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UNIQUENESS OF MEROMORPHIC FUNCTIONS WHEN
TWO DIFFERENTIAL POLYNOMIALS SHARE ONE
VALUE

ABHIJIT BANERJEE AND PULAK SAHOO

ABSTRACT. The paper deals with the uniqueness problems of meromor-
phic functions related to differential polynomials that share one value
with finite weight. We prove three uniqueness results which significantly
rectify, improve and supplement some recent results of [6] and [§].

1. INTRODUCTION, DEFINITIONS AND RESULTS

In this paper, by meromorphic functions we will always mean meromor-
phic functions in the complex plane. We adopt the standard notations in
the Nevanlinna theory of meromorphic functions as explained in [12, 23, 25].
Let E denotes any set of positive real numbers of finite linear measure, not
necessarily the same at each occurrence. For a non-constant meromorphic
function f, we denote by T'(r, f) the Nevanlinna characteristic of f and by
S(r, f) any quantity satisfying S(r, f) = o{T(r, f)}(r — oo, ¢ E). We
denote by T'(r) the maximum of T'(r, f) and T'(r,g), by S(r) any quantity
satisfying S(r) = o{T'(r)} (r — co,r ¢ E).

Let f and g be two non-constant meromorphic functions. We say that
f and g share the value @ CM (counting multiplicities), if f —a and g — a
have the same zeros with the same multiplicities. Similarly, we say that f
and g share the value a IM, provided that f — a and g — a have the same
zeros ignoring multiplicities. Throughout this paper, we need the following
definition.

Oa, f)=1- lirisup W,

where a is a value in the extended complex plane.
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In [13] following question was asked: What can be said if two non-linear
differential polynomials generated by two meromorphic functions share 1
CM ?

During the last couple of years a significant number of authors worked
on the uniqueness problem of meromorphic functions when the differential
polynomials generated by them share certain values and continuous efforts
are being put in to relax the hypothesis of the results. {cf. [2], [3], [5], [9],
[10], [13], [16], [19], [20], [22]}. In the following we are recalling a few of
them.

In 1997, Yang and Hua [22] proved the following result.

Theorem A. Let f and g be two mon-constant meromorphic functions,
n(> 11) an integer and a € C— {0}. If f™f and g™g’ share the value a
CM, then either f = tg for some (n + 1)th root of unity 1 or f(z) = ci1e,
g(2) = coe™ %, where ¢, c1, ca are constants satisfying (c1co)"t1c? = —a?

as.
In 2004 Lin and Yi [20] proved the following results.

Theorem B. Let f and g be two non-constant meromorphic functions satis-
fying ©(oo, f) > 2/(n+ 1), n > 12 an integer. If f*(f—1)f" and g"(g—1)g’
share the value 1 CM, then f = g.

Theorem C. Let f and g be two non-constant meromorphic functions,
n > 13 an integer. If f*(f — 1)2f" and g"(g — 1)%g’ share the value 1 CM,
then f =g.

A new trend in this direction is to consider the uniqueness of a mero-
morphic function concerning the value sharing of the k-th derivatives of
a linear expression of a meromorphic function which ultimately produce a
non-linear differential polynomial. Recently, in order to consider the unique-
ness of meromorphic function related to the value sharing of two non-linear
differential polynomials Dyavanal [6] also raised the same question. First of
all we state the following results of Dyavanal in which the multiplicities of
zeros and poles of f and g are taken into account for the value sharing of
differential functions.

Theorem E (Theorem 1.1, [6]). Let f and g be two non-constant meromor-
phic functions, whose zeros and poles are of multiplicities at least s, where
s is a positive integer. Let n > 2 be an integer satisfying (n + 1)s > 12. If
f™f" and g"g' share the value 1 CM, then either f = dg for some (n+1)-th
root of unity 1 or f(z) = c1e%, g(z) = coe™ %, where ¢, c1, co are constants
satisfying (c1co)"t1c? = —1.

Theorem F (Theorem 1.2, [6]). Let f and g be two non-constant meromor-
phic functions, whose zeros and poles are of multiplicities at least s, where
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s is a positive integer and O(oco, f) > 2/(n+1). Let n > 4 be an integer
satisfying (n + 1)s > 12. If f"(f — 1)f" and ¢g"(g — 1)g' share the value 1
CM, then f =g.

Theorem G (Theorem 1.3, [6]). Let f and g be two non-constant meromor-
phic functions, whose zeros and poles are of multiplicities at least s, where
s is a positive integer. Let n > 3 be an integer satisfying (n+ 1)s > 12. If
f(f —1D2f" and g"(g — 1)%¢’ share the value 1 CM, then f = g.

Next we state the the following open questions posed by Dyavanal in [6].

Question 1.1. Can the differential polynomials in Theorems E - G be re-
placed by differential polynomials of the form (f*)*) and [f*(f —1)]) 2

Question 1.2. Can CM shared value be replaced by an IM shared value in
Theorems E - G ¢

The ideas resorted by the author in [6] are no doubt novel but there are
some mistakes in the paper. For example in page 7, in the proof of Theorem
1.2 [6] there is a serious lacuna when a counting function is being elaborated
and then restricted in terms of Nevanlinna’s characteristic function.

