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ON THE GLOBAL CHARACTER OF THE RATIONAL

SYSTEM
aq ag + B2xn

= AND  yp41 =
A1+ Bizy + yn Az 4+ Bexy, + Cayn,

Tn41

E. DRYMONIS AND G. LADAS

This paper is dedicated to Professor Mustafa Kulenovié on the occasion of his 60th
birthday

ABSTRACT. In this paper we investigate the global stability character of
the rational system in the title with the parameters B1, B2, A2 + C2 pos-
itive, the parameters A1, az, B2, A2, C2 nonnegative, and with arbitrary
nonnegative initial conditions such that the denominators are always
positive.

1. INTRODUCTION AND PRELIMINARIES

In this paper we investigate the global stability character of the rational
system
a1 ag + Boxy,

and = , n=20,1,...,
Ay + Bizy + yn Ynt1 Ao + Boxy + Coyp,
(1.1)

Tn+1 =

with
Bla B27A2 + CQ >0 and A17 ag, 627‘42) CQ >0
and with arbitrary nonnegative initial conditions xg and gy such that the
denominators are always positive.
In the notation that was introduced in [12], System (1.1) contains the
following 18 special cases:

B2, 11): @yt = 2%, yor1 = 192
#37,11): Tny1 = oty Untl = T

2000 Mathematics Subject Classification. 39A10.
Key words and phrases. Boundedness, boundedness characterization, global stability,
periodicity, patterns of boundedness, rational difference equations, rational systems.



294 E. DRYMONIS AND G. LADAS

. — 1 = 1
#(12,12): Tny1 = 5750 Untl = Boion

) - S —
#(377 12) Ln+1 = Ar1+Bixzn+yn’ Yn+1 = Baan+yn

In

#(12,17): @ny1 = %=, Unt1 = g0
#BT,17): Tnp1 = grpoigyr Untl = It

#(12,18): @ny1 = 280 a1 = By
. j— (8] = Zn
#(37,18): Tny1 = ety Untl = Blion

#(12,32): zpi1 = xnalena Yn+1 = %

) . a _ ag+foxn

#(37,32): Tny1 = gatogrs Untl = Soiot
. . 1 __ az+foxn

#(12,33): Tnp1 = zom Yntl = Bopty

. B 1 _ astpox
#(37,33): Tnt1 = gy Untl = Bt

. — o = 1
#(12,37): ant1= 4 Yol = Lo Bum o
1

. _ [o%1 —
#(37,37): Tni1 = gy Yntl = LT Bt

. f— a = Lo
#(12,39): @ny1 = 2%, Unt1 = LB

. _ # — _ Tn
#(37,39): xpq1 = AiFwntyn Intl = A ¥ Bozntun

. o _ _ oo+xn
#(12,44) LTn+1 = Tn+yn’ Yn+1 = As+Baxn+yn

. _ o1 — __QatTn
#(37,44): xpq1 = AiFantyn Intl = A Bozntun

An important ingredient in understanding the global stability character
of a system of difference equations, and thus for the special cases of System
(1.1), is the boundedness nature of its solutions. Interestingly, all of the 18
special cases of System (1.1) have the boundedness characterization (B,B),
that is, both components are always bounded. For the proofs of these see
[9], [14], and [15].

In addition to the boundedness characterization (B,B) of the solutions
of System (1.1), we are interested in determining whether every solution
converges to a finite limit, or every solution converges to a periodic solution.

Actually, for System (1.1) we offer the following conjecture.

Conjecture 1.1. Every solution of System (1.1) converges to a (not neces-
sarily prime) period-two solution.

Conjecture 1.1 has been confirmed for System #(12,12) in [37], and for
System #(12,18) in [15]. In this paper we confirm Conjecture 1.1 for the
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following 9 special cases:
#(12,11), #(12, 17), #(12, 32), #(12, 37), #(37, 11),

#(37,12),#(37,17), #(37,32), #(37, 37).

Conjecture 1.1 has not yet been confirmed (or refuted) for the following
7 special cases:

#(12,33), #(12,39), #(12,44), #(37,18),

#(37,33), #(37,39), #(37,44).
In our investigation the following theorems will play a crucial role.

