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ON JENSEN’S INEQUALITY INVOLVING AVERAGES OF

CONVEX FUNCTIONS

J. JAKŠETIĆ, J. PEČARIĆ AND G. ROQIA

Abstract. Using Wulbert result from [18] we deduce a method for
constructing exponentially convex functions. To this date there is no
known operative criteria for recognizing exponentially convex functions,
so our method is of a special interest since there is a lack of examples
of this class of functions. Constructed exponentially convex functions
are then used for the construction of two and three parameters Cauchy
means, that have the very nice property: they have the monotonicity
property in their defining parameters. Particularly, we generalize recent
results on Cauchy means from [2] and [4].

1. Introduction and preliminary results

Let (Ω,A, µ) be a probability space. The integral power means of order
r ∈ R of positive α ∈ L1(µ) are defined as follows:

Mr(α, µ) =



(∫
Ω

(α(u))rdµ(u)

) 1
r

, r ̸= 0;

exp

(∫
Ω

log(α(u))dµ(u)

)
, r = 0.

(1)

M. R. Lipanović, J. Pečarić and H.N. Srivastava in [11] defined new means
of Cauchy type as:

M s
r,t(α, µ) =

(
t(t− s)

r(r − s)

M r
r (α, µ)−M r

s (α, µ)

M t
t (α, µ)−M r

t (α, µ)

) 1
r−t

, t ̸= r ̸= s, t, r ̸= 0. (2)

It is interesting that for these means the following inequality is valid

M s
r,t(α, µ) ≤M s

u,v(α, µ), (3)
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for r, t, u, v, s ∈ R such that r ≤ u, t ≤ v. All limiting cases of (2) and the
proof of (3) can be found in [2]. Moreover, some related results of this type
are previously obtained in [8] and [12]. It is interesting that one year later
in the paper [16] the case s = 0 of this mean as an extension of Stolarsky
means is considered without mentioning reference [2] ( see (2.2) in [16] ).
Also, in [16] there is no mention of any results from [8, 11, 12] (see Theorem
4.1 in [16] and compare it with results from [8, 11, 12] ).

D. E. Wulbert in, [18] proved that for a convex function ψ : I → R,

F (a, b) =


1
b−a

b∫
a
ψ(x)dx, a ̸= b;

ψ(a), a = b.

(4)

is convex on I × I.
In [4], D. E. Wulbert’s result is given in the following form:

Theorem 1.1. Let ψ be a continuous function on an interval I with a
nonempty interior. If ψ is convex on I, then the integral arithmetic mean
F defined in (4) is convex on I2.

Furthermore, for ai, bi ∈ I, i = 1, . . . , n and non-negative real weights
wi, i = 1, . . . , n such that

∑n
i=1wi = 1, the following holds

1

b− a

∫ b

a
ψ(x)dx ≤

n∑
i=1

wi
1

bi − ai

∫ bi

ai

ψ(x)dx (5)

and

ψ

(
ā+ b̄

2

)
≤ 1

b̄− ā

b̄∫
ā

ψ(t)dt≤
n∑
i=1

wi
1

bi − ai

bi∫
ai

ψ(t)dt≤
n∑
i=1

wi
ψ(ai) + ψ(bi)

2

(6)
where ā =

∑n
i=1wiai, b̄ =

∑n
i=1wibi.

Using Theorem 1.1, we gave a discrete extension of means (2) and we get
new means of Cauchy type defined by :

M s
r,t(wi, a

s
i , b

s
i ;n)=

 t3−ts2

r3 − rs2

n∑
i=1

wi
ar+s
i −br+s

i
asi−bsi

− (Ms
wi

(ai))
r+s−(Ms

wi
(bi))

r+s

(Ms
wi

(ai))
s−(Ms

wi
(bi))

s

n∑
i=1

wi
at+s
i −bt+s

i
asi−bsi

− (Ms
wi

(ai))
t+s−(Ms

wi
(bi))

t+s

(Ms
wi

(ai))
s−(Ms

wi
(bi))

s


1

r−t
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where

MS
wi
(xi) =


(

n∑
i=1

wix
S
i

) 1
S

, S ̸= 0,

n∏
i=1

xwi
i , S = 0,

r ̸= t ̸= s, r ̸= s,−s, s ̸= 0.
Limiting cases are also derived and we have shown that these means are

monotonic, that is for r, t, u, v, s ∈ R such that r ≤ u, t ≤ v

M s
r,t(wi; ai, bi;n) ≤M s

u,v(wi; ai, bi;n). (7)

If we let ai → bi, i = 1, . . . , n, we have discrete version of means in (2). Let
us note that the case s = 0 is also considered in [16] (see (1.14) and (1.15)
in [16]).

