (8) have no
minimal period-two solutions. Assume that this is not true for equation (7),
that is that

O, 0,0, (0 F D)

is a minimal period-two solution of (7). Then, we have:

o VALY + Y209 + 52’71%0’
(A1 +9) ¥ (A1 + )
b= Y2 A1p + et + 52711/)7 (9)
(A1 + ) e (A1 + )
from which:
oY (A1 + ) (A1 + @) = 11 (2 A1y + Yapb + Bamryp)
oY (A1 + ) (A1 + @) = 71 (2 A1 + Y2009 + Bam1?)) .
By subtraction, we obtain
(¥ — ) (A1y2 — Bam1) = 0,
and this implies that 1) = ¢, which is a contradiction.
Now, assume that
Xo 05X 0,5 (X F D)
is a minimal period-two solution of equation (8). Then, we have:
_ V2X9” — VXP + Binx + Bayadiod
(x¢ + B2A1 — y2x) ¢ ’
o= 120X* — B ox + B30 + BryaAix
(px + B2A1 — 720) X
This implies:
(X + B2A1 — 72X) X = 12X8” — XD + Bamix + P2 Aid,
(X + B2A1 — 720) Xb = 120X° — V3 dX + B3 + Bara A1
By subtracting, we obtain:
(A1y2 = B2m) (¢ — x) =0,
from which ¢ = x. It is a contradiction. ([l

Lemma 4.2. If A1y = [ay1, then System (1) has continuum of minimal
period-two solutions A, and B, for x > 0, of the form:

A =z —(Ar+a)(zA1—v172) +V (A1 +2) (2A1 —7172) 2422791 72 A1 (Ay +)
r — ) 2xy1 ’ (10)

Bac - (l‘vaB)a
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where
e —(A1+2) (@A —7172)+V/ (A1 +2) 2 (341 —1172) 24227172 A1 (A1 +2)
B = 2¢(A1+x) ’ (11)
. (I+A1)(IA1+’71’Yz)+\/(A1+96)2(1A1*7172)2+4127172A1(A1+5L‘)
YB = I (2T A1) :

Proof. Minimal period-two solution of System (1) is a fixed point of the map
T2, which is equivalent to the following system

u(z,y) =2z
{ v(z,y) =2 (12)
1.e.
(@B2tyy2)ni(z+A1) _
y(A%erAler’n)
y2Boy1+(yy2+xB2)v2 (z+41)
(@Patyv2) (@ +Ar) =Y
{ (zB2 + yy2) i (& + A1) = zy (A7 + A1 +ym) (13)
Y2 Boy1 + (yy2 + 2B2) 2 (z + A1) = y (xB2 + yy2) (z + A1)
o { (@B2 + yy2) M (@ + A1) = 2y (AT + A1 +ym) (14)
y (—ymn + zA1 + 2%) (Bayn — 1241) = 0.

It is easy to see that x > 0 and y > 0. Since x # T,y # ¥, from the second
equation in (14) we obtain Ajy2 = f2v1. Now, the first equation in (14) is
of the form:

ry*y1 +y (A1 + ) (A1 — 1172) — 27241 (A1 +2) = 0. (15)

So, System (1) has infinitely many minimal period-two solutions which are
located along the third order curve given by (15), i.e.

g= {(m,y) e (0, 00)2 Lyt +y (A1+x) (xA1—7172) —272 A1 (A1+2) = 0} .

(16)
It is easy to see that A,, B, € G and that T'(A;) = B;, T (B;) = A, if
A1ve = Bam- O

5. GLOBAL RESULTS

In this section, we present results about basins of attraction of System

(1).

Lemma 5.1. The map T? is injective and det Jr2(3,) > 0 for allz > 0 and
y > 0.
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Proof. 1) The map T? is of the form:

T2 (z,y) = (u(@,y) v (z,y))

— [ @BatyyIn(zt+Ar) y?Bomit(yretafa)ye(e+Ar) (17)
y(A}+zAi+ym) (xB2+yy2)(x+ A1) .

Now, we prove that the map T2 is injective. Indeed, T (x1,%1) = T (x2,%2)
implies that

A1 (y1 — y2) = 21y2 — 2291 = 0, (18)

from which we obtain y; = yo and z; = =9, i.e. (21,y1) = (22,y2). This
implies that T is injective and that T2 is injective, too.
2) For the map T2 (z,y) = (u (x,y),v (x,y)) we have:

etan= (2 %),

vy Uy
where
v = (B2A} + yP1y2 + 2062 AT 4 2 B2 A1 + 22y Bov1 + yBov1 A1) 1
y (yy1 + wA; + 42)° ’
S (z + A1) (y*7172 + 20247 + $2522A1 + 22y ) 7
y? (ym1 + zA; + A2)
Ve = —12 B 2x032 + yy2 + oAy v = _YP2m (2202 + y72)

(@B +y12)” (@ + A)* 7 (4 A) (@B +yn)
After some simplifications, we obtain:

BiiAL
(v + 2A1 + A3)° (B + y72)

for all z > 0 and y > 0, and the Jacobian matrix of T? (x, ) is invertible. [

det JTZ = >0

Remark 5.1. By Lemma 5.1 and Theorems 2.1 and 2.2 we see that the map
T? satisfies condition (O+) and consequently, the sequences {2} , {241} ,
{yan}, {y2n+1} of every solution of System (1) are eventually monotone.