Theorem 1.1. ([24] or [26]) Assume that p and q are real numbers. Then
a necessary and sufficient condition for both roots of the equation

NEpr+qg=0
to lie inside the unit circle is
Ip| <1+¢g<2.

Theorem 1.2. (Amleh, Camouzis, and Ladas, [1]) Let I be a set of real
numbers and let
F:IxI—I

be a function F(u,v) which increases in both variables. Then for every
solution {x,}o° _, of equation

Tn+1 = F(xnvwn—l)a n = 07 17 s

the subsequences {xa,} and {xa,y1} of even and odd terms of the solution
do exactly one of the following:

i) Fventually they are both monotonically increasing.
i) Fventually they are both monotonically decreasing.
iii) One of them is monotonically increasing and the other is monoton-
ically decreasing.

Theorem 1.3. (Camouzis and Ladas, [13]) Let I be a set of real numbers
and let
F:IxI—=1

be a function F(u,v) which decreases in the first and increases in the second

variable. Then for every solution {x,}>2 | of equation

Tnt1 = F(xp,xn-1), n=0,1,...
the subsequences {xon} and {xan+1} of even and odd terms of the solution
do exactly one of the following:

i) They are both monotonically increasing.
ii) They are both monotonically decreasing.
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iii) Fventually, one of them is monotonically increasing and the other is
monotonically decreasing.

The next theorem is a new global stability result which we employed
to establish the global stability character of Systems #/(12,17), #(37,17),
#(12,32), and #(37, 32).

Theorem 1.4. Let
Tn4+1 = f(xnaxn—l)a n:071>"' (12>

(1) f € C[(0,00) x (0,00), (0, 00)].

(2) f(z,y) is decreasing in x and y.

(3) zf(x,x) is increasing in x.

(4) Equation (1.2) has a unique positive equilibrium point T.

Then every positive solution {x,}5° _; of Eq. (1.2) which is bounded from
above and from below by positive constants converges to T.

Proof. Let {z,}>2_; be a positive solution of Eq. (1.2) which is bounded
from above and from below by positive constants. Therefore we have that

I =liminfz, and S = limsupz,
n—roo n—o00

both exist and are finite positive numbers.
We show that I = S. Assume, for the sake of contradiction, that I < S.
For each ¢ > 0 there exists N = N(¢) such that for all n > N

I—e<az,<S+e.
Therefore we have
Tpy1 < f(I —¢e,] —¢), forall n> N
and
Tpy1 > f(S+¢e,5+¢€), forall n> N.
Since € is arbitrary the previous two inequalities become respectively

S < f(L,1) (1.3)
and
I> f(S,5). (1.4)
From (1.3) and (1.4) we have
Sf(S,8)<SI<If(I,I)=Sf(S,8)<If(I,I)<S<I

which is a contradiction. O
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Theorem 1.5. (Kulenovic, Ladas, and Sizer, [13] or [27]) Let [a,b] be a
closed and bounded interval of real numbers and let F € C([a,b)**!, [a,b])
satisfy the following conditions:

(1) F(z1,...,2k+1) s monotonic in each of its arguments.
(2) For each m,M € [a,b] and for each i € {1,...,k+ 1}, we define

M if F isincreasing in z;

M;(m, M) :{ m if F is decreasing in z;

and
m;(m, M) = M;(M,m)
and we assume that if (m, M) is a solution of the system:

M = F(My(m,M), ..., My41(m, M)) }
m :F(ml(m,M),...,mk+1(m,M)) ’

then M = m.
Then the difference equation

Yn+1 :F(ynaynflv"'ayn—k% 7’L:0,1,... (]‘5)

has a unique equilibrium point § € [a,b] and every solution of Eq.
(1.5), with initial conditions in [a,b], converges to y.

For further reading on difference equations and systems of difference equa-
tions see [2], [4]-[8], [10], [11], [13], [16]-[26], [25], [28]-[30], [38].

