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ABSTRACT. We investigate the system of rational difference equations
in the title, where the parameters and the initial conditions are positive
real numbers. We show that the system is permanent and has a unique
positive equilibrium which is locally asymptotically stable. We also find
sufficient conditions to insure that the unique positive equilibrium is
globally asymptotically stable.

1. INTRODUCTION

We show that the system of rational difference equations

o
x = —
i Tn + Yn
, n=0,1,... (1)
Qg+ B2Tn + Yn
Yn+1 =

Yn
is permanent, where the parameters «aq, s, 2 and the initial conditions
x0, Yo of the system are positive real numbers. We actually show that there
exist positive real numbers Iy, 12, L1, Lo such that for every positive solution
{(xn,yn) }o2 of System (1), we have

lh<xzp <Ly and lo < yp < Lo for n > 3.

We show that the system has a unique positive equilibrium which is locally
asymptotically stable. We also find sufficient conditions to insure that the
unique positive equilibrium is globally asymptotically stable.
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For the last four years we have been interested in the boundedness char-
acter and the global behavior of systems of rational difference equations.
This paper is part of a general project which involves the system of rational
difference equations

a1+ 511'71 + V1Yn
Ay + Biz, + Cry,

Tn+1
, n=0,1,...

ag + BoTn + Y2Un
Ao + Boxy + Coyp,
which includes 2401 special cases. In the numbering system which was
introduced by Camouzis, Kulenovi¢, Ladas, and Merino in ([6]), System
(1) is #(12, 41). Related work has recently been given in ([1]-[11]) and
([14]-119)).

The following well-known result is needed for the local asymptotic stabil-
ity analysis of the equilibrium of System (1).

Yn+1

Theorem 1.1. Let F' = (f,g) be a continuously differentiable function de-
fined on an open set W in R?, and let (Z,7) in W be a fived point of F.

(1) If all the eigenvalues of the Jacobian matriz Jp(z,y) have modulus
less than one, then the equilibrium point (Z,y) is locally asymptoti-
cally stable.

(2) If at least one of the eigenvalues of the Jacobian matriz Jp(Z,y)
has modulus greater than one, then the equilibrium point (Z,y) is
unstable.

The following theorem gives necessary and sufficient conditions for the
two roots of a quadratic equation to have modulus less than one.

Theorem 1.2. ([13]) Assume p and q are real numbers. Then a necessary
and sufficient condition for both roots of the equation

N+pr+q¢g=0
to have modulus less than 1 is that
p|<1+¢g<2.

The next theorem gives a sufficient condition to insure that there exists a
unique positive equilibrium, and it is a global attractor. Let k be a positive
integer. For i € {1,...,k}, assume [a;, b;] is a closed and bounded interval,
and let F* : [a1,b1] X ... X [ag,br] — [ai,bi] be a continuous function. For
each i,j S {1, R ,k’}, let M@j : [ai,bi] — [ai,bi] and mij - [ai,bi] — [ai,bi]
be defined as follows: given m;, M; € [a;, b;]
set )

M;, if F) is increasing in z;
m;, if FJ is non — increasing in z;

M; ;(mi, M;) = {



ON THE GLOBAL BEHAVIOR OF THE RATIONAL SYSTEM 285

and
m; i (mi, M;) = M; j(M;,m;).
Theorem 1.3. ([12]) Assume that each i € {1,...,k}, [ai, b;] is a closed
and bounded interval of real numbers, and the function
Fi : C([al,bl] X ... X [ak,bk], [ai,bi]),
satisfies the following conditions:

(1) Fi(z1,...,21) is weakly monotonic in each of its arguments.
(2) If My, ..., Mg, mq,...,my, where m; < M; for each i € {1,...,k},
s a solution of the system of 2k equations:

M; = F'(Myi(my, M),..., Mg;(mg, My))

‘ , 1e{l,..., k}
m; = F'(mqyi(ma, My),. .. my(mg, My))
then
M; = m;,foralli e {1,... k}.
Then the system of k difference equations:
wéﬂ = F;(x%,,xg)
T, = Fx,,...,z;) , n=01,...
l'fH_l = Fk(x;,,mfl)
with initial condition (x}, ..., xf) € [a1,b1] X ... X [a, bg], has exactly one
equilibrium point (:Y:l, . ,@k), and it is a global attractor.