Actually in Page 7, line 8 on-wards from bottom should be

_ 1 — 1
V(ng) =N [ e :;ﬁ)]

1 1 — 1 1 1
< S () 4 ( = i) 2 o (1)

since nowhere in the paper it has been assumed that the zeros of f — Z—ﬁ are
of multiplicities s(n 4 1). Since the above counting function just mentioned
above has a vital contribution in the proofs of Theorems 1.2, 1.8 and 1.5
in [6], the three theorems namely Theorems 1.2, 1.3 and 1.5 in [6] are not
correct.

However recently the author has rectified the paper {see [7], [8]} and
Theorems F and G has been replaced by the following theorems.

Theorem H (Theorem 1.2, [8]). Let f and g be two non-constant meromor-
phic functions, whose zeros and poles are of multiplicities at least s, where
s is a positive integer. Let n be an integer satisfying (n — 2)s > 10. If
2)(1—h"*1
f"(f —=1)f" and g"(g — 1)g' share the value 1 CM, then g = %,
_pn+1

f= %, where h is a non-constant meromorphic function.
Theorem I (Theorem 1.3, [8]). Let f and g be two non-constant meromor-
phic functions, whose zeros and poles are of multiplicities at least s, where
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s is a positive integer. Let n be an integer satisfying (n — 3)s > 10. If
f(f —1D2f" and g"(g — 1)%¢’ share the value 1 CM, then f = g.

Since in Theorem H one can easily check h = i, Theorem H is not very

significant. In this paper though our main intefltion is to deal with the
questions 1.1-1.2 made by the author in [6] but at the time of execution of
the process we will rectify, improve and supplement all the theorems of [6]
and [8]. To this end we are now introducing the notion of weighted sharing
of values introduced by I. Lahiri in [15] which measure how close a shared
value is to being shared IM or to being shared CM. The notion is explained

in the following definition.

Definition 1.1. Let k be a non-negative integer or infinity. For a € CU
{0} we denote by Eyx(a; f) the set of all a-points of f where an a-point of
multiplicity m is counted m times if m < k and k+1 times if m > k. If
Ex(a; f) = Ex(a; g), we say that f, g share the value a with weight k.

This definition implies that if f, g share a value a with weight k, then z
is an a-point of f with multiplicity m(< k) if and only if it is an a-point of g
with multiplicity m(< k) and zp is an a-point of f with multiplicity m(> k)
if and only if it is an a-point of g with multiplicity n(> k), where m is not
necessarily equal to n.

We write f, g share (a,k) to mean that f, g share the value a with
weight k. Clearly if f, g share (a, k) then f, g share (a,p) for any integer p,
0 < p < k. Also we note that f, g share a value a IM or CM if and only if
f, g share (a,0) or (a,00) respectively.

We now state the main results of the paper.

Theorem 1.1. Let f and g be two transcendental meromorphic functions,

whose zeros and poles are of multiplicities at least s, where s is a positive

integer. Let (f™)*) and (g")*) share (b,1) where n(>3), k(> 1), (> 0) are

integers, b(#£ 0) is a constant and one of the following conditions holds:

(a) 1 >2 and n > (3k +8)/s;

(b)l=1 and n > (4k +9)/s;

() l=0andn> (9% +14)/s.

Then either (f*)*) (g")¥) = b2 or f = dg for some (n+1)-th root of unity 1.
If k =1, then f(z) = c1e%, g(z) = coe™ %, where ¢, c1, ¢y are constants

satisfying (c1c)"c? = —2—22.

Putting n = t 41 in the above theorem we obtain the following corollary.

Corollary 1.1. Let f and g be two non-constant meromorphic functions,
whose zeros and poles are of multiplicities at least s, where s is a positive
integer. Suppose ftf’ and g'qg’ share (b,1) where (> 0) is an integer and



THE UNIQUENESS PROBLEM OF MEROMORPHIC FUNCTIONS 73

b(#£ 0) is a constant. Then the conclusion of Theorem E holds provided one
of the following holds:

(a) I >2andt>11/s —1;

(b)l=1andt>13/s -1,

(¢)l=0andt>23/s—1.

Remark 1.1. Putting s = 1 in the above corollary we get the improved
and rectified form of Theorem E.

Theorem 1.2. Let f and g be two transcendental meromorphic functions,
whose zeros and poles are of multiplicities at least s, where s is a positive
integer and O(oco, f) + O(c0,g) > 4/n. Let [f*(a1f + a2)]® and [¢™(arg +
a2)]®) share (b,1) where k(> 1), 1(> 0) are integers, a1, az, b are non-zero
constants and one of the following conditions holds:
(a) I > 2 and n > max{(3k +8)/s + 1,3 + 2/s};
(b) I =1 and n > max{(4k +9)/s+ 3/2,3 + 2/s};
(¢) =0 and n > max{(9k + 14)/s + 4,3 + 2/s}.
Then either [f™(arf + a2)]®[g"(a19 + a2)]®) = b or f = g.

The possibility [f™(a1f + a2)]®)[g"(a1g + a2)]*) = b% does not occur for
k=1.

Puttingn =t+1, a1 = H%Q, as = —H% and k£ = 1 in the above theorem
we can immediately deduce the following corollary.