2. SYSTEMS #(12,11) AND #(37,11)

Consider the system

aq a2

l‘n+1=m and yn+1:1+xn, n=0,1,... (2.1)
with
ai,a >0 and Ap > 0.
When
A1 =0
System (2.1) is System #(12,11) and when
A1 >0

System (2.1) is System #(37,11).

For System (2.1) we show that every solution has a finite limit.

System (2.1) has a unique equilibrium point (Z,y), and Z is the unique
positive real root of the cubic equation

224+ (AL + )72+ (A +ag — 1) — ag = 0.
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The characteristic equation of the linearized system of System (2.1) about
(2,y) is
aq Q102
A+ A— =0.
(Av+z+79)2"  (1+2)%(A+z+7)?
According to Theorem 1.1 a necessary and sufficient condition for both
roots of the above equation to lie inside the unit circle is
aq 10
—_—s <1 < 2. 2.2
(A1 +2z+7) (1+2)%(A1 + 7 +7)? 22
The right-hand side inequality of condition (2.2) is trivially true. For the
left-hand side inequality of condition (2.2), using the equilibrium equations

_ ] and 7 a2
r= ————————- 1 =
A 1747 YT11z

)

we have
o(1+2)2 <14+ A1 +2+7)% - may
S A +7+9)1+2)? <A+ A +7+9)? —2(A + 7+ 951 +7)
si(l+z)<1+z)(Ai+Z2+7) — 2y
e Ai(l+2)+y>0
which is true. It follows that (z,y) is locally asymptotically stable for all
values of the parameters oy, A1, and as.

The boundedness character of System (2.1) is described by the following
lemma. For its proof see [9] or [14].

Lemma 2.1. Both components {x,} and {yn} of System (2.1) are bounded
from above and from below by positive constants.

By substituting the value of y, from the second equation of the system
into the first we see that the component {z,} satisfies the second order
rational difference equation

aq
QU
At an+ 50
- o1 + a1Tp—1
Ar+as +xp + A1y 1 + TpTn_1’

Tn4+1 =

n=12,... . (23)

The function
o]+ oy

fz,y) A fon ot Aty
associated with Eq. (2.3) is decreasing in the first and increasing in the
second argument. Then by employing Theorem 1.3 it follows that the sub-
sequences {zap} and {zan41} both converge to z, since Eq. (2.3) has no
prime period-two solutions.
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To establish that Eq. (2.3) has no prime period-two solutions we assume,
for the sake of contradiction, that

O, D,
is a prime period-two solution of Eq. (2.3). Then
b= a1 + o and ¥ — o1+ oy
Al +as+1+ A1+ o9 A+ oo+ ¢+ A1y + o

and so

ar+ 16 = (A1 + a2)d + Y + A19” + ¢ (24)
and

ar+ o = (A1 + a2)Y) + oY + A1® + 7. (2.5)

By subtracting (2.5) from (2.4) and then by dividing the result by ¢ — ¥
we obtain
a1 = A1+ ag + A1(d+ ) + ¢ (2.6)
By substituting the value of a; from (2.6) into (2.4) we obtain
Ai+ o +A10+ A1+ Aigyp =0
which is a contradiction.

According to the preceding discussion the next result follows.

Theorem 2.1. The unique equilibrium point of System (2.1) is globally
asymptotically stable.

For an alternative proof of Theorem 2.1 see Section 6.

3. SYSTEMS #(12,17) AND #(37,17)

Consider the system

aq Tn

Tnt1l = m and Yp41 = Atz n=20,1,... (3.1)
with
a1,As >0 and A; > 0.
When
A1 =0
System (3.1) is System #(12,17) and when
A >0

System (3.1) is System #(37,17).

For System (3.1) we show that every solution has a finite limit.