2. LOCAL STABILITY OF SYSTEM (1)

Lemma 2.1. System (1) has a unique equilibrium (Z,y). Moreover, (Z,7)
is locally asymptotically stable.

Proof. Suppose (z,7) is a feasible equilibrium of System (1). That is

o o+ [T+
r=— and §y=—.
r+y Y
=2
Note that 7 < /a7 and § = St
and so _2
o — T2 g+ ST +y ot foT BT
T Y= g B Oélj-f2 ’

T

After simplifying we have

T + Boid + a1z — 72 — (a; — 2)? = 0.
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Set
flz) =2+ (1 - Bo)a3 — (201 + ag)z? — a2 + a2, (2)
Thus in order to show that there exists a unique equilibrium (z,7y), it
suffices to show f(z) = 0 has a unique positive solution less than /7. By
Descartes’ rule of signs we know (2) has at most two positive roots. We also
see that f(0) = a? > 0 and f(y/ar) = —a1(y/a1B2 + az) < 0. Since f(x) is
a fourth degree polynomial with a positive leading coefficient we know that
it has a minimum of two positive roots. Therefore there are exactly two
positive roots; one root is less than /a1, and the other is greater than ,/o;.
Thus the proof is complete. O

We shall now investigate the linearized stability of the equilibrium (z, g)
of System (1).

Let 3
oo Qg+ P+ Y
f(l"y)_ x+y a’nd g(l‘?y)_ y .
Then
ﬂ g —oq T 32 _z2
97 07 (z+9)?  (z+7)? a1 ar
T = = N .
a9 ay B —(a2t o) B 1-g
or 0y Y y? Y Y

The characteristic equation of the linearized equation of System (1) about
the equilibrium (z,y) is

A2 4 552.@*011(1*@))\+ 2§ — 1+ Ba)
ary ary
By Theorem 1.2 we see that both roots are real and lie within the unit disk.
Therefore by Theorem 1.1, the unique positive equilibrium (z,y) is locally
asymptotically stable.

=0.

3. PERMANENCE

We say that System (1) is permanent if there exists real numbers 1, L1, l2,
and Lo such that for every positive solution {(zn,yn)}>>, of System (1),
there exists an integer N > 0, such that

lh <zp<Li and Iy <y, < Ly for every integer n > N.
With this in mind, define l1, L1, lo, and Ly as follows:
(1) b= -
1= a1+ ag + 1+ By
(2) L1 = o
(3) lpa=1
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(4) Lo=0a1+1+ ﬁzo&l.

Theorem 3.1. System (1) is permanent. In particular, let {(xy,yn)}0,
be a positive solution of System (1). Then for every integer n > 4, we have

ll<$n<L1 and l2<yn<L2.

Proof. Given a non-negative integer n > 0, note that
g

T =—€ (0,00
s Tn + Yn ( )
and
— ag + B2y + Yn _ a2+ Baxn +1€(1,00).
Yn Yn

Thus y, > 1 =1s for n > 1.

Hence if n > 1, then

0< a4 o
T = =«
et Tn+yn 041 !
and so x, < Ly for n > 2.
Hence if n > 2, then
s+ Boxntyn  az+ foar +1
Yntl = < = Lo.

Yn 1

That is, for every integer n > 3 we have

If n > 3, then
(65} a1
> —
Tn + Yn a1+ ag + B + 1

ly.

Tn41 =
That is, for every integer n > 4 we have
h <z, <Ly

and the proof is complete. [l

4. GLOBAL ASYMPTOTIC STABILITY OF SYSTEM (1)

The following theorem gives a sufficient condition for the unique equilib-
rium of System (1) to be globally asymptotically stable.
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Theorem 4.1. Suppose that either

2 2
0<ay< 04152 . 04152
1+ 1+ 2
or
alﬁ% < ag9.
14+ 8y —

Then the unique equilibrium point (T,7) is globally asymptotically stable.
Proof. The proof will be by Theorem 1.3. For (z,y) € [0,00) x (0,00), set

aq

and  g(z,y) = @+ Porty

f($7y):x+y y

and let R = [a, b] X [c,d] = [0, a1] X [1, g+ Bacr1 +1]. Let T : [0, 00) % (0, 00) —
(0,00) x (0,00) be given by T'(z,y) : (f(z,y), 9(x,y)).