In this paper, we will give further extension of results from [10]. To begin
with, let us note that the following integral version of (5) is valid:

Theorem 1.2. Let α, β : Ω → I (I, an interval with non-empty interior)
be functions from L1(µ) and let ψ : I → R be a continuous convex function.
Then the following inequality is valid:

1

β − α

∫ β

α
ψ(x)dx ≤

∫
Ω

(
1

β(u)− α(u)

∫ β(u)

α(u)
ψ(x)dx

)
dµ(u), (8)

where α =
∫
Ω

α(u)dµ(u), β =
∫
Ω

β(u)dµ(u).

Proof. Follows from integral version of convexity on I × I (see [9], p. 51),
and the fact that the function F : I × I → R defined with (4) is convex. �

In the later text J stands for an open interval in R; with R+ we denote
positive reals.

Definition 1. A function f : J → R+ is a log-convex in Jensen’s sense if

f2
(
x+ y

2

)
≤ f(x)f(y),

for all x, y ∈ J.

The following simple result gives us necessary and sufficient condition to
recognize log-convex function in Jensen’s sense.

Lemma 1.3. A function f : J → R+ is a log-convex in Jensen’s sense if
and only if

u21f(x) + 2u1u2f

(
x+ y

2

)
+ u22f(y)) ≥ 0, (9)

for all u1, u2 ∈ R and x, y ∈ J.
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Now we define exponentially convex functions (see [1]).

Definition 2. A function f : J → R is exponentially convex on J if it is
continuous and

n∑
i,j=1

ξiξjf (xi + xj) ≥ 0

for all n ∈ N and all choices ξi ∈ R, i = 1, . . . , n such that xi + xj ∈ J, 1 ≤
i, j ≤ n.

For our purposes we will need the following simple characterization of
exponential convexity.

Proposition 1.4. Let f : J → R. The following propositions are equivalent.

(i) f is exponentially convex.
(ii) f is continuous and

n∑
i,j=1

ξiξjf

(
xi + xj

2

)
≥ 0,

for all n ∈ N, ξi ∈ R and xi ∈ J , i = 1, . . . , n.

The following corollary gives the inclusion relation between two very im-
portant subclasses of the class of convex functions.

Corollary 1.5. A positive exponentially convex function f : J → R+ is
log-convex function i.e. log f is convex function on J.

Exponentially convex functions have strong analytical properties: they
are differentiable of all orders, and even more, they are analytical (see [3,
5]). Previous results follow from the integral representation of exponentially
convex functions:

Theorem 1.6. The function f : J → R is exponentially convex on J if and
only if

f(x) =

∫ ∞

−∞
etxdσ(t), x ∈ J (10)

for some non-decreasing function σ : R → R.

Proof. See [1], p. 211. �

Remark 1.7. Theorem 1.6 enables us, in particular, to conclude that any
real function that is a Laplace transform of some positive function is an
exponentially convex function on its open domain.

The next theorem from [7] will be very helpful in the sequel.



ON JENSEN’S INEQUALITY INVOLVING AVERAGES OF CONVEX FUNCTIONS 57

Theorem 1.8. Let f : J → R+ be log-convex, derivable function.
Let M : J × J → R+ be defined by

M(x, y) =


(
f(x)
f(y)

) 1
x−y

, x ̸= y;

exp
(
f ′(x)
f(x)

)
, x = y.

(11)

If x1 ≤ x2, y1 ≤ y2 then

M(x1, y1) ≤M(x2, y2). (12)

It is well known that a real valued convex function ψ defined on I is
characterized by the second order divided difference at mutually distinct
points x0, x1, x2 ∈ I:

[x0, x1, x2;ψ] =
ψ(x0)

(x0 − x1)(x0 − x2)

+
ψ(x1)

(x1 − x0)(x1 − x2)
+

ψ(x2)

(x2 − x0)(x2 − x1)
≥ 0,

If ψ is a differentiable function, we have the support line convexity criteria
for x0, x1 ∈ I

[x0, x0, x1;ψ] =
ψ(x1)− ψ(x0)− (x1 − x0)ψ

′(x0)

(x1 − x0)2
≥ 0.