Corollary 1.2. Let f and g be two non-constant meromorphic functions,
whose zeros and poles are of multiplicities at least s, where s is a positive
integer and ©(oco, f) + O(00,g) > 4/(t + 1). Suppose f!(f —1)f" and g*(g —
1)g" share (b,1) where [(> 0) is an integer and b(# 0) is a constant. Then
f = g provided one of the following holds:

(a) 1 > 2 and t > max{11/s,2 4+ 2/s};

(b) Il=1 and t > max{13/s+1/2,2+2/s};

(¢) Il =0 and t > max{23/s + 3,2+ 2/s}.

Remark 1.2. Putting s = 1 in the above corollary we get the improved
and rectified form of Theorem F.

Theorem 1.3. Let f and g be two transcendental meromorphic functions,
whose zeros and poles are of multiplicities at least s, where s is a positive
integer. Let [f™(a1f%+aof +a3)]® and [g"(a19® + azg + a3)]*) share (b,1)
where k(> 1), [(> 0) are integers, a1, az, as, b are non-zero constants and
one of the following conditions holds:

(a) I > 2 and n > max{(3k +8)/s + 2,4 +4/s};

(b) =1 and n > max{(4k+9)/s+ 3,4+ 4/s};

(¢) I =0 and n > max{(9k + 14)/s + 8,4 + 4/s}.
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Then either [f™ (a1 f% +aof +a3)] ¥ g™ (a19? + agg+a3)|®) =% or f =g
or f, g satisfy the algebraic equation R(f,g) =0, where

R(z,y) = 2" (a12% + asz + a3) — y"(a1y® + asy + az).

The possibility [f™(a1f? + asf + a3)]® [g"(a19? + a2g + a3)]®) = b? does
not occur for k = 1.

Puttingn=t+1, a1 = tJ%g, as = _H%’ as = t% and k =1 in the above
theorem we can immediately deduce the following corollary.

Corollary 1.3. Let f and g be two non-constant meromorphic functions,
whose zeros and poles are of multiplicities at least s, where s is a positive
integer. Suppose f!(f —1)2f" and g*(g—1)%g’ share (b,1) where [(> 0) is an
integer and b(s 0) is a constant. Then f = g provided one of the following
holds:

(a) 1 > 2 and t > max{11/s+ 1,3 +4/s};

(b) l=1 and t > max{13/s+ 2,3+ 4/s};

(¢) =0 and t > max{23/s+ 7,3+ 4/s}.

Remark 1.3. Putting s = 1 in the above corollary we get the improved and
rectified form of Theorem G. This corollary improves Theorem I as well.

We now explain the following definitions and notations which are used in
the paper.

Definition 1.2. [14] For a € C U {oo} we denote by N(r,a;f |= 1) the
counting function of simple a-points of f. For a positive integer p we denote
by N(r,a; f |< p) the counting function of those a-points of f (counted with
multiplicities) whose multiplicities are not greater than p. By N(r,a; f |< p)
we denote the corresponding reduced counting function.

In an analogous manner we define N(r,a; f |> p) and N(r,a; f |> p).

Definition 1.3. [18] Let p be a positive integer or infinity. We denote by
Ny (r,b; f) the counting function of b-points of f, where a b-point of multi-
plicity m is counted m times if m < p and p times if m > p. Then

Ny(r,; f) = N(r,b; f) + N(r,b; f |2 2) + ..+ N, b f |> p).
Clearly Ny(r,b; f) = N(r,b; f).
Definition 1.4. [4] Let a,b € CU {oc} and p be a positive integer. Then
we denote by N(r,a;f |>p | g=10) (N(rya;f |>p | g # b)) the reduced

counting function of those a-points of f with multiplicities > p, which are
b-points (not b-points) of g.

Definition 1.5. [1, 2] Let f and g be two non-constant meromorphic func-
tions such that f and g share the value 1 IM. Let zy be a 1-point of f



THE UNIQUENESS PROBLEM OF MEROMORPHIC FUNCTIONS 75

with multiplicity p and also a 1-point of g with multiplicity q. We denote
by NL(r,1; f) the counting function of those 1-points of f and g, where
p > q, by N;J) (r,1; f) the counting function of those 1-points of f and g,
where p=q =1 and by N%(n 1; f) the counting function of those 1-points
of f and g, where p = q > 2, where each point in these counting func-
tions is counted only once. In the same manner we can define Np(r,1;g),

NP (r, 1) and N (r, 15 g).

Definition 1.6. [1, 2] Let f and g be two non-constant meromorphic func-
tions such that f and g share the value 1 IM. Let zy be a 1-point of f with
multiplicity p and also a 1-point of g with multiplicity q. For a positive

integer k, Nf>k(r, 1;9) denotes the reduced counting function of those 1-
points of f and g such that p > q = k. In an analogous way we can define

Ng>k(ra ]-7 f)

2. LEMMAS

In this section we present some lemmas which will be needed to prove the
theorem.

Lemma 2.1. [12] Let f be a non-constant meromorphic function, k be a
positive integer, and let ¢ be a non-zero finite complex number. Then

T(r, f) < N(r,00; f) + N(r,0; f) + N(r, ¢; f ) = N(r,0; f*+) + S(r, f)
< N(r,00; f)+ N1 (1, 0; /) + N (r, ¢; fF) = No(r, 0; fFFD)+.S(r, f),

where No(r, 0; f(k“)) denotes the counting function which only counts those
points such that f*+1) =0 but f(f*) —¢) #0.