System (3.1) has a unique equilibrium point (Z, ), and Zz is the unique
positive real root of the cubic equation

7 + (Al + Ay + 1)@2 + (AlAg — al)f — a1y = 0.
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The characteristic equation of the linearized system of System (3.1) about
(2,9) is
A
N B —0
(A1 +z+79) (

2\ 4

Ay + )2 (A +2+9)
According to Theorem 1.1 a necessary and sufficient condition for both
roots of the above equation to lie inside the unit circle is

aq a1y

s <1+ < 2. 3.2
T VPV R 22
By using the equilibrium equations
_ aq
r=—"—"—"" 3.3
Ai+Z2+4+7 (3:3)
and _
T
j = 3.4
4 A+ T ( )
condition (3.2) can be written as
1+ 2R < (3.5)
aq (651
From (3.3) we have
2 2
R S s QNG PPN

(Ay+z+7)?  x2
=2
T A
S <o <ot A = <14 222,
aq a1

and so the left-hand side inequality of (3.5) holds. Using now both (3.3) and
(3.4) we have
2
_9 aq —2 —\2 g
= s =y (A2 + =
Y= rrage Y At
of jasl

—9
<
(Ao +2)2(A1+ T +79)? ~ A3p?

=y =

A
= A3t <ol = a—2g2 <1,
1
and so the right-hand side inequality of (3.5) holds. It follows that (Z,y) is
locally asymptotically stable for all values of the parameters a1, A1, and As.
The boundedness character of System (3.1) is described by the following

lemma. For its proof see [9] or [14].

Lemma 3.1. Both components {x,} and {yn} of System (3.1) are bounded
from above and from below by positive constants.
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By substituting the value of y, from the second equation of the system
into the first we see that the component {z,} satisfies the second order
rational difference equation

o1
Ty
Ar+an + A2+I;—1
B a1l + oqxp—q
A1Ag + Asz, + (1 + Al)-’En—l + .’Iin(L‘n_l’

The function

Tn+1 =

n=12,... . (3.6)

a1 Az + a1y
flz,y) =
A1As + Ase + (1 + Al)y + xy
associated with Eq. (3.6) is decreasing in both variables and the function
xf(x,z) is increasing. Therefore, in view of Lemma 3.1 and by Theorem 1.4
it follows, that every positive solution of Eq. (3.6) converges to . From
this and the second equation of the system the next theorem follows.

Theorem 3.1. The unique equilibrium point of System (3.1) is globally
asymptotically stable.

4. SYSTEMS #(12,32) AND #(37,32)

Consider the system

Tptl = 141+i—iz_‘_yn and yp11 = w, n=20,1,... (4.1)
with
al,ag,ﬁg >0 and A1 > 0.
When
A1 =0
System (4.1) is System #(12,32) and when
A1 >0

System (4.1) is System #(37, 32).

For System (4.1) we show that every solution has a finite limit.

When g = (2, System (4.1) reduces to

o1

AL+ g+ xy,
for which every solution converges to a finite number. In the sequel, we
consider the case where ag # fo.

System (4.1) has a unique equilibrium point (Z, ), and Z is the unique
positive real root of the cubic equation

T4+ (A1 + B+ 1)+ (A1 + a2 —a1)T —a; = 0. (4.2)

Tpyl = and ypr1 =a9, n=1,2,...,
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The characteristic equation of the linearized system of System (4.1) about
(2,9) is

a1 (B2 — ag)ag _0

(Ai+z+9)?2"  Q+2)2(A+z2+9)?

According to Theorem 1.1 a necessary and sufficient condition for both
roots of the above equation to lie inside the unit circle is

aq Oél(/BQ - a2)

A2+

— <1+ <2 4.3
(A +z+7)? (1+z)2(A1+ x4 7)? (43)
By using the equilibrium equations
_ aq
T=—-—— 4.4
Ai+z+4+y ( )
and 8
_ g+ Do
= — 4.5
YTy (4.5)
condition (4.3) can be written as
7 (B2 — ag)z?
— <14+ -—F5 <2 4.6
a1 - ai (14 z)? (4.6)

For the left-hand side inequality of (4.6) we have

P(1+2)? <a(1+2)%+ (Bo — ag)z?
21+ 7)< ar + a17? + 2017 + (B2 — a2) 7>
and then by using the value of a; from (4.2) we have
52(14-.@)2 < a’c3+(A1+52+1)i‘2+(A1—i—ag—al)i’—i—aliQ—i—Qal:ﬁ—i—ﬂng—a2£2