Also, if ψ is twice differentiable on I, we have a very useful result about
convexity for x0 ∈ I

[x0, x0, x0;ψ] =
ψ′′(x0)

2
≥ 0.

2. Main results

Let I be an interval with nonempty interior and J stand for an open interval
in R. Let α, β : Ω → I be functions from L1(µ) as in introduction and let
ψ : I → R be a continuous function.

Denote

F (α, β;ψ;µ) =

∫
Ω

(
1

β(u)− α(u)

∫ β(u)

α(u)
ψ(x)dx

)
dµ(u)− 1

β − α

∫ β

α
ψ(x)dx,

(13)
where α =

∫
Ω

α(u)dµ(u), β =
∫
Ω

β(u)dµ(u). From Theorem 1.2 it follows that

if ψ is convex function, then F (α, β;ψ;µ) ≥ 0.
Further, we introduce the following families of functions:
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• X1 = {ψt : I → R, t ∈ J}, a family of functions from C(I) such
that t→ [x0, x1, x2;ψt] is log-convex in Jensen’s sense on J for every
choice of distinct points x0, x1, x2 ∈ I;

• X2 = {ψt : I → R, t ∈ J}, a family of differentiable functions on I
such that t→ [x0, x0, x1;ψt] is log-convex in Jensen’s sense on J for
every choice of distinct points x0, x1 ∈ I;

• X3 = {ψt : I → R, t ∈ J}, a family of twice differentiable functions
from I such that t → [x0, x0, x0;ψt] is log-convex in Jensen’s sense
on J for every choice of x0 ∈ I.

Theorem 2.1. Let (Ω,A, µ) be a probability space, let α, β : Ω → I be
functions from L1(µ). Let F : J → R be function defined by

F (t) = F (α, β;ψt;µ) (14)

ψt ∈ Xk, t ∈ J ; k = 1, 2, 3. Then the following is valid

(i) the function F is log-convex in Jensen’s sense on J ;
(ii) if the function F is continuous, it is log-convex and for r, s, t ∈ J

such that r < s < t we have,

(F (s))t−r ≤ (F (r))t−s (F (t))s−r ; (15)

(iii) if the function F is derivable, then for every t, r, u, v ∈ J such that
r ≤ u, t ≤ v, we have

Mr,t(α, β, µ) ≤Mu,v(α, β, µ), (16)

where

Mr,t(α, β, µ) =


(
F (r)
F (t)

) 1
r−t

, t ̸= r;

exp
(
d
dr logF (r)

)
, t = r.

(17)

Proof.

(i) Let u1, u2 ∈ R and t, r ∈ J be arbitrary. Define function h on I by

h(x) = u21ψt(x) + 2u1u2ψ t+r
2
(x) + u22ψr(x).

Then

[x0, x1, x2;h] = u21 [x0, x1, x2;ψt] + 2u1u2

[
x0, x1, x2;ψ t+r

2

]
+ u22 [x0, x1, x2;ψr]

Since t→ [x0, x1, x2;ψt] is log-convex in Jensen’s sense on J

[x0, x1, x2;h] ≥ 0
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we conclude that h is convex function on I. Hence (8) gives

u21F (t) + 2u1u2F

(
t+ r

2

)
+ u22F (r) ≥ 0

F is log-convex in the Jensen’s sense.
(ii) Since F is continuous on J it is a log-convex function.
(iii) This is a simple consequence of Theorem 1.8.

�

Remark 2.2. The case X3 of the Theorem 2.1 is a generalization of The-
orem 4.2 in [16]. It is interesting to note here that the author S. Simić has
proved exactly the same theorem twice: once as Theorem 4.2 in [16] and the
second time as Theorem 1 in [17], but there is no reference to either.

We now go a step further as we prove analogue of Theorem 2.1 for ex-
ponentially convex functions. We first introduce the following families of
functions:

• X1 = {ψt : I → R, t ∈ J}, a family of functions from C(I) such
that t→ [x0, x1, x2;ψt] is an exponentially convex function on J for
every choice of 3 distinct points x0, x1, x2 ∈ I;

• X2 = {ψt : I → R, t ∈ J}, a family of differentiable functions on I
such that t → [x0, x0, x1;ψt] is an exponentially convex function on
J for every choice of 2 distinct points x0, x1 ∈ I;

• X3 = {ψt : I → R, t ∈ J}, a family of twice differentiable func-
tions from I such that t→ [x0, x0, x0;ψt] is an exponentially convex
function on J for every choice of x0 ∈ I.