Lemma 2.2. [2] Let f and g be two non-constant meromorphic functions
that share (1,0). Then

NL(Ta 1, f) + 2WL(T7 ]-ag) + NL(C2(Ta ]-7 f) - Nf>1(rv 179) - Ng>1(7na ]-7 f)

< N(Ta]-,g) —N(’l",].,g)

Lemma 2.3. [24] Let f and g be two non-constant meromorphic functions
sharing (1,0). Then

NL(T>1;f) SN(T’,O,f)+N(T,Oo,f)+5(7”,f)

Lemma 2.4. [2] Let f and g be two non-constant meromorphic functions
sharing (1,0). Then_ B

(i) Ny>1(r159) < N(r, 05 f) + N(r,00; f) — Noy(r, 05 f') + S(r, f);

(ii) Ngs1(r,1;f) < N(r,0;9) + N(r,0059) — No(r,0:9') + S(r, 9), where
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Ng(r,0; f") (Ng(r,0;4")) denotes the counting function of those zeros of f'
(¢") which are not zeros of f(f —1) (g(g —1)).

Lemma 2.5. [1] Let f and g be two non-constant meromorphic functions
that share (1,1). Then

ONL(r, 1; 42N L(r, N (r, 15 f)=N 22 (r, 1;9) < N(r, 15,9)—N(r, 1; g).

Lemma 2.6. [2] Let f and g be two non-constant meromorphic functions
that share (1,1). Then

— 1— 1— 1
Nf>2(T, 1,9) S §N(T70a f) + §N(T,Oo,f) - iN@(TaO;f/) + S(va)v
where Ng(r,0; ) is defined as in Lemma 2.4.

Lemma 2.7. [21] Let f be a non-constant meromorphic function and P(f)
=ag 4+ arf +asf? + -+ anf", where ag, a1, as,...,a, are constants and
an # 0. Then

T(r, P(f)) =nT(r, f)+ 5 f)-

Lemma 2.8. [26] Let f and g be two non-constant meromorphic functions,
and let p, k be two positive integers. Then

Ny (r, 0; fF)) < Npyio(r, 05 f) + EN(r, 00; f) + S(r, f).

Lemma 2.9. Let f and g be two non-constant meromorphic functions whose
zeros and poles are of multiplicities at least s, where s is a positive integer.
If n(> 3+ 2/s) is an integer, then

[/™(arf + a2)]'[g" (arg + a2)]’ # b°,

where a1, as and b are non-zero constants.
Proof. We suppose that [f"(a1f + a2)]'[g"(a1g + a2)]’ = v*. T hen
[Nk + k) g (kg + k)g = 07, (2.1)
where k1 = ai1(n + 1), ko = agn. Let zy be a zero of f with multiplicity
po(> s). Then zj is a pole of g with multiplicity go(> s), say. From (2.1)
we obtain
npo—1=(n+1)g +1

and so

n(po — q) = q + 2. (2.2)
From (2.2) we get go > n — 2 and so again from (2.2) we obtain

1 2
pp> A Do+2

n
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Let z1 be a zero of ki f + ko with multiplicity p1(> 1). Then z; is a pole of
¢ with multiplicity ¢;(> s), say. So from (2.1) we get

291 —1 = (n+1q +1
which gives
n+1)s+2
s D2

Since a pole of f is either a zero of g™ (k1g + k2) or a zero of ¢', we have

_ _ _ Lk _
N(r,00; f) < N(r,0;9) + N(r, _?2;9) + No(r,0;4")
1

1 2 —
< T No(r,0;¢'
< (o s T+ Ml 059,

where Ng(r,0; ¢') denotes the reduced counting function of those zeros of ¢’
which are not the zeros of g(k1g + ko).
Then by the second fundamental theorem of Nevanlinna we get

T(r, f) < N(r,00; f) + N(r,0; f) + N(r, —:i; f) = No(r,0; f') + S(r, f)

1 2 _ )
< (n—l + (n—|—1)5+2> {T(T,f)+T(7’,g)}+N0(T,O;g)

—NO(T,O;JC/) +S(T7 f) (23)
Similarly we get

1 n 2
n—1 (n+1)s+2

T(r,g) < ( ) (T f) + T, )} + No(r,0: 1)
- N()('/", 0; gl) + S('I“, g) (24)

Adding (2.3) and (2.4) we obtain

2 4
(1 n—-1 (n+ 1)3+2> {T(r,f)+T(r,g)} <S(r, f)+ S(r,9),

which leads to a contradiction as n > 3 4+ 2/s. This proves the lemma. [

Lemma 2.10. Let f and g be two mon-constant entire functions and n
be a positive integer. If fPf'g"g" = b*, where b is a non-zero constant,
then f(z) = c1e%®, g(z) = coe™*, where ¢, c1, ca are constants satisfying
(c1e)T1e? = —b2.