& BT < AT 4 26T + AL+ ag + T + g — ol

Then by using again the value of o1 from (4.2) the above inequality can be
written as

T3 47% < A1T+2B0T+ A1 +aot+ a1 THTH (A1 +Po+1) T2+ (A1 Fas—a1 ) T—and
& 2(A; + B2)T + Ar + ag + (A; + B2)E% > 0
which is true. For the right-hand side inequality of (4.6) we have
(B2 — ag)a_cz <ar(1+ 3_0)2 < (P2 — 042)3?2 < a1 + 2017 + a1 72
and then by using the value of oy from (4.2) we have
(By — a2)Z? < 24 (A1 + B2 + DT 4 (A1 + az — 21T + 2017 + a1 7>
S - <P+ (A1 +a1 + 12+ (A + a1 + a)Z

which is true. It follows that (z,y) is locally asymptotically stable for all
values of the parameters a1, A1, ag, and Ss.
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The boundedness character of System (4.1) is described by the following
lemma. For its proof see [9].

Lemma 4.1. Both components {x,} and {y,} of System (4.1) are bounded
from above and from below by positive constants.

By substituting the value of y, from the second equation of the system
into the first we see that the component {z,} satisfies the second order
rational difference equation

a1
Ay + @y + 2Ll
B o1 + 1 Tp—1
Ay + ag + 2+ (AL + B2)Tn—1 + TnTp_1’

The function

Tpt+1l =

n=12... . (4.7)

flay) = e
T A Y astat (A + By + 2y

associated with Eq. (4.7) is decreasing in both variables when

az < P2 (4.8)
and is decreasing in the first and increasing in the second argument when
ag > fa. (4.9)

When (4.8) holds, and because the function zf(z,z) is increasing, by
employing Theorem 1.4 it follows, that every solution of Eq. (4.7) converges
to Z. Alternatively, when (4.8) holds we can arrive at the same result by
employing Theorem 1.5 to the Eq. (4.7) in the interval [0, %-].

When (4.9) holds, by employing Theorem 1.3 it follows that the subse-
quences {zap } and {z2,41} both converge to z, since Eq. (4.7) has no prime
period-two solutions. The proof that Eq. (4.7) has no prime period-two
solutions is similar to the proof of the fact that Eq. (2.3) has no prime
period-two solutions and will be omitted.

From the preceding discussion the next result follows.

Theorem 4.1. The unique equilibrium point of System (4.1) is globally
asymptotically stable.

5. SYSTEM #(12,37)

Consider the system

1
and yp+1 = =0,1,... . (5.1)

Tn + Yn A+an+yn7
For this system we show that every solution has a finite limit.

Tn+1 =
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The equilibrium points of System (5.1) are the points (Z,7) € (0,00)?

such that:
o

T = 5.2
T Iy (5.2)
and
= (53
YT A+ Bi+y '
From (5.2) we have
_ « _9 _
I=——=I+Ty=a=
T+y
=" (5.4)
y_ f 9 .

from which it follows that
T <a. (5.5)

Furthermore, from (5.3) we have

<

Q| =

1
Y= A+ Br+y
from which it follows that
g <1 (5.6)
By substituting the value of § from (5.4) into (5.3) we see that the component
T satisfies the following quartic polynomial:

h(z) = (1 — B)z* — A% + (Ba— 20— 1)+ AaZ + a? =0.  (5.7)
When B > 1 according to the Descartes Rule of Signs the above quartic
polynomial has a unique positive real root. When B < 1 the coefficients
of the above polynomial change sign twice and therefore has two or none
positive real roots. But h(0) = a? > 0 and h(y/a) = —a < 0 which means
that the equation h(z) = 0 has a unique positive real root less than /a.
Hence, System (5.1) has a unique equilibrium point (z, 7).
The characteristic equation of the linearized system of System (5.1) about
(2,y) is
n A+ a—abB _
(z+9)?  (A+Br+y)*"  (@+9)*(A+Br+y)*
According to Theorem 1.1 a necessary and sufficient condition for both
roots of the above equation to lie inside the unit circle is

A4 ( 0.