We shall first show that T[R] C R. Suppose (z,y) € R. It suffices to show
that

f(z,y) € [a,b] and g(z,y) € [c,d].

(1) We shall first show that a < f(z,y).

Note that
a1
= f(xz,y).
ey f(z,y)

(2) We shall next show that f(z,y) <b.
We have

a=0<

a1 a1 (65}

= < =
f@y) tty ~atc 0+1

(3) We shall next show that ¢ < g(z,y).

:Oélzb.

ag + Bor +y
+l=—"" =g(a,y).
) Yy

(4) Finally, we shall show that g(z,y) < d.
Now
_tfrty axt b+l

g(z,y) = ) < . =ag+ Bear +1=d.

Thus T[R] C R.
Clearly f is strictly decreasing in x and strictly decreasing in y, and g is
strictly increasing in x and strictly decreasing in y. So to apply Theorem
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1.3, suppose (my, My, ma, M) € [0, a1]? x [1, a0 + 1 + Bac1]? is a solution of
the system of equations

m]_ = 7061 M]_ — 70[1
My + Mo ’ my + ma

m :Oé2+,32m1+M2 M:a2+52M1+m2
2 M2 5 2 Mo

with
0<my <M <o and 1<mo < My < s+ 1+ fray.
It suffices to show that
m1 = M and mo = M.

For the sake of contradiction, suppose that this is not the case.
Now

mi My +mi Mo = oy = Mymq + Mimeo
o

——, WeE See M is pOSitiVG and so
M M. ) )
1 2

and so m1 My = Myms. Since my =

as my1 My = Myms, we have

0<m <M and 1 < mo < Ms.

Hence

We also have
ag + Bamy + My = maMs = ag + B My + mao.
Therefore Bomq + My = By M7 4+ mo, and hence
My —mg = P My — Bama.
Thus

m m
ﬁQ(Ml — ml) = MQ — Mmoo = 72M1 — mo = 72 (M1 — ml).
mi mq

So as My # m1, we have
m
By=—2#0.
mi
That is,
mg = Pamy  and My = B2 M.

Recall that
a1 a7 aq

My + My My+BeMy (14 B2)M;

m1
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and so
Qaq
miM; = .
1My 1+ 5,
Thus
a7 1
1) My = —
() ! 1—|—ﬁ2 mi
(2) mg = fom. P
102 1
3) My = (oM = —
(3) My = poM; 155 m
In particular, since mgy = Somq, we see that
1 a1 32
—mo My = mi1 My =
B2 1+ B2
and so
o — 15
2 1+ B2
Thus
o133
= moMsy = ag + Bamy + M-
14 53 o Mo 2 + Bamy 2
= ag + Pomy + B M,
a1
2 + Bamy 143 m
and so
2
2 a3 a1 32
Bamy (2 1+52> 1 1+ 5,
We also have
o133
=maMy = o+ P My + mo = ag + B My + PBoamy
1+ B2
a1l 1
2 + B2 My %5 10
and thus
o133 a1/
0= LBoM2+ (s — M + .
Py < 2 1—1—52) 148,

That is, mq and M; are the two distinct roots of the quadratic equation

B o133 >z_|_ a1 32
1+ B2 1+ B2

52Z2 + <a2
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Hence
( o133 > < 133 >2 4o B3
0 < 1+ 532 1+ 32 1+ B2

my =
2[32
and
2
arfs as) 1/ (- a3\ 4oufs
1+ 32 1+ B2 1+ B2
mp < My = 252 .

So by our hypothesis this is a contradiction, and the proof of the theorem
is complete.

O

Extensive computer simulations lead us to the following conjecture:

Conjecture 4.1. The unique positive equilibrium of System (1) is globally
asymptotically stable for the entire range of the parameters.
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