Proof. We omit the proof since it can be proved in a manner similar to the
proof of Theorem 3 in [22]. O
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Lemma 2.11. Let f and g be two non-constant meromorphic functions
whose zeros and poles are of multiplicities at least s, where s is a positive
integer. If n(> 4+ 4/s) is an integer, then

[f"(a1f? + azf + a3))'[g" (a19” + azg + as)] # V7,

where a1, az, ag and b are non-zero constants.

Proof. we assume that [f"(a1f? + aof + a3)]'[¢"(a19? + azg + a3)]’ = b2
Then

Fr kr f? 4 kof + k) flg" M (k1g? + kag + k3)g' = b7, (2.5)

where k1 = a1(n + 2), k2 = az(n + 1) and k3 = azn. We consider the
following two cases:

Case 1. Let k3 — 4k1k3 # 0.
Let zp be a zero of f with multiplicity po(> s). Then from (2.5) we know
2o is a pole of g with multiplicity go(> s), such that

npo — 1= (n+2)q + 1,
and so
290 +2 = n(po — qo) (2.6)
From (2.6) we get qo > ”T_z which implies
% (n+2)2(n—2) Lol = g

Let z1 be a zero of ki f2 + kaof + ks with multiplicity p1(> 1). Then from
(2.5) we know 27 is a pole of g with multiplicity ¢;(> s), say for which

2p171:(n+2)q1+17

po =

i.e.,
(n+2)s+2
—

Since a pole of f is either a zero of g(k1g? + kag + k3) or a zero of ¢/, we
have

N(r,00; f) < N(r,0;9) + N(r,0; k19> + kog + k3)
+ No(r,0;9") + S(r, f) + S(r,9)

(24 rmaiors) T+ Nalr 055 + (1) + (1),

p1 >

IN

where Ng(r,0;¢') denotes the reduced counting function of those zeros of ¢’
which are not the zeros of g(k19> + kog + k3).
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Let
kif? 4+ kof + ks = ki(f —o1)(f — a2),

where oy, ag are distinct complex numbers. Then by the second fundamen-
tal theorem of Nevanlinna we get

2

QT(va) gN(T,O,f)"‘ﬁ(?",oo,f)+ZN(T,OZJ,]C)—NO(T,O,f/)‘FS(T,f)
j=1

2 4 _ )
< <n + 2512 2) {T(r,f)+T(r,9)} — No(r,0; f")+
No(r,0;9") + S(r, f) + S(r.g). (2.7)
Similarly

QT(Tv g) < <2 + 4) {T(T‘, f) + T(T,g)} +N0(T’,0;f/)

n (n+2)s+2
—No(r,o,g/)—i—S(r,f)—i—S(r,g) (28)
Adding (2.7) and (2.8) we obtain

2 4
1l—-————— | {T T <8 S
(1-2 - s ) T D+ T} <56+ ().
which is a contradiction as n > 2 + 2/s.
Case 2. Let k3 — 4k1k3 = 0. Then (2.5) can be written as
SN =) g™ g — @)y = b

Let zo be a zero of f with multiplicity pa(> s). Then 23 is a pole of g with
multiplicity g2(> s), say and so we obtain as in Case 1 po > n/2. Let z3
be a zero of f — o with multiplicity p3(> 1). Then z3 is a pole of g with
multiplicity ¢3(> s), say. Then proceeding in the same way as done in the
Case 1 we obtain ps > W Since a pole of f is either a zero of g(g—a)?
or a zero of g’, we have

N(r,00; f) < N(r,0;9) + N(r,a;9) + No(r,0;¢") + S(r, f) + S(r, g)

2 3 _
<|{l-+——7—|T No(r,0;9' )+ S S
<TL+(7’L+2)S+2> (7479)"‘ O(Ta 7g)+ (va)+ (rvg)7
where No(r,0;¢g') denotes the reduced counting function of those zeros of
g' which are not the zeros of g(g — «)?. Then by the second fundamental

theorem of Nevanlinna we get

T(r, f) < N(r,0; f) + N(r,00; f) + N(r,a; f) = No(r,0; f') + S(r, f)
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2 3 — ,
< (24 roers) TOD + 700} = Nt 0s 1)
+ No(r,0:9') + S(r, f) + S(r,9).  (2.9)
Similarly
2 3 — ,
7)< (24 aiygs) 00 + 7000} + Nl 051)
— No(r,0;¢") + S(r, f) +S(r,g). (2.10)
Adding (2.9) and (2.10) we obtain

4 6
l——————— | {T T <SS S
( n (n+2)8+2>{ (T,f)+ (rag)}— (T’,f)—i- (Tvg)a
which is a contradiction as n > 4 4 4/s. This proves the lemma. (]

Lemma 2.12. Let f and g be two non-constant meromorphic functions such
that

O(cc, f)+O(0,9) >
where n(> 3) is an integer. Then
f*(af +b) =g"(ag +b)
implies f = g, where a, b are two non-zero constants.
Proof. We omit the proof since it is similar to the proof of Lemma 6 [17]. O
Lemma 2.13. [11] Let
Q(w) = (n —1)*(w" — )(w"™? = 1) = n(n - 2)(w" " ~ 1),
then
Qw) = (w— D w—11)(w— 1) ... (w— van_g),

where v; € C'\{0,1} ( =1,2,...,2n — 6), which are distinct respectively.