Theorem 2.3. Let (Ω,A, µ) be a probability space, let I be an interval in
R with a nonempty interior and let α, β : Ω → I be functions from L1(µ).
Let F : J → R be function defined by

F (t) = F (α, β;ψt;µ), (18)

ψt ∈ Xk, t ∈ J ; k = 1, 2, 3. Then the following hold

(i) the function F is exponentially convex on J ;

(ii) for each n ∈ N and t1, . . . , tn ∈ J the matrix
[
F
(
ti+tj
2

)]n
i,j=1

is

positive semi-definite. Particularly,

det

[
F

(
ti + tj

2

)]n
i,j=1

≥ 0;

(iii) for every t, r, u, v ∈ J such that r ≤ u, t ≤ v we have

Mr,t(α, β, µ) ≤Mu,v(α, β, µ), (19)
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where

Mr,t(α, β, µ) =


(
F (r)

F (t)

) 1
r−t

, r ̸= t;

exp
(
d
dr logF (r)

)
, t = r.

(20)

Proof. (i) Let ui ∈ R, ti ∈ J , i = 1, . . . , n, for arbitrary fixed n ∈ N. Define
a function ν on I by

ν(x) =
n∑

i,j=1

uiujψ ti+tj
2

(x). (21)

By assumption

[x0, x1, x2; ν] =

n∑
i,j=1

[
x0, x1, x2;ψ ti+tj

2

]
≥ 0,

hence ν is convex function on I. Now we can substitute ψ = ν in (8), and
we get

n∑
i,j=1

uiujF

(
ti + tj

2

)
≥ 0

concluding exponential convexity of F on J.
(ii) and (iii)-parts are simple consequences of (i).

�
Now we need to built mean value theorems in order to generate Cauchy

type means.

Theorem 2.4. Let (Ω,A, µ) be a probability space, let I be a compact in-
terval in R, and let α, β : Ω → I be functions from L1(µ) and let f ∈ C2(I).
Then there exists ξ ∈ I such that

F (α, β; f ;µ) =
f ′′ (ξ)

2
F (α, β; e2;µ) (22)

where F is defined with (13) and e2(x) = x2.

Proof. Analogous to the proof of Theorem 2.4 in [10]. �
Following the steps of the proof of Theorem 2.5 in [10] , we can prove the

following mean value theorem.

Theorem 2.5. Let (Ω,A, µ) be a probability space, I be a compact interval
in R, let α, β : Ω → I be functions from L1(µ) and let f1, f2 ∈ C2(I). Then
there exits ξ ∈ I such that

f ′′1 (ξ)

f ′′2 (ξ)
=
F (α, β; f1, µ)

F (α, β; f2;µ)
, (23)
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assuming both denominators are non-zero.

Remark 2.6. The previous Theorem is a generalization of results in [8, 11,
12].

Remark 2.7. Theorem (2.5) enables us to define various types of means,

because if the function
f ′′1
f ′′2

has inverse from (23) we have

ξ =

(
f ′′1
f ′′2

)−1(F (α, β; f1, µ)
F (α, β; f2;µ)

)
.

The number ξ ∈ I we call Cauchy mean on I.

3. Examples

Example 3.1. Suppose that I is any compact interval in R+, J = R+ and
that {ψt : I → R, t ∈ J} is the family of functions from C2(I) defined by

ψt(x) =
e−x

√
t

t
.

Since t 7→ d2ψt

dx2
(x) = e−x

√
t, is exponentially convex on J by Example 3 in

[7] (see [15] p. 214), by Theorem 2.3 we conclude the exponential convexity
of function F on J, where

F (t) =
−1

(
√
t)3

∫
Ω

e−
√
tβ(u) − e−

√
tα(u)

β(u)− α(u)
dµ(u)− e−β

√
t − e−α

√
t

β − α

 . (24)

If we apply (20) on F we get expressions M1
r,t(α, β;µ) :

M1
r,t(α, β;µ) =


(
F (α,β;ψr;µ)
F (α,β;ψt;µ))

) 1
r−t

, r ̸= t;

exp
(
−1
r −

F (α,β;id·ψr;µ)
2
√
rF (α,β;ψr;µ)