o n 1 14 oa—abB
(z+9)? (A+Bz+y)? (Z 4+ 9)?(A+ Bz + 3)?
By using (5.2), (5.3), and (5.4) condition (5.8) can be written as

-2 22\2 1_B
x—+% <1438 o (5.9)
(6% X (6%

< 2. (5.8)
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For the left-hand side inequality of (5.9), using again (5.4), we have
72 (o — 72)2
7 o= sy
a T

(1-B)

<14+

(a—7°)? =

'+ ad +art —20°7° < az? + o’ + (1 - B)z'z? — 203" — Ba?z? + 20 Bz*

which by substituting the value of (1— B)z* from (5.7) into it can be written
as

o® + a[(Ba — 20— 1)z + (1 — B)zY] < Az® — Aaz3.

Then by substituting the value of [(Ba — 2a — 1)z2 + (1 — B)z*] from (5.7)
into the above inequality we obtain

3 2 2

af? —afzr <3 —ait oo’ — ot < —ar? o (2 —a)? >0

which is true. For the right-hand side inequality of (5.9) we have
(1-B)7*y* < a
which clearly holds when B > 1. Next we assume that B < 1. From (5.5)
and (5.6) it follows that
PP <a=(1-B)#* <a(l-B)<a.

It follows that (Z,y) is locally asymptotically stable for all values of the
parameters «, A, and B.

The boundedness character of System (5.1) is described by the following
lemma. For its proof see [14].

Lemma 5.1. Both components {x,,} and {y,} of System #(12,37) are
bounded from above and from below by positive constants.

In view of Lemma 5.1 we have that

I, = liminf z,, S, =limsupz,
n—oo n—00

and

I, = liminfy,, S, =limsupy,
n—00 n—00

all exist and are finite positive numbers. For the proof of the following result,
see Section 6.

Theorem 5.1. The unique equilibrium point of System (5.1) is globally
asymptotically stable.
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6. SYSTEM #(37,37)

Consider the system
aq
A1+ Bz, + Cryy

(0%)
As + Bax,, + Coyy,’

and yp11 = n=0,1,... .

(6.1)
System (6.1) was first studied by Camouzis and Ladas in [14] where they
showed that every solution converges to a not necessarily prime period two
solution. We actually show here that every solution converges to a finite
limit.
Clearly, both components are bounded from above and from below by
positive constants. Therefore,

Tp41 =

I, = liminf x,, S, =limsupz,
n—00 n—00

and

I, = hnn_1>1£f Yn, Sy = h;n_}sip Yn

all exist and are finite positive numbers.
Here, the functions
o1

Qa2
_ d =

associated with System (6.1) decrease in their variables.

Theorem 6.1. Every solution of System (6.1) converges to a finite limit.

Proof. For each € > 0 there exist N; = Nj(¢) and Ny = N(e) such that
I,—e<x,<S;+e, forall n>N; (6.2)
and
I, —e <yn<Sy+e, forall n> N. (6.3)
In view of the monotonic character of f we have
Tpt1 = f(zn,yn) < f(Ip —e,Iy—¢), forall n>N

where N = max{Ny, Na}.
Since ¢ is arbitrary we have

Se < (I, L)

or
Qg
S, < . 6.4
- A +B1]Z+Clly ( )
Similarly,
I, a (6.5)

>
— A1+ B1S: + C1Sy,’
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aq

S, < 6.6
v = A2+B2Ix+021y’ ( )
and s

I, > . 6.7
Y= Ay + BaSy + C2Sy (6.7)

From (6.4) and (6.5) we have
0<A(Sy — I;) < Ci(IxSy — Sz1y). (6.8)

From (6.6) and (6.7) we have
0 < As(S, — I,) < Bo(SoI, — I,S,). (6.9)
In view of (6.8) and (6.9) the result follows. O

Assuming that we relax the condition on the parameters so that,

Alzo and 02:0

the proof of Theorem 6.1 still holds implying that every solution of System
(2.1) converges to a finite limit.
Also, when

A =0

the proof of Theorem 6.1 still holds implying that every solution of System
(5.1) converges to a finite limit.
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