3. PROOF OF THE THEOREM
Proof of Theorem 1.2. Let F(z) = w and G(z) = w. Then
F®) and G®) share (1,1). Let
F(k+2) 2F(k+1) G(k—i—?) 2G(k+1)
- (F(k:—H) Tk — 1) - (G(k—H) T ok — 1)'

We assume that H #£ 0. Let [ > 1. Suppose that zg be a simple 1-point of
F®)_ Then zj is a simple 1-point of G*). So by a simple computation on
local expansions we see that zg is a zero of H. Thus

N(r,1; F® |= 1) < N(r,0; H) < T(r, H) + O(1)

(3.1)
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< N(r,o0; H)+ S(r, F) + S(r,G). (3.2)

From (3.1) we know that poles of H possibly result from those zeros of F(¥+1)
and G*+1) which are not common 1-points of F*) and G®), from poles of
F and G, and from those common 1-points of F*) and G*) such that each
such point has different multiplicity related to F*) and G*). Thus

N(r,00; H) < N(r,00; F) + N(r,00;G) + N(r,0; F®) |> 2)
+N(r,0;G% |>2) + Np(r,1; F®) + Np(r,1;GW)

+ Ng(r,0; F*D) 4 Ng(r,0; GFH)), (3.3)
where Ng(r,0; F (kH)) denotes the reduced counting function of those zeros
of F(**1) which are not zeros of F(*)(F(*) —1). Now we consider the following

three cases.
Case 1. Let [ > 2. By (3.2) and (3.3) we obtain

N(r,1; F®) N 1L, F® |= 1)+ N(r, 1, F® |> 2)
N(TOOF)—FN(TOOG)—I—N(TOF |> 2)
+N(r,0;G® |>2) + Np(r,1; F®)) + Ny (r,1; GH)
+N(r,1; F*®) |> 2) + Ng(r,0; FED)
+Ng(r,0; G**VY £ S(r, F) + S(r, Q). (3.4)
From (3.4) and Lemma 2.1 we obtain
T(r,F)+T(r,G) < 2N(r,o0; F)—|—2N(7° 00; G) + Nig1(r, 0; F
+ N1 (r,0;G) + N(r,0; F® |> 2) + N(r,0,G®) |> 2
+NL(’I“,1;F( ))+NL(T1 G(k))—i—N(r,l,F |> 2
+N(r,1;G®) + Ng(r,0; F*D) 4 Ng(r,0; G*+D
—No(r,0; FE+HDY — No(r, 0; GFFDY £ S(r, F) + S(r,G).  (3.5)
It is clear that
Nji1(r,0; F) + N(r,0; F®) |> 2) + Ng(r,0; Fk+1)
< Npga(r, O'F) +N(r,0; F®) |> 2| F =0)
+N(r,0; F®) |> 2| F #0) + Ng(r,0; F*+D)
Nji1(r,0; F) + N(r,0; F |> k + 2) + No(r, 0; F++1)
Nijio(r,0; F) + No(r,0; FE+1), (3.6)
A similar result holds for G also. Again

N(r, ;F® > 2) + Np(r, ,F®) + N (r, 1;6W) + N(r, 1,60

IN A

)
)
)
)

IN A
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IA

N(r,1;G%™ |=2) + 2N (r,1; F®) 4 2N (r, 1; GP))
AN, 1,G®) + N(r, 1, GR)

N(r,1; G(k))

T(r,G®) + 0(1)

T(r,G) + kN(r,00;G) + S(r, G). (3.7)

So from (3.5), (3.6) and (3.7) we obtain

ININ A

T(r,F) < Ngyo(r,0; F) + Niio(r,0; G) + 2N (r, 00; F)
+ (k+2)N(r,00;G) + S(r, F) + S(r,G)
< N2 (7, 05 f*) + N2 (r, 05 a1 f + az) + Ni12(r, 05 ") + Nig2(r, 0; a19 + az)
+2N(r,00; f) + (k + 2)N(r,00;9) + S(r, f) + S(r, g).
From this and using Lemma 2.7 we obtain

k+4
5

7)< (S5 1) 70 )

" <2kj4 " 1) T(r,9) + S(r. f) + S(r,9) < <3k e 2) T(r) + S(r).
(3.8)
Similarly
3k +8
(n+1)T(r,g) < < + 2> T(r)+ S(r). (3.9)

From (3.8) and (3.9) we get

( 3k +8
n_
S

1) 70 = 50

which is a contradiction as n > @ + 1.
Case 2. Let [ = 1. In view of Lemmas 2.1, 2.5, 2.6, 2.8, (3.2) and (3.3)
we obtain

N(r,1; F®) + N(r, 1;GW)
< N(rLF® |=1) + Np(r, 1, F®) + Np(r,1;GH)
—I—Ng(r, L, F®Y + N(r,1;GW)
N 1 F® = 1)+ N(r, 1,60) = Ny (r,1; V)
—Nip(r,1;GW) + N0y (r, 1,GP)
N(r,00; F) + N(r,00;G) + N(r,0; F¥) |> 2) + N(r,0; G®) |> 2)