)
, r = t,

and we have the monotonicity property (19): for (r, t), (u, v) ∈ J × J such
that r ≤ u, t ≤ v

M1
r,t(α, β;µ) ≤M1

u,v(α, β;µ). (25)

Example 3.2. Suppose that I is a compact interval in R+ and J = R+.
Define ψt ∈ X3 by

ψt(x) =

{
t−x

(log t)2
, t ̸= 1;

x2

2 , t = 1.
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Exponential convexity of t 7→ d2

dx2
ψt(x) = t−x on J for x ∈ R+ is given by

Example 2 in [7] (see also [15], p. 210). For this family the exponentially
convex function is:

F (t) =


−1

log3 t

[∫
Ω

t−β(u)−t−α(u)

β(u)−α(u) dµ(u)− t−β−t−α

β−α

]
, t ̸= 1;

1
6

[∫
Ω

β3(u)−α3(u)
β(u)−α(u) dµ(u)−

β
3−α3

β−α

]
, t = 1.

(26)

Then, as corresponding to (20), we define

M2
r,t(α, β;µ) =



[
F (α,β;ψr;µ)
F (α,β;ψt;µ)

] 1
r−t

, r ̸= t;

exp
[
−F (α,β;idψr;µ)
r F (α,β;ψr;µ)

− 2
r log r

]
, r = t, r ̸= 1;

exp
[
−F (α,β;id·ψ1;µ)

3F (α,β;ψ1;µ)

]
, r = t, t = 1.

Again, we have the monotonicity property (19):
If (r, t), (u, v) ∈ J × J such that r ≤ u, t ≤ v, then

M2
r,t(α, β;µ) ≤M2

u,v(α, β;µ). (27)

Example 3.3. Define a family of functions {ψt : t ∈ J}, on I ⊆ R, I =
[a, b], J = R by

ψt(x) =

{
1
t2
etx, t ̸= 0;

1
2x

2, t = 0,
(28)

Then t 7→ d2

dx2
(ψt(x)) = etx which is a basic example of exponentially convex

function on R for each x ∈ [a, b]. Using Theorem 2.3, for this family we can
construct a new exponentially convex function defined by

F (t) =


1
t3

[∫
Ω

etβ(u)−etα(u)

β(u)−α(u) dµ(u)−
etβ−etα
β−α

]
, t ̸= 0;

1
6

[∫
Ω

β3(u)−α3(u)
β(u)−α(u) dµ(u)−

β
3−α3

β−α

]
, t = 0.

(29)
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Using (20) we now construct M3
r,t(α, β;µ) on R× R

M3
r,t(α, β;µ) =



[
F (α,β;ψr;µ)
F (α,β;ψt;µ)

] 1
r−t

, r ̸= t;

exp
[
F (α,β;id·ψr;µ)
F (α,β;ψr;µ)

− 2
r

]
, r = t ̸= 0;

exp
[
F (α,β;id·ψ0;µ)
3F (α,β;ψ0);µ

]
, r = t = 0.

(30)

Again we have monotonicity

M3
r,t(α, β;µ) ≤M3

u,v(α, β;µ), r ≤ u, t ≤ v. (31)

Observe here, that, according Theorem 2.5, we have here Cauchy means:

eξ =

[
F (α, β;ψr;µ)

F (α, β;ψt;µ)

] 1
r−t

, (32)

for some(unique) ξ ∈ I = [a, b]. So we conclude that M3
r,t(α, β;µ) represents

a Cauchy mean on [ea, eb].

Remark 3.4.

(i) If we replace α→ logα and β → log β in (30) we get the continuous
version of the 3-parameters mean for s = 0 obtained in [4].

(ii) The case α = β on Ω, gives us the limiting cases of the new Cauchy
means for s = 0 in [2], that are means from [16].

Example 3.5. Define a family of functions Φ = {ϕt : t ∈ J}, on I ⊆ R+,
I = [a, b], J = R, by

ϕt(x) =


xt

t(t−1) , t ̸= 1, 0;

− log x, t = 0;
x log x, t = 1.