Lemma 5.2. The map T? associated to System (1) satisfied the following:
T? (z,y) = (7,5) only for (z,y) = (T,7).
Proof. Since T? is injective, then

T? (.I',y) = (fvy) =177 (Tvy) = (.Qf,y) - (an) :
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Proof of Theorem 1.1.

Case 1: A1y > fomi

Since f (x,y) is decreasing in x and increasing in y, while g (x,y) is in-
creasing in x and decreasing in y, we have:

Y1Yn 71Uz
0< - < <1y,
=T A Y, T A S
T, + T U
’Yzﬁynﬂ:BQn ’72yn:ﬁ2 n+72§52 Ly < U,
Yn Yn 72

which implies:

2
Uy, > mUz  m <52U1 +72> eU > >0,

A T AL\ e — Aiye — B
and
U A2
> By PR A,
Ar1ye = o A1v2 — Bamn
i.e.
2 2
173 A175
U, > Uy > . 19
S A =B’ 2T Arye — B (19)
This shows that
[0, Th] x [y2, U]
is an attractive box. )
Now, we 2shovv that R = [0,Uf] X [y2,Us], where U = % and
Us = ﬁ, is an invariant box, i.e. T (R) C R. Indeed, suppose that

(z,y) € R. Then, we have:

my o my _nUs

0< = =U?
_f(x,y) Al‘i‘x —= Al —= Al 1>

T Ur .

V2 Sg(x,y)z”B;Jrvzé Bzyl + o =Us.

By Lemma 4.1 and Theorem 2.5 equilibrium E = (Z,7) is globally asymp-
totically stable.
Case 2: A1y < oy

It is easy to check that ' = (Z,7) is a saddle point for T2 as well. System
(1) can be decomposed into the system of the even-indexed and odd-indexed
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terms as follows:
Y1Y2n
Lon+1 = A tay,

. M¥Y2n—1
Ton = A tao, 1

Yo+l = 5272” + 2,

B2Tan—1

Yan—1 +’Y2

The existence of the set C with stated properties follows from Lemmas 5.1,
4.1, 4.2 and 5.2 and Theorems 2.3 and 2.4.

Yon =

Case 3: A1ye = o

Lemma 5.3. Assume that Boyy = Aiye. Then, the following statements
are true.

i) All periodic points Ay, By € G, given by (10) and (11), are non-
hyperbolic fized points for the map T?, and in both of them the corresponding
Jacobian matriz of the the map T? has eigenvalues A1 = 1 and Ay € (0,1).

ii) Figenvectors corresponding to the eigenvalues A1 and Ay are not parallel
to coordinate azes.

Proof. i) From (16), we obtain

*(A1+I)(90A1*7172)*\/(A1+36)2(xA1*“/1’YQ) +4x2y1y2 A1 ( A1+€E

Yo (v) = 5o z#0,
you (z) = *(Alﬂﬂ)(l“Al7’7172)+\/(A1+92m(f141 —7172)%+4x2y172 A1 ( A1+w x40,

and yg— (z) <0, yg+ (x) > 0 for x > 0.
The curve yg () is decreasing in x, that is yg, (z) < 0. Indeed, from
(12) we have:

Uy + uyy’ =1,
Vg + vyy/ = y/.
If (z,y) € G, then
1-T ©
Yo+ () = A 1 (20)

where
IMi=wu, (z,y), A i=uy(z,y),0 =0, (2,y),Q :=vy (2,y) .
Since ©® < 0 for x > 0, it is sufficient to prove that 2 < 1. Namely, if
Boy1 = A17ye, then we have:
Qo Y @zhtyy) _ yAeQ@ufrtyn)
(@ + A1) (B2 +y12)? (x4 A1) (@B2+ym)”
&z (2?83 + y*3 + efF AL+ 2ayBryz) > 0,
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which is satisfied for all z > 0 and y > 0.
1-T (C)
. , _ _
Since I' > 0,A < 0 and yg5, (z) = A 1.9 < 0, we have that

I' € (0,1) . The characteristic polynomial of the matrix

' A
ng(%y)_<@ Q)
is of the form:

PAN=X-T+NDA+TQ—AO) =22 — (A1 4+ X)X+ Ao
On other hand, (20) implies that (1 —T') (1 — Q) = A©, i.e.
P1)=1-(T+Q)+(ITQ2—-AO)=0.

This means that Ay = 1. So, Ay + A3 = 1+ Xy =1 4+ Q < 2, from which
follows that A9 < 1. Since A\1Ay = I'Q — A© > 0 and A1 = 1, we have that
Ao > 0.

i) The eigenvectors vi = (vf,v3) and vo = (v%,v3), corresponding to

the eigenvalues Ay = 1 and Ay = I'QQ — AO, are of the following form:

1-Q r-1
v1:< o ) and VQZ( o >

Since I' € (0,1), A <0, ©® < 0 and Q € (0,1), we see that the eigenvectors
are not parallel to coordinate axes. ([l

Therefore all conditions of Theorem 2.3 are satisfied for the map 72 with
R =10, 00) x (0, 00).
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