IN

IN
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1— 1 —
+5 N, 0; F®) + SN (r, 00 FW) + T(r, GW) + Nig (r, 0 FEHD)
+Ng(r,0;G*H)) + S(r, F) + S(r,G)

IN

(S + g)N(r, 00; F) + (k + 1)N(r,00; G) + N(r,0; F*) |> 2)

— 1 _
+N(r,0;GW 2 2) + 5 Nieya (1,0, F) + T(r, G) + N (r, 0 F&H)

+Ng(r,0;G*)) 4 S(r, F) + S(r, Q). (3.10)
Using (3.6) and (3.10) we obtain from Lemma 2.1 that

k 5
T(r,F) < Niio(r,0; F) + Ngyo(r,0; G) + (2 + 2>N(T,OO;F)

_ 1
+ (k4 2)N(r,00; G) + §Nk+1(T70§F) +8(r, F) + S(r, G).

From this and using Lemma 2.7 we obtain

(n+1)T(r, f) < <2k8+ 5y 3) T(r, f) + (2’“;4 4 1) T(r,g)

2

+S(r, f) + S(r.g) < (4"“ +9 2) T() + S(r). (3.11)
Similarly
(n+ 1)T(r, g) < <4k: i 2) T(r) + S(r). (3.12)
From (3.11) and (3.12) we get
(n- 2523 70 < 500

which is a contradiction as n > @ + %

Case 3. Let [ = 0. In this case (3.2) becomes
NR(r, 1, F®) < N(r,0,H) < T(r, H) + O(1)
< N(r,o0; H) + S(r, F) + S(r,G). (3.13)

Using Lemmas 2.2, 2.3, 2.4, 2.8, (3.3), (3.4) and (3.13) we obtain
N(r,1; F®) + N(r,1;GW)

< N}IE)(T, 1; F(k)) +Np(r,1; F(k)) + Np(r,1; G(k))

+N§52(r, L F®Y £ N(r, 1, W)
< N(r,00; F) + N(r,00;G) + N(r,0; F®) |> 2) + N(r,0; G® |> 2)
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+NL(r 1 FOY 1T (r, GO) 4N py oy (1, 1; GO) 4 N gy, (1, 1; FR)
+Ng(r,0; F*) £ Ng (r,0; G*D) + S(r, F) + S(r, G)

(2k 4 3)N(r, 00; F)+(2k + 2)N(r, 00; G)+N(r,0; F®) |> 2)
+N(r,0; G*) |> 2) + 2N 1 (1, 0; F) 4+ Niy1 (r, 0, G) + T(r, G)
+Ng(r,0; F&)) £ N (r,0; G*D) + S(r, F) 4+ S(r, G)

(2k + 3)N(r,00; F) + (2k + 2)N(r,00; G) + Nj41(r,0; F)
+Niyo(r,0; F) + Njpo(r,0; G) + T(r, G) + No(r, 0; F*+1)
+No(r,0; G*FDY 4 S(r, F) + S(r, G). (3.14)

IN

IN

Using Lemma 2.1 we get

T(r,F) < (2k+4)N(r,00; F) + (2k + 3)N(r,00; G) + 2Nj11(r, 0; F)
+Ngio(r,0; F) + Ngi1(r,0; G) + Niyo(r,0; G) + S(r, F) + S(r, G).

In view of Lemma 2.7 we obtain

5k+8+3>T(r,f)+<

9k + 14

4k +6

070 < +2) Ty

+S(r, f)+S(r,g) < ( + 5) T(r)+ S(r). (3.15)

Similarly

9k + 14
s

(n+Ung)s<

From (3.15) and (3.16) we get

< 9k + 14
mn —
s

+ 5) T(r)+S(r). (3.16)

- 4) T(r) < S(r),

which is a contradiction as n > %%14 + 4.
We now assume that H = 0. That is

FE+2) 9 p(k+1) B Gk+2)  9q(k+1)
e+l pk) — 1~ g+l qk) — 1"

Integrating two sides of the above equality twice we get
1 _BGW+4-B
Fk -1 Gk -1 7

where A(# 0) and B are constants. From (3.17) it is clear that F(*) and

G®) share 1 CM and hence F*) and G*) share (1,2). Thus n > max{(3k +
8)/s+1,3+2/s}. Now we consider the following three cases.

(3.17)
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Case I. Let B# 0 and A = B.
If B= —1, from (3.17) we obtain F®)G*¥) = 1. That is

[f™(arf + a2)]P[g"(arg + a2)] ¥ = b2 (3.18)

Also by Lemma 2.9, (3.18) does not occur for k£ = 1.
Let B # —1. Then from (3.17) we get

1 BG®)
F&) — (1+B)GW —1
This together with Lemma 2.8 gives

— 1 —
N<r7 1+73; G(k)> < EN(r,00; f) + Nigga(r,0; F). (3.19)

Using Lemma 2.1 we obtain from (3.19) that

_ — 1
T(r,G) < N(r,00;G) + Ng+1(r,0; G) + N(T‘, T B;Q(’f))

— No(r,0;G*D) + S(r, G)
< N(r,00;9) + Ni41(r,0;G) + kN (r,00; f) + Niq1(r,0; F)
+S(r,F) + S(r,G)

< <2k: Ly 1) T(r, f) + (’“1’2 + 1) T(r.g) + S(r, ) + S(r,g).