(33)

Then t 7→ d2

dx2
(ϕt(x)) = xt−2 is again an exponentially convex function on J

since xt−2 = e(t−2) log x. Using Theorem 2.3, for this family construct a new
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exponentially convex function defined by

F (t) =



1
t3−t

[∫
Ω

βt+1(u)−αt+1(u)
β(u)−α(u) dµ(u)− β

t+1−αt+1

β−α

]
, t ̸= −1, 0, 1;

1
2

[∫
Ω

log(β(u))−log(α(u))
β(u)−α(u) dµ(u)− log(β)−log(α)

β−α

]
, t = −1;

β log β−α logα

β−α −
∫
Ω

β(u) log β(u)−α(u) logα(u)
β(u)−α(u) dµ(u), t = 0;

∫
Ω

β(u)2 log β(u)−α(u)2 logα(u)
β(u)−α(u) dµ(u)− β

2
log β−α2 logα

β−α , t = 1

(34)
Using (20), for family Φ we now construct M4

r,t(α, β;µ; Φ) on R× R :

M4
r,t(α, β;µ; Φ) =



[
F (α,β;ϕr;µ)
F (α,β;ϕt;µ)

] 1
r−t

, r ̸= t, t ̸= 0, 1;

exp
[
1−2r
r2−r −

F (α,β;ϕ0ϕr;µ)
F (α,β;ϕr;µ)

]
, r = t ̸= 0, 1;

exp
[
1− F (α,β;ϕ20;µ)

2F (α,β;ϕ0;µ)

]
, r = t = 0;

exp
[
−1− F (α,β;ϕ0ϕ1;µ)

2F (α,β;ϕ1;µ)

]
, r = t = 1.

(35)

M4
r,t(α, β;µ; Φ) are Cauchy means since, for r ̸= t,

d2

dx2
(ϕr(x))

d2

dx2
(ϕt(x))

= xr−t

is an invertible function. Particularly,

a ≤
[
F (α, β;ϕr;µ)

F (α, β;ϕt;µ)

] 1
r−t

≤ b. (36)

We now impose one additional parameter s ∈ R; after substitutions α→
αs, β → βs, r → r

s and t→ t
s in (36), we have

min{as, bs} ≤

[
F (αs, βs;ψ r

s
;µ)

F (αs, βs;ψ t
s
;µ)

] s
r−t

≤ max{as, bs}, r ̸= t. (37)

Hence, we get the (generalized) Cauchy means on [a, b] since

a ≤

[
F (αs, βs;ψ r

s
;µ)

F (αs, βs;ψ t
s
;µ)

] 1
r−t

≤ b.
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We define this new generalized Cauchy means M4
r,t;s(α, β;µ) as

M4
r,t;s(α, β;µ) =


[
M4

r
s
, t
s

(αs, βs;µ; Φ)
] 1

s
, s ̸= 0;

M4
r,t(log(α), log(β);µ; Ψ), s = 0,

(38)

where Ψ = {ϕt : t ∈ J} is the family of functions defined with (28).
Using Theorem 1.8 have monotonicity of these generalized Cauchy means;

for r, t, u, v, s ∈ R such that r ≤ u and t ≤ v

M4
r,t;s(α, β;µ) ≤M4

u,v;s(α, β;µ). (39)

Remark 3.6.

(i) MeansM4
r,t;s(α, β;µ) are continuous version of the 3-parameters me-

ans obtained in [4].
(ii) In the special case α = β on Ω, we will get Cauchy means from [2]

(see relation (2.4) in [2]).

4. Applications

4.1. Tobey and Stolarsky-Tobey means. Let ∆n−1 represents the n−1
-dimensional Euclidean simplex given by

∆n−1 =

{
(u1, u2, . . . , un−1) : ui ≥ 0, i = 1, . . . , n− 1,

n−1∑
k=1

uk ≤ 1

}
.

Denote u = (u1, . . . , un) and du = du1 · · · dun, where un = 1 −
∑n−1

i=1 un.
Let µ be a probability measure on ∆n−1. The power mean of order r ∈ R
of the positive n-tuple x = (x1, . . . , xn) , with the weights u = (u1, . . . , un),
is defined by

mp(x,u) =


(

n∑
i=1

uix
p
i

) 1
p

, p ̸= 0;

n∏
i=1

xuii , p = 0.