Thus by Lemma 2.7 we obtain

(n_3k+3_1)T@g)§S@y%

s
a contradiction.

Case II. Let B # 0 and A # B.

If B = —1, we have from (3.17) that

A
pk) - =
—G®) + A+1

Therefore A
N|(r,o00; ——————— | = N(r,o0; f).
( —Gk) + A+ 1) ( /)
By Lemma 2.1 and using the same argument as in case I, we arrive at a
contradiction.
If B # —1, we have from (3.17)
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Therefore
N<r,0; G*) 4 A;B> = N(r,00; f).

Again by Lemma 2.1 and proceeding as above we reach a contradiction.
Case III. Now we assume that B = 0. Then from (3.17) we obtain
G®) + A1

k) —
A

(3.20)
If A# 1 then from (3.20) we obtain

N (r, 1—A; G(k)> =N (T, 0; F(k)) .
We can similarly deduce a contradiction as in Subcase I. So A = 1 and from

(3.20) we obtain
F =G+ ¢(2), (3.21)

where ¢(z) is a polynomial with degree at most £k — 1. We claim that

©(z) = 0. Otherwise noting that f is transcendental when k£ > 2, in view of

Lemma 2.7, by the second fundamental theorem of Nevanlinna we get
(n+1)T(r, f)+0Q1) = T(r,F)

N(r,00; F) + N(r,0; F) + N(r,0(2); F)

+S(r, F)

N(r,00; f) + N(r,0; F) + N(r,0;G) + S(r, F)

(14+2/s)T(r, f)+ (14 1/s)T(r,9)

+S(r, f). (3.22)

IN

IN A

It is clear from (3.21) that
T(r,f)="T(r,g)+S(r, ).
This together with (3.22) gives
(n_ 1—3/S)T(T,f) < S(’I”,f),

which is impossible. Hence ¢(z) = 0. Hence (3.21) becomes F' = G. That
is

f(arf +ag) = g"(a19 + a2). (3.23)
This by Lemma 2.12 gives f = g. This completes the proof of the Theorem.
O

Proof of Theorem 1.1. Let F(z) = % and G(z) = %. Then F®*) and G*)
share (1,1). Proceeding in the same way as the proof of Theorem 1.2 we
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obtain either FOIGH) =1 or F = G. If F®OGK®) = 1, then for k = 1 we
obtain

e =0 (3.24)
Let zp be a zero of f with multiplicity p(> s). Then zy is a pole of g
with multiplicity ¢(> s), say. From (3.24) we obtain np — 1 = ng + 1 and
so n(p — q) = 2, which is impossible since n > 3 and p, ¢ are integers.
Therefore, we conclude that f and g are entire functions. So by Lemma
2.10 we obtain f(z) = c1e%, g(z) = coe™ %%, where ¢, ¢1, ¢y are constants

satisfying (cice)™c? = —b3.
If F = G, then we obtain f = dg for some (n+ 1)-th root of unity 1. This
completes the proof of the Theorem. O

Proof of Theorem 1.3. Let F(z)= —fn(a1f2?2f+a3) and G(z) :—gn(algﬁ”ﬁa?’).
Then F*) and G®) share (1,1). Proceeding similarly as in the proof of
Theorem 1.2 we obtain either F®GK*) =1 or F = G. Also by Lemma 2.11
the case F(®G®*) =1 does not arise for k = 1. Let F = G, That is

f(arf? + axf + as) = g"(a19” + azg + a3). (3.25)
Let h = f/g. If h is a constant, then substituting f = gh in (3.25) we obtain
algn+2(hn+2 o 1) + a29n+1(hn+1 _ 1) + a3gn(hn . 1) — O,

which imply h = 1. Hence f = g.
If h is not a constant, by (3.25) we can say that f and ¢ satisfy the
algebraic equation R(f,g) = 0, where

R(z,y) = 2" (a12” + agx + ag) — y" (a1 + azy + as).
This completes the proof of the Theorem. O

Proof of Corollary 1.3. Proceeding in a manner as in the proof of Theorem
1.3 and using Case 2 of Lemma 2.11 we obtain (3.25). Putting n = ¢+ 1,

a] = 754%3’ ag = —H%, as = 754%1 and h = 5 in (3.25) we obtain
(t+2)(t+1Dg*hT> —1) =2t +3)(t + 1)g(hT2 = 1)
+(t+2)(t+3)(hT —1) =0. (3.26)

By (3.26) and by Lemma 2.13, we can conclude that
{(t+ 1)t +2)(R"*° = 1)g—(t + 3)(t + 1) (K" = 1)} =—(t + 3)(t + 1)Q(h),

where Q(h)=(h — 1)} (h—v1)(h—v2) -+ (h—va;), where v; € C\{0,1} (j =
1,2,...,2t), which are pairwise distinct.

If 1 is not a constant, this implies that every zero of h—v; (j = 1,2,...,2t),
has a multiplicity of at least 2. By the second fundamental theorem of
Nevanlinna we obtain that t < 2, which is again a contradiction. Therefore,
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h is a constant. We have from (3.26) that At —1 = 0 and A'*2 — 1 = 0,

which imply h = 1, and hence f = g. O
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