(40)

We note that mp(x, u) represents a mean because we have min{xi} ≤
mp(x, u) ≤ max{xi}. Now setting α(u) = mp(x, u) in (1) we get the Tobey
mean Lp,r(x;µ) :

Lp,r(x;µ) =Mr(mp(x, u);µ). (41)

If we replace r → r − p in (41) we get Stolarsky-Tobey means (see [14]):

Ep,r(x, µ) = Lp,r−p(x, µ) =Mr−p(mp(x, u);µ). (42)

We now go a step further. First, take α(u) = mp(x, u) and β(u) =
mp(y, u) in means M4

r,t;s(α, β;µ) defined in (38). Then

Υs
p,r,t (x,y;µ) :=M4

r,t;s(mp(x, ·),mp(y, ·);µ) (43)
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represents the Cauchy means. This fact generalizes the result from [2] since
if we put x = y in (43) we get Cauchy means defined with relation (4.7)
from [2].

4.2. The complete symmetric mean values. The r-th complete sym-
metric polynomial mean the complete symmetric mean) of the positive real
n-tuple x is defined by see [2, 11, 13].

Q[r]
n (x) =

(
qn

[r](x)
) 1

r
=

(
cn

[r](x)(
n+r−1

r

)) 1
r

, (44)

where c
[0]
n (x) = 1 and c

[r]
n (x) =

∑
(i1,...,in)

(
∏n
i=1 x

ij
i ) and the sum is taken

over all
(
n+r−1

r

)
nonnegative integer n-tuples (i1, . . . , in) with

∑n
j=1 ij =

r, (r ̸= 0). It is known that complete symmetric polynomial mean can
expressed via integral (see [2]):

Q[r]
n (x) =

(∫
∆n−1

( n∑
j=1

xiui

)r
dµ(u)

) 1
r

, (45)

where r ∈ N∪{0}, µ represents a probability measure such that dµ(u) = (n−
1)!du1, . . . , dun−1. So (45) is in fact power mean (1) with α(u) =

∑n
j=1 xiui.

If we put α(u) =
∑n

j=1 xiui and β(u) =
∑n

j=1 yiui in meansM4
r,t;s(α, β;µ)

defined in (38) we get a new Cauchy means:

Θs
n,r,t(x,y;µ) =M4

r,t;s(α, β;µ). (46)

If we put x = y in (46) we get Cauchy means defined with (4.11) in [2].

4.3. Whiteley means. Let x be a positive real n-tuple, s ∈ R(s ̸= 0) and

r ∈ N ∪ {0}. Then, the s−th function of degree r, t
[r,s]
n (x), is defined by :

1 +

∞∑
r=0

t[r,s]n (x)tr =


n∏
i=1

(1 + xit)
s , s > 0;

n∏
i=1

(1− xit)
s , s < 0.

(47)

The Whiteley mean is now defined by

Wn
[r,s](x) =

(
ωn

[r,s](x)
) 1

r
=


(
t
[r,s]
n (x)

(nr
s )

) 1
r

, s > 0;(
t
[r,s]
n (x)

(−1)r(nr
s )

) 1
r

, s < 0.

(48)
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For s < 0, the Whiteley means can be further generalized if we slightly
change the definition of tn

[r,s](x) and define hn
[r,σ] as follows:

∞∑
r=0

h[r,s]n (x)tr =
n∏
i=1

1

(1 + xit)
σi ,

where σ = (σ1, . . . , σn); σi ∈ R+, i = 1, . . . , n. The following generalization
of the Whiteley mean for s < 0 is defined by (see , Lemma 2.3 [13])

Hn
[r,σ](x) =

(
h
[r,σ]
n (x)(∑n

i=1 σi+r−1
r

)) . (49)

If we denote a measure on the simplex ∆n−1 by µ with

dµ(u) =

Γ

(
n∑
i=1

σi

)
n∏
i=1

Γ(σi)

n∏
i=1

uσi−1
i du1, . . . , dun−1, (50)

then we obtain a probability measure and we can also write the mean Hn
[r,σ]

in integral form as follows:

Hn
[r,σ](x) =

(∫
∆n−1

( n∑
i=1

xiui

)r
dµ(u)

) 1
r

. (51)

Similar to above examples, for measure µ, and α(u) =
∑n

j=1 xiui, β(u) =∑n
j=1 yiui and Ω = ∆n−1, we define new Cauchy means:

Hsn,t,r(x,y;µ) =M4
r,t;s(α, β;µ). (52)

These means are generalizations of Cauchy means defined with (4.19) in [2]
and again we have the monotonicity property:

for t, r, u, v, s ∈ R, n ∈ N such that, t ≤ v, r ≤ u, we have

Hsn,t,r(x,y;µ) ≤ Hsn,v,u(x,y;µ). (53)
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